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CONVEX SOLUTIONS OF AN ITERATIVE
FUNCTIONAL DIFFERENTIAL EQUATION

L1 Livn HuaNG, HOU YU ZHAO*

Abstract. In this paper, by Schauder’s fixed point theorem and the Banach
contraction principle, we consider the existence, uniqueness, and stability of
convex solutions of a nonhomogeneous iterative functional differential equa-
tion. Finally, some examples were considered by our results.

1. Introduction

Iterative functional differential equations as a special kind of functional
differential equations, have been discussed in many monographs and research
articles ([I], [7]-[11], [I5]). Recently, several papers have appeared that are
concerned with the form of

' (t) = H(t, z(t), zB ), ..., 2 @),

where zFl(t) = z(z*1(t)),k = 1,2,.... More specifically, in [4], Cooke
showed that it is highly desirable to consider the properties of periodic so-
lutions of the equation

2’ (t) + azx(t — h(t,z(t))) = F(t).
Eder ([5]) studied the iterative functional differential equation

/(t) = x(z(t))
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and proved that every solution either vanishes identically or is strictly mono-
tonic. In [6], Feckan considered the equation of the form

z'(t) = f(x(z(1))),

he got the solutions which satisfy x(0) = 0 by an existence theorem. Later,
through a reversible transformation, Si, Wang and Cheng ([I3]) studied the
equation

2! (t) = zI™(¢)

and gave the sufficient conditions for the existence of the analytic solutions.
In [12], using fixed point theorem, Si and Cheng continued to discuss the
existence of smooth solutions for the equation

(1.1) 2/ () = Max(t) + Xzl () + -+ Nzl () + F(2), VzeR,

where z¥1(¢) = z(2F=11(t)),k = 1,2,... are unknown functions, Ay, Ao, ..., A,
are real constants, F'(x) is a given function. In 2017, Zhao and Liu (|21]) proved
the existence and stability for periodic solution of by fixed point theorem.
For some various properties of solutions for iterative functional differential
equations, we refer the interested reader to [2, 3], [14], [16, 17, [I8].

Convexity (]9 [I1]) is one of the most important concepts in optimization.
Let I be an interval of the real line R. A function x: I — R is said to be
convex if

z(at+ (1 —a)s) <ax(t) + (1 — a)z(s)

holds for all ¢, s € I and « € [0, 1]. Convex functions play an important role
in many areas of mathematics. They are especially important in the study of
optimization problems where they are distinguished by a number of convenient
properties. In [20, [19], the authors consider the convex solutions of an iterative
functional equation, they found the sets of convex solutions depending on the
convexity of a given function. In this paper, we study the existence, uniqueness
and stability of convex solutions for , and we see that the convex solutions
are not affected by the convexity of a known function F.

The rest of the paper is organized as follows. In Section [2] we consider
some class of functions of convexity. Then we give the existence of monotonic
solutions of Eq. under some certain assumption in Section 3| Section
deals with the existence of convex solutions of , also we give the approxi-
mate convex solutions. In Section [5], we consider the uniqueness and stability
of those solutions. The final section presents some examples.
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2. Preliminaries

In this section we give some notations and several preparatory lemmas.

Fix £ € Rand § > 0. Let I = [¢ — 6,& + 6], CH(I,R) is the set of all
continuous derivative functions defined on I, C*(I,I) is the set in which z €
C' maps the closed interval I into I. Consider the norm

lzlls = llzll +[l"ll,  where ||z]| = max {|z(t)| : t € I},
then C'(I,R) with | z||; is a Banach space, and C1(I, I) is a subset of C*(I,R).
Let M > 1> m >0, define
o(Im, M) = {x € CH(I, 1) w(¢) = & 2'(1)] < M,
m(ty — s1) < x(t1) — x(s1),Vt, t1 > s1 in I},

and denote by ®.,(I;m, M) and ®..(I;m, M) the families consisting of all
convex functions and concave ones in ®(1;m, M).

LEMMA 2.1. ®(I;m, M), @, (I;m, M), and ®..(I;m, M) are compact con-
vex subsets of C*(I,R).

