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L E R A Y - S C H A U D E R D E G R E E M E T H O D 
IN O N E - P A R A M E T E R F U N C T I O N A L 

B O U N D A R Y V A L U E P R O B L E M S 

SVATOSLAV STANĚK 

Abstract. Sufficient conditions for the existence of solutions of one-para­
meter functional boundary value problems of the type 

x" = f(t,x,xt,x',x't,\), 

(xo,x'0) G {{<f,x + c);c 6 R},a(a;|j) = A, 0{x(T) - x\j) = B 

are given. Here / : J x R x C r x R x C r x R — • R i s continuous, <p, \ £ Cr. ct,0 
are continuous increasing functional , A,BcR and x\j is the restriction of 
x to J = [0, T]. Results are proved by the Leray-Schauder degree method. 

1. Introduction 

Let Cr (r > 0) be the Banach space of C°-functions on [—r,0] with the 
norm ||x||[_r)0] = max{|a;(t)|; — r < t < 0}. Let T be a positive constant. 
For every continuous function x : [—r, T] —>• R and each t € [0, T] =: J 
denote by xt the element of Cr defined by 

xt(s) = x(t + s), s€[-r,0]. 

Let X be the Banach space of C°-functions on J endowed with the norm 
||ar|| jr =.max{|a;(/)|; t G J } . Denote by V the set of all functionals 7 : X -> K 
which are 

a) continuous, 7(0) = 0 , 
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b) increasing, i.e. x,y G X , x(t) < y(t) for t G (0,T) -¥ 7(1) < 7(y), 

and 
c) l im j(exn) = eoo for each e G {—1,1} and any sequence {xn} C X , 

n—Voo 
l im i „ ( t ) = 00 locally uniformly on (0,T). 

This paper is concerned with the functional boundary value problem 
(BVP for short) 

(1) x" = f{t,x,xt,x',x't,\), 

(2) (x0, x'0) G {(<p, X + c); c G R}, a(x|j) = A /?(x(T) - x\j) = B 

depending on the parameter A. Here / : J x R x C r x E x C r x R 4 l 
is a continuous operator, (p,x € Cr, a,/? G T>, A,B € R and x|j is the 
restriction of x to J . 

By a solution of BVP (1), (2) we mean a pair (x, XQ), where Ao G R and 
x G C°([—r, T]) (1C 2(J) is a solution of (1) for A = A 0 satisfying the last two 
conditions in (2) and xt(s) = <p(t + s), x't{s) = x(< + s) — x (0) + x'(0) for 
0 > t + s(> - r ) and xt(s) = x(t + s), x't(s) = x'(t + s) for 0 < t + s{< T). 

This definition of B V P (1), (2) is motivated by the Haśćak definitions for 
multipoint boundary value problems for linear differential equations with 
delays ([S]-[7]). 

Our objective is to look for sufficient conditions imposed upon the nonlin-
earity / in order to obtain solutions of B V P (1), (2). The proofs are based 
on the Leray-Schauder degree theory (see e.g. [2]). 

We observe that sufficient conditions for the existence (and uniqueness) 
of solutions of B V P 

y" -q(t)y = ff(*,y*,A), 

yo = V, y(*i) = y(T) = 0 ( 0 < t x < T ) 

were obtained in [8] with ip G Cr, <p(Q) = 0. The proof of the existence 
theorem is based on a combination of the Schauder linearization technique 
and the Schauder fixed point theorem. In [10] was studied B V P 

x" = F(t, x,xt,x' ,x't, A), 

XQ = </?, a:'(0) = x'(T) = 0 

with <p G C1([—r,0]), tp(0) = 0 = <p'(0). The existence of solutions was 
proved by a combination of the Schauder quasilinearization technique and 
the Schauder fixed point theorem. 
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B V P s for second order differential and functional differential equations 
depending on the parameter were considered as a rule under linear bound- # 

ary conditions using the schooting method ([1, 3]), by the Schauder l in­
earization method and the Schauder fixed point theorem ([9], [11]), by a 
surjectivity result in R n ([13]), by a combination of the Schauder quasilin-
earization technique and the Schauder fixed point theorem ([14]) and by the 
Leray-Schauder degree theory ([12]). 