PROOF. We first show that ®(I;m, M) is a convex set. For any z1,29 €
®(I;m, M) and « € [0, 1], put

X(t)=ax1(t) + (1 — a)xa(t), Vtel.
It is easy to check that X € CY(I,1), X (&) = £ and
(2.1) | X'(t)] = |azi(t) + (1 —)ay(t)| <aM + (1 —a)M =M, Vtel.
Similarly, we obtain

(22)  X() - X(s) = a(a1(t) —z2(s)) + (1 = a) (x2(t) — z2(s))
>am(t—s)+ (1 —a)m(t—s) =m(t—s)

for t > s. Thus X € ®(I;m, M), that is ®(I;m, M) is a convex set.
Furthermore, for a convergent sequence xz,, — x,,n — oo in ®(I;m, M), it
is easy to check that . (t) € C1(I,1), x.(&) = € and |2, (t)| < M, m(ta—t;) <
Ti(ta) — xi(t1), V t,t2 > tq in I, thus z, € ®(I;m, M), and ®(I;m, M) is
a closed set. Since ®(I;m, M) is a bounded set, we know it is a closed bounded
subset of C'(I,R). From the definition of ®(I;m, M), for any t;,to € I, we
have |z(t3) — z(t1)| < M|ta — t1], which means ®(I;m, M) is equicontinuous.
By Ascoli-Arzela lemma, ®(I;m, M) is a compact convex subset of C*(I,R).
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Now we prove that ®.,(I;m,M) is compact convex subset of C!(I,R).
Suppose that x1, 29 € @, (I;m, M) are convex functions, a € [0, 1], and let

X1(t) = axi(t) + (1 — a)xa(t), Vtel.
Then (2.1)), (2.2)) still hold as X = X;. Moreover,
X1(Bt+ (1 - P)s)
< a(fra(t) + (1 = Bla(s)) + (1 = o) (Bra(t) + (1 = Baa(s))
= Blax1(t) + (1 — a)a2(t)) + (1 = B)(az1(s) + (1 — a)z2(s))
=08X:1(t)+(1-pB)X1(s), Vit,sel pfel01].
We obtain X is a convex function, and ®.,(I;m, M) is a convex set. As in
the case of ®(I;m, M), we can prove that ®.,(I;m, M) is a compact convex
subset of C1(I,R).

Similarly, we can prove that the set ®..(I;m, M) is a compact convex
subset of C!(I,R). O

The following lemma can be found in [12].

LEMMA 2.2. Suppose that z,y € ®(I;m, M), then the following inequali-
ties hold:

(i) [al(t2) — 2l (ty)| < MPJty —t1], V ta,t2 €1, i=0,1,...,n
(i) |2 =yl <370 MF Mz =yl i=1,2,...,n
(iii) [z =yl < dllz" = ¢/]].

Now, we further consider the set
QO(I;m, M, k, K) = {a/: e o(I;m, M) :

b < ' (t2) — 2'(t)
= -1

where m, M, k, K are real constants, 0 <m <1< M and K > k.

<K, Vt1<tginl},

LEMMA 2.3. Q(I;m, M, k, K) is a compact and convex subset of C1(I,R).
Moreover, Q(I;m, M,k,K) C ®.(I;m,M) if k > 0; QU;m, M, k,K) C
S..(I;m, M) if K <0.

PROOF. First, we shall prove that Q(I;m, M, k,K) is a convex set. In
fact, for any 1,29 € Q(I;m, M, k, K), we only consider o € (0, 1), for all
t1 < tg € I. Letting

X(t) = azx1(t) + (1 — a)xa(t),
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it is easy to see that X € ®(I;m, M),
X'(t2) = X'(t1) _ aaf(te) + (1 — a)ah(te)  awi(ty) + (1 — a)wy(ty)

to — 11 to — 11 ta — 11
_ alw(te) 23 (t) | (1= a)(@5(ta) — a5(th))
to — 11 to — 11
Z Oéki(tz — tl) + (1 — Oé)k‘(tg — tl)
= k(tQ - tl)v

and
X'(t2) — X'(t1)
to — 11
Therefore, Q(I;m, M, k,K) is a convex subset of ®(I;m,M) C C(I,R).
Clearly, we can check that the functions in Q(I;m, M, k, K) are uniformly
bounded and equicontinuous in I. By Ascoli-Arzela’s lemma, Q(I;m, M, k, K)

is a compact and convex subset of C1(I,R).
Taking z € Q(I;m, M, k, K), for k > 0 and t; < ty € I, we have

z'(ta) — (1)
to — 11

< OLK(tQ — tl) + (1 — Oé)K(tz — tl) = K(tg — tl).

>k >0,

or z'(t3) > 2/(t1). Therefore derivative function z'(t),t € I is increasing,
which means z(t) is a convex function on I. So we get Q(I;m, M, k, K) C
D, (I;m, M) for k > 0.

Similarly, for K < 0, taking x € Q(I;m, M, k,K), for any t; < ty € I,
we have

/ o
(t2) —a'(t1) <K<0, or x'(t) < a'(t1).

to — 11
So z is a concave function and Q(I;m, M, k, K) C ®..(I;m, M) for K < 0.
This completes the proof. O

3. Existence of monotonic solutions

In this section, we will prove the existence of continuous monotonic solu-

tion of Eq. . Suppose Eq. satisfies the following conditions:
(H1) \; >0, i=1,2,...,n,

(H2) Z?:l A > —1with \; <0, ¢ =1,2,...,n.

Then we have the following theorem.
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THEOREM 3.1. Suppose that |(H1)| holds and 0 < m < 1 < M. Let I =
[€ — 6, + 0], where & and 0 satisfy

(3.1) - < €| <

1
1 +Z?:1)\
— €1, 1€l -

1+Zz 1

!
(3.2) 0<d< min{

TS )
L+ N 1“‘2?:1/\1‘ ,

and F € ®(I;m, M) with 0 < m < 1 < M. Then Eq. (1.1) has a continuous
solution x € ®(I;m, M).

ProOOF. We will use Schauder’s fixed point theorem to finish the proof.
Define a mapping T': ®(I;m, M) — C(I,R) by

(3.3) g+ZA/ ds+/;F(s)ds, Vtel.

First, we will prove that for any € ®(I;m, M), Tz € ®(I;m, M). It is easy
to see that (T'z)(§) = & Moreover,

[(Tz)(t) = ¢l <

t ¢
x[i](s)dsl + ’/ F(s)ds‘
3

<

—
2>

Ai([€] + )t =&l + (€] + o)t — £

1

= (L+ > M) (el + o)t — & <o,

-
I

where the last inequality is from 1} x € ®(I;m,M) and F € ®(I;m, M)
Thus Tx € CY(I,1). Using (3.2)), we get

(T \<ZA (&l +6) + (gl +0) <1< M

and

(Tx)(ts) — (Tz)( tl)—Z)\ / 2l( ds+/tt2F(s)ds

> Z)\i(|f| = 0)(t2 — t1) + (|¢] = 6)(t2 — t1)
i=1
zm(tg—tl), Viya >t €l

Therefore, T is a self-mapping on ®(I;m, M).
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Next, we will prove that 7" is continuous. For any z,y € ®(I;m, M), using

(ii) and (iii) in Lemma [2.2] we have
1Ty — Tlly = |Ty — Tx|| + [|(Ty)" — (T=)']

n t n
< Y- hemax| [ 0105) — ] + - Avma | 0) — 0
=1

— el
<O D AM Ty — a2l + 0> AM |y —af
i=1 k=1 i=1 k=1
< 522 AM*Hly — 2] + 5i Z MMy = 2|
i=1 k=1 i=1 k=1
(34) <> > MMy -,
i=1 k=1

which shows that T' is continuous.
From Lemma [2.3 and Schauder’s fixed point theorem, we conclude that

x(t) =€+ Z/g Nizll(s)ds —i—/5 F(s)ds,

for some z(t) in ®(I; m, M). By differentiating both sides of the above equality,
we see that x is the desired solution of ([I.1]). This completes the proof. [l

Similarly as Theorem we can prove the following theorem.

THEOREM 3.2. Suppose that (H2) holds and 0 < m <1 < M. Let I =
[€ — 6, + 0], where & and § satisfy

m 1
(3.5) 0< —= 1 <l < —=—>
T+ A L= N
. 1 2§[ —m
(3.6) O<5<m1n{n_|§|7n_|€|}7
1- Zi:l Ai 1— Zi:l Ai

and F € @(I;T?L,M) with 0 < m < 1< M. Then Eq. 1) has a continuous
solution x € ®(I;m, M).