2. Lemmas 

REMARK 1. By. c) in the definition of V, Inry = M for all 7 G V, where 
Inry denotes the range of 7. 

REMARK 2. The following example shows that assumptions a) and b) in 
the definition of V don't imply its assumption c). 

E X A M P L E 1. Consider the functional 7 : X —> R defined by 

y(x) = x(0) + x(T) + arctgx(T/2). 

Obviously, 7(0) = 0, Inry = R, 7 is continuous increasing. Set xn(t) = 
nsm(tir/T 

(0,T) and 

nsin(t7r/T) for i € J and n G N. Then l im xn(t) = 00 locally uniformly on 
n—»-oo 

l im y(exn) = l im (exn(0) + exn(T) + axctg(exn(ir/2))) 
ri—>oo n—¥oo 

— lim arctg (ensin(7r/2)) 

= l im arctg(en) = eir/2 

for ee {-1,1}. 

E X A M P L E 2. Special cases of boundary conditions (2) are conditions 

(3) x0 = tp, x(£) = A, x(T) = Bx {A, Bx e R, i G (0,T)), 

x0 = <p, f x2n+1 (s)ds = A, x(T) = B + x(f) 

(A,B G R, n G N, r G (0,T), ^ G (0,T)), 
8 - Anna les . . . 
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x0 = if, x 3 ( 6 ) + = A, x(T) = Bi + (1/T) / x{s)ds 
(5) J 

{A,BX G R, O < & < & < T, 6 - Ci < T, T G (0,T)), 

(6) 

so = V, max{a:(t); i G [01,02]} = A, max{x(T) — x(t); t G [03,04]} = B 

(A, B G R, O < o i < o 2 < T, 0 < 03 < o 4 < T) . 
Boundary conditions (3) (resp. (4); (5); (6)) we obtain setting (in (2)) 

a(x) = x((), 0(x) = x(Qt B = BX-A 

T 

(resp. a{x) = J x2n+1{s)ds, p(x) = x(C); 

o 
r 

a(x) = x 3 (£i ) + x (&) , = ^z ( * )ds , B = TBX; 
o 

a(x) = max{rc(t); t G [01,02]}, /3(a;) = max{a;(i); t G [a3,o4]}^. 

L E M M A 1. Let u, v G X , a,(3eV, c G [0,1]. Let 

a(a; + u) + (c — l)a(—ar + u) = ca(u), 

P(y(T) -y + v) + (c- l)0(-y(T) +y + v) = cB(v) 

be satisfied for some x, y G X . Then there exist £,g€. (0, T) such that 

* ( 0 = O, y(g) = y(T). 

PROOF . Define c*i,/?i G V by 011(2) = 0(2 + u) + (c - l ) a ( - z + u) -
ca(u), ft(z) = 0(z + v) + (c - l)/?(-.z + u) - c/?(v). Assume x(t) ± 
0, y{T)-y(t) ^ 0 for * G (0,T). Then ax(x) ^ 0, ^{y{T)-y{t)) ? 0 which 
contradicts the assumptions a i (x) = a(x + u) + (c — l)a(—x + u) — ca(u) = 
0, fii (y(T) - y) = /3(y(T) - y + « ) + (c - l)/?(-y(T) + y + « ) - q0(w) = 0. • 

L E M M A 2. Let a,/3 G V, Ui,Vi G X (i = 1,2), A , B G R and t; G [0,oo). 
Then there exist unique a, // G R such that the equalities 

a (osin(7rt/T) + n(cos{nt/T) - 1) + ui ) 

- D O (-osin(7rt/T) - n(cos(irt/T) - 1) + tt2) = -A, 
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p (-asm{nt/T) - fi(cos(irt/T) + 1) 4- V i ) 
-vfi (a sim>t/T) + fj,(cos(nt/T) + l) + v2) = B 

hold. 

PROOF. Define the continuous functions p, q : R 2 -> R by 

p(ar, y) =o (a; sin(irt/T) + y{cos{irt/T) - 1) + u x ) 

- v a ( -x sin(7rt/r) - y(cos(7rt/T) - 1) + « 2 ) , 

q(x, y) =0 {-x sin(7rt/T) - y{cos(irt/T) + 1) + « i ) 

- vp (x sm(irt/T) + y(cos{itt/T) + 1) + v2). 

Since a,/3 e T>, 0 < sin(7rt/T) < 1, - 2 < cos(nt/T) - 1 < Ó and 0 < 
cos(7rf/T) + 1 < 2 for i G (0,T), we see that (cf. the definition of V) p(-,y) 
is increasing on R and p(x, •), c(-,y), •) are decreasing on R (for fixed 
x,y € R). Moreover, 

l im p(a:, y) = eoo, l im p(x, y) = —eoo, 
at—Keoo j/-»eoo 

lim c(x, y) = —eoo, l im q(x, y) — —eoo 
x—teoo y-*eoo 

for e € {—1,1} (and fixed x,y € R). Consequently, to each x € R there 
exists a unique y = r(x) G R such that p(x, r(x)) = A. Evidently, r : R -> R 
is continuous increasing, l im r(x) = eoo for e G {—1,1} and setting s{x) = 

X—¥€00 

q(x,r(x)) for x G R, s is continuous decreasing, l im s(x) = —eoo for e G 
{—1,1}. Hence s(a) = J3 for a unique a G R and if we set x'— a, /i = r(a), 
our lemma is proved. • 

L E M M A 3. Let a,/3 G T>, a,A,B G R. Then the system of nonlinear 
equations 

(7) a(a + x sin{nt/T) + ty) = A, 0 (-x sm{nt/T) + (T - t)y) = B 

has a unique solution (x,y) e l 2 . 

PROOF . We shall consider the continuous functions p, q G R 2 —> R defined 
by 

p(x,y) = a{a + xsin(ivt/T) + ty), q{x,y) = 0{-xsm(nt/T) + (T - t)y). 

Since 0 < sin(7ri/T) < 1, 0 < t < T, 0 < T - t < T for t € (0,T), p(-,y), 
p(x,-), q(x,-) are increasing on R and q(-,y) is decreasing on R (for each 

8 
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fixed x,y G R). Moreover, l im p{x,y) = eoo, l im p(x,y) — eoo, 
x—»eoo y—¥eoo 

l im q(x,y) = eoo and l im g(a:,y) = —eoo for e G {—1,1}. In the same 
y-*eoo x—teoo 

manner as in the proof of Lemma 2 we can verify that system (7) has a 
unique solution. • 

3. Existence theorems 

Let u, v G X and x G Cr. Consider BVP 

(8) x" = h(t, x, Xt, x', x't, A), 

( Q ) (^0,4) 
G {(0,x + c); c G R } , a(u + x\j) =a{u), p(x(T) - x\j + v) = p(v) 

depending on the parameter A. Here h : J x R x CT x R x CT x R - » R is a 
continuous operator and a, P G V. 

Set SK = {x : x G C r , ||[ T-,O] < K} f ° r each positive constant K and 
||ar||/ = max{|a;(t)|; t € /} for each compact J c R and x G C°(I). 

T H E O R E M 1. Let x G Cr, m = Assume there exist constants 
K > 0, A > 0, M > 0 and a function wx : [0,ooJ x [0,oo) -> (0,oo) 
nondecreasing in both its arguments such that 

(10') h^x, if>, 0, A) > 0 for (t, ^ , j ) e J x [0, K ] x 5 * x «S M + 2 m, 

(10") 

h(t,x,ip,0,g,-A) < 0 

for (*, x,tp,g) € Jx [-K, 0] x 5 * x «SM+2m, 

(U) 
h(t, -K, 0, q, A) < 0 < h(t, K, j>, 0, ft A) 

for (t, V>, £, A) G J x SK X <SM+2m x [-A, A], 

|/i(i, x, V>, y, A) I < wi (|yI, ||q\\[_r,o]) 
( 1 2 ) for (t,x, </>, A) G J x [-#, X ] x 5 K x [-A, A], (y, e) G R x C r 

and 

Af 

(13) / v)i(s,M + 2m) + (3K/2)(n/T) 
o 
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T i en BVP (8), (9) has at least one solution (x, A 0) satisfying 

(14) \\X\\J<K, ||z'||j<M, |A0| < A. 