Next, we consider approximate solutions for the monotonic solutions

of.

THEOREM 3.3. In addition to the assumption of Theorem[3.1], suppose that

(3.7) 52%223&1\4“ <1.

i=1 k=1
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Then for any xo € ®(I;m, M), there exists a sequence (z1)5>, C ®(I;m, M)
which is defined by xp = Txr_1,k = 1,2,... convergent to x* which is a

solution of Eq. (1.1)).
PRrOOF. Consider the mapping 7" on ®(I;m, M) as in (3.3)). Put
xp =Txp—1, o€ P(I;m, M), keN.

Since T is a self-mapping on ®(I;m, M), we know that (z3)52, is a subset of
®(I;m, M). By (3.4), we have

n %
|Tzp41 — Tagllr < 522&'1\/[’“71”% — xp-1l1 = llzg — 2p-1]l1,
i=1 k=1

where T = ¢3S0 \;M*1. Then, we obtain
| Ty 41 = Tagls < TF|lan — 2ol

Let

r—1

2 (t) = wo(t) + ) (wrs1(t) — zi(t)).
k=0

We now show that Ez;é(svk_,_l(t)—xk(t)) converges on the interval [ —0,{+0].

This would imply that x,(¢) has a limit on this interval as r — oo. Clearly,

from (3.7)), the series

oo oo 1
S ks — 2kl Y THay — alh = Tl — 2ol
k=0 k=0

converges.

Therefore, (z1)32, is a Cauchy sequence under the supreme norm and uni-
formly converges to a continuous function z* on I. Noting that ®(I;m, M) C
C(I,R) is compact, (x)72, converges to z* in ®(I;m,M). From (3.6), we
can see that 7' is continuous, thus z* <+ zpy1 = Txr — Yz*, and con-
sequently Tx* = x*. Therefore, the sequence of functions given by S =
(zo(t),x1(t),...,xk(t),...) can be regarded as approximate solutions of
Eq. . This completes the proof. [l

Similarly, corresponding to Theorem we have the following theorem.

THEOREM 3.4. In addition to the assumption of Theorem[3.2] suppose that

(3.8) —6zn:i:A¢Mk_1 <1.

i=1 k=1
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Then for any xo € ®(I;m, M), there exists a sequence (z1)5>, C ®(I;m, M)
which is defined by x, = Txp_1,k = 1,2,... convergent to x* which is a

solution of Eq. (1.1)).

4. Existence of convex solutions

In this section, we will show that under certain conditions, Eq. (L.1]) has
convex solutions.

THEOREM 4.1. Suppose that FEq. (1.1) satisfies the conditions of Theo-
remm, and F € ®(I;m, M), where M >1>m >0. If M >1>m >0 and

(4.1) O<k<m+Yy Am <M+Y \NM <K,
i=1 i=1
then Eq. (1.1) has a convex solution x € Q(I;m, M, k, K).

PROOF. Define the mapping T': Q(I;m, M, k, K) — C(I) asin (3.3). From
Theorem we see that Tx € ®(I;m, M). Note that

(Tz) (t) = i Nzll(t) + F(t), tei.

for all t; < ty € I. Using , we have
(Ta)'(t2) — (Tx)' (1) Doy Nalald(ta) — () + (F(t2) — F(t))

tz—tl t2_t1

zm+zn:/\,-mizk,

i=1
and

(Ta)'(t2) = (T2)'(t) _ iy Xilal(ta) — 2W(t)) + (F(t2) — F(t1))

to — 11 to — 11

< M+iAiMi < K.
=1

By the definition of Q(I;m, M, k, K), we know that T is a self-mapping on
Q(I;m, M, k, K). Furthermore, similarly as in (3.4]), we have

T2y — Taal[s <6 > MMz =y,
=1 k=1
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which means T is continuous. By Lemma [2.3] and Schauder’s fixed point the-
orem, T has a fixed point = € Q(I;m, M, k, K), i.e.,

n_ ot t
Tx(t) =&+ Z/g izl (s)ds +/§ F(s)ds, tel.
i=1

Differentiating both sides of the above equality, we know that x is the convex
solution of (1.1)). This completes the proof. O

REMARK 4.1. From Theorem we see that F' € ®([; ffL,M), it means
the convexity of solutions z of (1.1)) is not affected by the convexity of F'.

In the same way, we have the following theorem.

THEOREM 4.2. Suppose that Eq. (1.1) satisfies the conditions of Theo-
rem and F € ®(I;m, M), where M >1>m >0. If M >1>m >0 and

(4.2) O<k<m+d MM <M+> Am' <K,
i=1 =1

then Eq. (1.1) has a convex solution x € Q(I;m, M, k, K).

Next, similarly as in Theorem [3.3] we obtain the convexity approximate
solutions of ([1.1]). The proof is the same as the proof of Theorem therefore
we omit it.

THEOREM 4.3. In addition to the assumption of Theorem ( Theorem,
suppose that () holds, then for any xo € Q(I;m, M, k, K), there ex-
ists a sequence (z1)5>, C Q(I;m, M, k, K) which is defined by x), = Tx—1,k =
1,2,... convergent to x* which is a convex solution of Eq. .

5. Uniqueness and stability

In this section, the uniqueness and stability (the continuous dependence
for the given function F') of the solutions of will be proved. In order to
prove these results, we need the Banach contraction principle to study the
uniqueness of the solution. Furthermore, using the uniqueness, we obtain that
the unique solution depends continuously on a known function F'.

THEOREM b5.1. In addition to the assumption of Theorem suppose
that holds. Then Eq. has a unique solution in ®(I;m, M), and the
unique solution depends continuously on the given functions F. Furthermore,
the unique solution can be obtained by the sequence (z1)3e, C ®(I;m, M),
where xg € ®(I;m, M), 11 = Txp, k=0,1,... and T is defined as in .
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PROOF. From the proof of Theorem [3.I] we know the map 7' is a self-
mapping on ®(I;m, M). By (3.7)), we have

1Ty = Taly <63 Y MMMy —afy, Va,ye®;m, M).
i=1 k=1
By (3.7) and Banach fixed point theorem, we know the the solution of Eq. (1.1
must be unique. - N
Given F and G € ®(I;m, M), consider the corresponding operators T, T

defined by (3.3). Assuming the corresponding conditions (3.1)), (3.2]) and ,

there are two unique corresponding functions = and y in ®(I;m, M) such that

Then
ly — =zl = ||Tvy — Tzl = ||fy — T:E||1 + ||T:E — Tzl
<Tly — zlls +d[|1F — G|,
with I' defined as in the proof of Theorem From (3.7), we have

4]
— = ——||F -Gl
ly = 2lh = - IF ~ G
This proves the continuous dependence of solution z upon F' and GG, otherwise
referred to as stability. From Theorem [3.3, we can finish the proof. O

Similarly, we have the following theorems corresponding to Theorems [3.2]

[4:2] We omit their proofs.

THEOREM 5.2. In addition to the assumption of Theorem [3.2], suppose
that holds. Then Ejq. has a unique solution in ®(I;m, M), and the
unique solution depends continuously on the given functions F. Furthermore,
the unique solution can be obtained by the sequence (x)7>, C ®(I;m, M),

where xg € ®(I;m, M), 11 =Tz, k=0,1,... and T is defined as in (3.3)).

THEOREM 5.3. In addition to the assumption of Theorem(Theorem,
suppose that () holds. Then FEq. (L.1) has a unique solution in
Q(I;m, M, k,K), and the unique solution depends continuously on the given
functions F'. Furthermore, the unique solution can be obtained by the sequence
(xr)2y C QI;m, Mk, K), where g € Q(I;m,M,k,K), vy = Txp, k =
0,1,... and T is defined as in .
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6. Examples

In this section, some examples are provided to illustrate that the assump-
tions of our theorems do not self-contradict.

ExAMPLE 6.1. Consider the following equation:

1 1 13
1 ) == = 2 [=3]
(6.1) x'(t) 2:8(t)+2x(:c(t))+t, te 3l
where A\ = Xy = % F(t) = t? and ¢ = %, 0= %, then I € @([%,%];%,1).
Taking m = % M =1, a simple calculation yields
m 1 1 1
= <= <=1t
14+ A+ X 10 4 1+)\1+)\2
and
1 3 1 3 1
O<5—7<——mn{ } min{i €], 1€] — L}
8 20 4’ 20 1+Z¢=1/\z +ZZ Y

Thus |(HI) and are satisfied. From Theorem we know that
1

there ex1ts a monotomcally 1ncreasmg solution z in ®([3, 2]; 3, 1).