PROOF. Define the continuous operator h* : J x E x C r x R x C r x M - > I 
by 

(15) h*{t, x, ifi, y, Q, A) = h(t, x, i/>, y, Q, A) 

where (s G [—r, 0]) 

{ M + 2m for g(s)>M + 2m 

Q(S) for \g(s)\ <M + 2m 

- ( M + 2m) for g(s) < —(M + 2m). 
Consider the equation 

(16c) x" = c.h*(t,x,xt,x',x't,\) + (l-c){e2x + k\), c € [ 0 , l ] , 

where 
' - 1 h- n * K 

£ ~ T' 2T*A" 
Let (xc, A c) be a solution of B V P (16 c), (16'c) with a c e [0,1) such that 
IkeIIJ < K, IA cI < A, where* 

(xco,x'c0) G {(0,x + rf); d £ R } , 
(16'c) a(u + xc\j) + (c - l )a (u - xc\j) = ca(tt), 

P(xc(T) - xc\j + v) + (c- l)/3(-xc(T) + ar c|j + w) = c0(w). 

We shall prove 

I K I I J < M , 

|K'|U<«; 1 (M,M-r-2m)H-(3 JFr/2)(7r/r) 2, |AC| < A. 

Assume A c = A. By Lemma 1 (with c — 1) xc(v) = 0, xc(T) = xc(£) 
for some u,£ G (0,T) and therefore 0 < max{xc(t); t G J} = xc(r) for 
a r G (0,T). Then ^ ( T ) = 0, Z " ( T ) < 0 w n i c h contradicts (cf. (10') 
and (15)) < ( r ) = c . / i * ( T , X C ( T ) , X c t , 0,x'CT, A) + (1 - C)(E2XC(T) •+ *A) > 0. 
Let A c = - A . Then 0 > min{rcc(t); t G J } = xc(/x) for a /i G (0,T) 
and s c(/i) = 0, <(//) > 0 which contradicts (cf. (10") and (15)) zc'(/x) = 
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c.h*(ii,xc(p),xeil,Q,x'cli,,-h) + (1 - c)(e2xc(u) - kk) < 0. Hence |AC| < A. 
Let \\xc\\j = K, for example let XC(K) = K with a K € (0,T) (see Lemma 
1 with c = 1). Then X'C(K) = 0, ^"(K) < 0 which contradicts (cf. (11) and 
(15)) < ' ( « ) =c.h'(K,K,xCK,0,xCK,\c) + (l-c){e2K + k\c) > (l~c)(e2K-
kk) = (1 - c)(n2K/2T2) > 0. Hence ||xc||j < K. Since x c (u) = 0 and 
ĉ(O) = 0, xc(*?) = 0 for an »/ e (0, u) and, moreover, 

a£(t)| <c|ft* ( i ,x e ( t ) ,Xet , *ĆW»4i .*e ) l + (1 - c ) ( e 2 t f + fcA) 

<u; i (K ( t )| ,M + 2m) + (3K/2)(n/T)2 

for i € «/ by (12) and (15). So, using (13), (18) and a standard procedure 
(see e.g. [4]) we can prove ||a;'c||j < M. Finally, \\x"\\j < wi(\\x'c\\j,M + 
2m) + (ZK/2)(ir/T)2 < wi{M,M + 2m) + (3K/2)(n/T)2 and (17) is proved. 