Furthermore, taking k = 1—0, = 3, then
3 2 37
0<k=—<m Aimt = <M NMi=2<3=K,
10 m+; "= 100 +Z

which means (4.1]) is satisfied. Noting

(A + X1+ M)) = 16
so (3.7) is satisfied. By Theorem [5.3] . we know that the monotonically in-
creasing convex solution is the unique one in Q([S, 8], é, 1, 130,3) For any
xg € Q([S, 8], é, , 10,3) the unique solution of (6.1)) can be approx1mated by
the sequence xy4+1 = T2, k=0,1,2,..., with T' deﬁned as in

<1,

Next consider an example under condition |(H2)

ExXAMPLE 6.2. Consider the following equation:

(62 P (1) = —5palt) - eale@) + 2 te 53],
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where )\1 = 15, Ay = 15, F(t) = t>and € = 1 § = %, then F' €

@([8, 8], 7>1). Taking m = 25, M =1, asin Example we have

1
—1<A1+A2:—g<0,

0<— " = gl = 1 .5__ 1
T4+ A+ N\ 20 4 6_1—>\1—>\2
and
1 2 (T 2 , 1 2/¢] — m
f=-<— B G - — gt
0< 8<15 i 12’15} mm{l—)\l—)\g ‘5"1—)\1—)\2 ’5‘}

Thus |(H2) and ( are satisfied. From Theorem we know there

exits a monotomcally 1ncreasmg solution z in ®([%, 3]; o, 1).

25>
Furthermore, taking k = 2—15, K =1, then

1 2 1~ & 9348
0<k=—<m NMi= — <M Ami=—— <1=K,
25<m+; 20 +; "= 9375 <

which means (4.2) is satisfied. Noting

1
=M+ (1+M)Xy) = 21 <1,

SO . ) holds. By Theorem we know that the monotonically increas-
ing convex Solutlon is the unique one in Q([4, 2]; 55,1, 35,1). For any zo €

1257 2 257
Q([g, g], 355 1,2 355 1), the unique solution of (6 1.} can be approxnnated by the

sequence rpy1 = Tz, k=0,1,2,..., with T defined as in

ExXAMPLE 6.3. Consider the following equation:
1
(6.3) 2'(8) = Aa(t) + so(a() + 12, te [ }

where A\ = A is a parameter, /\2 %, F(t) =12 and &= = %. Similarly as
in Example F 6 ®([%,2];1,1). Seeing Ao = 1 >0, Whl h means we need

to use condition [(H1)| thus A; = A > 0. In order to apply (3.1) and (3.2)), we
need

m 1 1
6.4 il
(6-4) T4+ + X2 7+/\—|€| 4 = §+A
and
1 1 11 m
. 0=-< _ -~ _
(6.5) 0< 8_m1n{g+)\ 11 §+)\}

. 1 m
—mm{Hz“ y Ik - e Ai}.
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From (6.4) and (6.5)), we have

4m§)\+§, )\gg

2
and
3 7
8m <A+ =, A< -—.
m < +2, =5
Thus
0<8m§)\+§, 0<>\§Z,
2 6
ie.,
1 7

For the uniqueness, we need
Yo+ tavany <1
8 2 ’

which corresponds to (3.7). Thus we obtain

38
(6.7) 1<M<15-2)<

Until now, we see that there exits unique monotonically increasing solution x
in ®([§,2;m, M) with0<m < £, 1< M < 2.
Furthermore, in order to find the convex solution, we need

1 1 1
(6.8) 0<k§1+)\m+§m2§1+)\M+§M2§K,

With0<m§%,1§M<%and0<)\§%.ByTheoremwe

know that the monotonically increasing convex solution is the unique one
in Q(([%, %];m,M,k:,K), where m, M, k, K satisfy f. For any zg €
Q([%, %]; m, M, k, K), the unique solution of can be approximated by the
sequence 1 = Tz, k =0,1,2,..., with T defined as in (3.3). This improves

the estimates of Example [6.1]
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