Let Y j (i = 1,2) be the Banach space of C-functions on J with the norm 

N i t = £ Yoi = {x; x G Yt, x(0) = 0}. Define the operators 

by 

U,H,V: Y 0 2 x M - ^ X x M 2 

(U(x, \))(t) = (x"{t) + e2x(t) + k\, a(x + u) - a{-x + u), 

0(x{T) -x + v)- 0(-x(T) + x + v)), 

(H{x,X))(t) = (h*(t,x{t),xt,x'{t),x't,X), a(u)-a(-x + u), 

0{v)-P(-x(T)+z + v)), 

(V(x,X))(t) = (e2x(t) + kX,0,0), 

where 
f 0 for t + s < 0 

w \x(t + 8) for t + s > 0, 

x i ( s ) = ( X(t + s)-x(0)+x'(0) for t + s<0 
\x'{t + s) for t + s>0. 

Consider the operator equation 

(19c) U(x, A) = c(H(x, A) + V(x, A)) + 2(1 - c)V(x, A), CG [0 ,1] . 

We see that BVP (8), (9) with h — h* has a solution (x, Ao) if (x\j, A 0 ) is a 
solution of (19i) and conversely, if (x, Ao) is a solution of (19i), then (z, Ao) 
is a solution of BVP (8), (9) with h = h* where (z0,z'0) = (0,x - x(0) + 
x'(0)), z\j = x. So, to prove the existence of solutions of BVP (8), (9) with 
h = h* it is sufficient to show that (19i) has a solution. 
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We shall prove that U : Y 0 2 x R - > X x R 2 is one to one and onto. Let 
(z, a, 6) G X x R 2 and consider the operator equation 

U(x,X) = (z,a,b), 

that is the equations 

(20') x" + e2x + kX = z(t), 

(20") a(x + u)-a{-x + u) = a, P{x(T)-x + v)-p(-x(T) + x + v) = b, 

where x G Y02, X G R. The function x(t) = c\ sin(ei) + C2 cos(et) — (kX/e2) + 
t 

w(t) is the general solution of (20') where w(t) = (1/e) / z(s) sin(e(< — s))ds 
o 

and c i , C2 are integration constants. The function x satisfies (20") and x(0) = 
0 if and only i f c 2 = kX/e2 and (ci, A) is a solution of the system 

a (ci sin(e*) + (kX/e2)(cos(et) — 1) + w + u) 

—a (—ci sin(et) — (fcA/e2)(cos(ei) — 1) — w + u) = a, 

P ( - c i sin(et) - (kX/e2)(l + cos(e*)) + w(T) -«; + ») 

-P (ci sin(et) + (ArA/e2)(l + cos(et)) - w(T) + w + v) = b, 

since eT = ir. By Lemma 2 (with a = c\, /i = kX/e2, u\ = w + u, « 2 = 
—w + u, vi = w(T) — w + v, V2 = —w(T) + w + v, A — a, B = b), there 
exists a unique solution (c, A) of the above system. Hence : X x R 2 —> 
Y 0 2 x R exists. Let (x, A) G Y 0 2 x R and set U(x, A) = (z, a, b), U(—x, —A) = 
(21,01,61). Then 

x"{t) + e2x{t) + kX = z(t), -x"{t) - e2x(t) -kX = zj. (t) for t G J 

and 

a(x + u)- a{-x + u) = a, p{x{T) -x + v)~ p(-x(T) + x + v) = b, 

a(-x + u)- a(x + u) = o i , P{~x(T) + x + v) — P(x{T) - x + v) = bx. 

Therefore z\ = —z, ax = —a, 61 = —6 and consequently 

U(x,X) = -U{-x,-X) 

for all (x, A) G Y 0 2 x R. So U is an odd operator and then U*1 is odd as 
well. 
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In order to prove that U~x is a continuous operator let {(zn,an,bn)} C 
X x l 2 be a convergent sequence, (zn,an,bn) —• (z,a,b) as n -> oo. Set 
{xn,Xn) = U-1(zn,an,bn), (x,X) = U~1(z,a,b). Then 

x'n(t) + e2xn(t) + kXn = zn(t), x"(t) + e2x(t) + kX = z{t) for t G J, n G N 

and there exist sequences {en}, {dn} C K and c, d G K such that 

a (c„ sin(ei) + dn(cos(et) - 1) + wn + u) 

—a (—c„ sin(eź) — d„(cos(eż) — 1) — wn + u) = an, 

P (-Cn sin(et) - d n ( l - f cos(et)) + u/„(T) - w + v) 
-f3 (cn sm(ei) + dn(l + cos(ei)) - wn(T) + w + v) = bn, 

a (csin(eź) + d(cos(et) — 1) + w + u) 
— a (—csin(et) — d(cos(e£) — 1) — w + u) = a, 

P (-csin(et) - d( l + cos(et)) + w(T) -w + v) 
-P (csin(ei) + d(l + cos(ei)) - w(T) + w + v) = 6, 

xn(t) = Cn sin(eż) + dn(cos(et) — 1) + wn(t), 
x(t) = csin(et) + d(cos(et) — 1) + w(t) 

for t G J and n G N where 

t 

wn(*) = (l/e) jzn(s)$m{e{t- s))ds, 
o 
t 

w(t) = (1/e) ^ z(a) sin(e(i - s))ds, t G J , n G N 

o 

and 

A n = e2dn/k, X - e2d/k, n G N. 

Evidently, l im u ; n = to in Y 2 and {cn}, {d „ } are bounded sequences since 
n - f oo 

Ima = K = Im/? and { a „ } , {&„} and {wn} are bounded in M and X , respec­
tively. Assume, on the contrary, that for example { c „ } is not convergent 

(21') 

(21") 

(22') 

(22") 

and 
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(the convergence of {dn} can be proved similarly). Then there exist con­
vergent subsequences {cu}, {c;B}, l im Ckn = c*, l im Q n = c, c* ^ c. 

n—foo n—foo 

Without loss of generality we can assume that {dkn} , {din} are convergent, 
l im dfc = d*, l im di = d, where d* equals d or not. Taking the limits in 

n—foo " n-foo " 
(21'), (21") as kn -+ oo and /„ oo we obtain 

a (c* sin(ei) + d* (cos(et) - 1) + w + u) 

—a (—c* sin(et) — d*(cos(ei) — l)—w + u)=a, 

P (-c* sin(ef) - d*(l + cos(et)) + w(T) -w + v) 

-P (c* sin(et) + d* (1 + cos(et)) - io(T) + w + v) == 6, 

and 
a ^csin(et) + d(cos(et) — 1) + w + uj 

—a ^—csin(ei) — d(cos(ei) — 1) — w + u) = a, 

P (-csin(ei) - d(l + cos(et)) + w{T) -w + v) 

-p (csin(et) + d(l + cos(e*)) - w(T) + w + vj =6, 

respectively. Hence c* = c, d* = d by Lemma 2 (with ui = w + u, u 2 = 
—to + u, U i = ro(T) — w + v, vi = —w(T) + w + v), a contradiction. Let 
l im Cn = Co, l im dn = d 0 - Taking the limits in (21'), (21") as n - » oo we 

n—foo n-foo 
see that (22'), (22") hold with c = Co, d = do and consequently c = Co, d = 
do by Lemma 2. Then 

l im x^{t) = l im (c„sin(et) -I- dn(cos(e<) - 1) + wn(t)){i) 

n—foo n—foo 

= (csin(et) + d(cos(et) - 1) + w(*)) ( f ) 

uniformly on J (i = 0,1,2) and l im A„ = A; hence l im U~1(zn,an,bn) = 
n-foo n—foo 

U~l{z, a, b) and consequently U-1 is a continuous operator. 
Applying U~1 we can rewrite (19c) as 

(x, A) = U-1 (c(Hj(x, A) + Vj(x, A)) + 2(1 - c)Vj(x, A)), 

( 3 c ) c e [ 0 , l ] , 
where j : Y o i x R - » Y02 x R is the natural embedding, which is completely 
continuous by the Arzela-Ascoli theorem and the Bolzano-Weierstrass the­
orem. Set 

Q={(x,X); ( s , A ) G Y o 2 x R , \\X\\J < K, \\X'\\J < M, 

\\X"\\J < WL(M,M + 2m) + (3M/2)(7r/T)2, |A| < A} . 
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Then f i i,ś a bounded open convex and symmetric with respect to 0 G ft sub­
set of Y 0 2 x K, U~1{Hj + Vj) is a compact operator on ft and U~x(2Vj) 
is a completly continuous operator on Y02 x R. To prove that B V P (8), 
(9) with h = h* has a solution (x, A 0 ) satisfying (14) it is sufficient to show 
that U~x(Hj + Vj) has a fixed point in ft, that is (23i) has a solution in ft. 
If U~l{Hj + Vj) has a fixed point on dfl, our theorem is proved. Assume 
(U^iHj + Vj)) (x, A) ^ (x, A) for all (x, A) G aft. Define W : [0,1] x ft -> 
Y 0 2 x R by W(c,x,X) = U-1 (c(Hj{x,X) + Vj(x,X)) - c)Vj(x,X)). 
W is a compact operator and (cf. (17)) W{c, x, A) ^ (x, A) for (x, A) G 
dfl and c G [0,1]; hence (cf. e.g. [2]) D{I - U~x{Hj + Vj), ft,0) = 
D(I—U~1(2Vj), ft,0), where " D " denotes the Leray-Schauder degree. Since 
U-1 is odd and Vj is linear, U~1(2Vj) is odd and consequently D(I — 
Z7 - 1 (2Fj ' ) , ft ,0) # 0 by the Borsuk theorem (see e.g. [2, Theorem 8.3, p. 
58]). Thus there exists a solution (x, A 0) G ft of (23i) and since ||xJ||[_r)o] < 
\Wh + llx - x(0)||[-r,o] < M + 2m for t G J we see that 

h* (t, x (t), x t , x ' (t), x't, A 0) = h(t, x (t), xt, x ' (t), x't, A 0) 

on J . This completes the proof. • 

R E M A R K 3. Let <p G CT and (xo>yo) € R 2 be the unique solution of 
system (7) with a = <p(0), -A, i? G R (see Lemma 3). Then the function 

•x(t) = ('pit) f O T * e f - r ' ° ] ' 
\ <p(0) + XQ sin(7rt/T) + y0t for t G (Ó, T] 

satisfies boundary conditions xo = <p, ot(x\j) = A, j3(x{T) — x\j) = B. 

T H E O R E M 2. Assume that f satisfies the following assumptions: 
(Hj) (Sign conditions): For each constant E > 0 there exist constants 

K > 0 and A > 0 such that 

f(t,x-E,ri>,y,Q,A)>-E 

for {t, x, i/>,y,e)eJx [0, K + 2E] x x [-£, E]xCr, 

f{t,x + E,il>,y,g,-A)<E 

for {t, x, il>,y,g)eJx [-K - 2E, 0] x SK+E X [-£, J5] x CT, 

f{t,x,ip,y,g,X) > -E 
for (t,x,il>,y,Q,X) G J x [K - E,K + E] x S K + E x [—E,E] x Cr 

x [-A, A], 
fit,x,i/;,y,Q,X) > E 
for (t, x, i/>, y, Q, X) G J x [ - i f - E , - A " + E] x X [-E, E] 

x Cr x [-A, A]; 
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(H 2) (Bernstein-Nagumo growth condition): A nondecreasing function 
w(-,A) : [0,oo) -> (0,oo) exists to any bounded subset A of R x 
C r x R such that 

00 

/
sds 

u>(s,.A) 
0 

and 

(25) \f{t,x,tl>,y,Q,X)\<w(\y\,A) for ( t . i . ^ A ) 6 J x i , (y,g) e R x C r . 

Then B V P ('J), (2) has at least one solution for each (p, x € CT and A,B € R. 
PROOF . Let (p,x e Cr, A,B € R and p <E C° ( [ -r ,T ] ) n C 2 ( J ) satisfy 

boundary conditions p 0 = <p, a(p|j) = .A, /3(p(T) -p|j ) = B (see Remark 
3). Set Ex = max { l lpH^rj , ||p'||j, \\p"\\j} and 

/i(i, x, ,y, A) = /(*,x + p(t), V + Pt,y + p'{t), Q + zt, A) - p"{t) 

for (*, x, ̂ , y, £, A) 6 J x R x Cr x R x Cr x R where 

fp'(O) for t + s < 0 

l j » ' ( * + s) for * + s > 0 . 

We see that (x + p, A 0) is a solution of B V P (1), (2) if and only if (x, A 0 ) is 
a solution of B V P (8), (9) with u = p\j, and v = p(T) = p\j. Thus to prove 
our theorem it is sufficient to show that B V P (8), (9) has a solution which 
occurs i f h satisfies the assumptions of Theorem 1. 

Let K > 0, A > 0 be constants corresponding to E = E\ in assumption 
(Hi). Then 

h(t,x, V ,0, g, A) =f(t,x + p{t)t tp + pt,p'(t), Q + zt, A) -p"(t) 

> £ i - p " ( t ) > 0 

for {t,x,rp,g)eJx [0,K] x SK x C r , 

/i(t,x,tf,0, Q, - A ) =/(*,x + p(t),V + Pt,p'(<), 0 + zt, - A ) -p"(<) 
<-E!-p"(t) < 0 

for (t,x,%l>,o) E J x [-K,0] xSKxCr, 
and 

h(t,K,il>,0,Q,\) = f(t,K+p(t),rl>+pt,p'(t),Q+Zt,\)-p"(t) > Ei-p"(t) > 0 
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h{t,-K,i>,0,Q,\) =f(t,-K+p{t),4>+pup'{t),Q + zt,\)-p"(t) 

<-Ei-p"(t)<0 

for (t, ip,g,X) G J x SK x CR x [-A, A]. 
Set A = [-K - E\,K + Ei] x SK+E^ X [-A, A]. By (H 2 ) , a nondecreasing 
function w(-,A) : [0, oo) —• (0, oo) exists such that (24) and (25) hold. Then 

\h(t, x, V>, y, g, A) =f(t, x + p{t),i> +Pt,y + p'{t),Q + zt,X)- p"{t)\ 

<w{\y + p'(t)\, A)+Ex< w{\y\ + E1,A) + E1 

for (t,x,if}, g, A) G J x [-K, K] x SK x CR x [-A,A] and y € K. Since the 
function wi(s) — w(s + E\, A) + E\ is positive nondecreasing on [0, oo) and 
(cf. (24)) 

M M 
sds f sds > 2K 

/
sds _ r 

w1ls) + (3K/2)(n/T)^~ J 
wt(s) + (3/f/2)(7r/T)2 J w(s + EUA) + EX + (3K/2)(n/T)* 

0 0 

for a positive constant M, the assumptions of Theorem 1 are satisfied. This 
completes the proof. • 

E X A M P L E 3. Consider the functional differential equation 

(25) x"(t) = a(t) + b(t)x3(t) + c(t)x(t -r) + d{t)x'{t) + (1 + | sint|)A 

depending on the parameter A together with boundary conditions (2). Here 
a, b, c, d G C°( J), b(t) > 0 on J. Equation (25) is the special case of (1) with 
f(t,x,%l},y,g, A) = a(t)+b(t)x3+c(t)%f)(—r)+d(t)y+(l + \smt\)X and satisfies 
the assumptions of Theorem 2. Indeed, let b = min{6(ź); t G «/}(> 0) and 
fix E > 0. Then 

ri ( i s (s2 syV f 1 5 /s2 s \ ł V 
^ m a X { 3 + ( , 2 7 + 2 + (T + 2 7 j J + ( 2 7 + 2 - ( T + 2 7 J J ' 

T ' - } 

and A = Q + KC are constants corresponding to E in (Hi) where C = 
\\c\\j, S = (8/6) (3||a||j + 3E(C + \\d\\j + 1) + 2E3\\b\\j),Q = \\a\\j+E(C+ 
\\d\\j + 1) + -B^H&HJ and w(s,A) = Hs + P satisfies assumption (H2) for 
suitable positive constants P — P(A), H = H(A). Hence, there exists at 
least one solution of B V P (25), (2) for each <p, x G Cr and A, B G K. 
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