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CENTRAL LIMIT THEOREM
FOR RANDOM DYNAMICAL SYSTEM WITH JUMPS
AND STATE-DEPENDENT JUMP INTENSITY

JOANNA KUBIENIEC

Abstract. In this work we focus on a dynamical system with jumps, where
the intensity of the jumps depends on the system’s state. By verifying the
assumptions of the theorem from [4], we show that our model satisfies the
central limit theorem.

1. Introduction

Piecewise-deterministic Markov processes (PDMPs) represent a class of
stochastic models, that have recently received extensive research attention.
They were introduced by Davis [7] as a general and various practical systems
in which randomness is limited to jumps. These processes are governed by
deterministic semiflows and mentioned jumps which change the state as well
the semiflows which will determine evolution of the system. PDMPs have
proven to be effective mathematical models for many phenomena, such as gene
expression [I4] and population dynamics [I]. Results concerning ergodicity and
asymptotic stability of these systems are already quite extensively researched
[T, 21 3L 8, @ 5l 16].

Having the asymptotic stability of such processes, natural questions arise
regarding the limit theorems. In [I1]], we focused on demonstrating a law of the
iterated logarithm for some PDMPs in which the intensity of jumps depends
on the state of the system. In this paper we prove the central limit theorem
(CLT) for this class of processes.

In [4], a criterion for the CLT was introduced, and an example of a model
with a constant intensity of jumps was given. The difference between our
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model and the one considered in [4] lies in the assumption that the intensity of
jumps follows an exponential distribution with a constant intensity parameter.
This assumption seems to be too restrictive concerning biological models, such
as gene expression, in which the relation between the intensity of jumps and
the state of the system is visible. It turns out that the criterion for the CLT
from [4] is also applicable in the case we are considering.

The paper contains three sections. In Section [2] basic definitions and no-
tations are introduced. In Section [3] we start with an intuitive description of
the considered model, and then we formulate strict definitions. We also pro-
vide conditions that were used in [6] to show exponential ergodicity. The last
section contains the proof of the CLT for the model described earlier, and it
is strongly influenced by the methods used in [4].

2. Preliminaries

Let R be the set of all real numbers and let Ry = [0,00). Let (E, p) be a
Polish space with the o-field B(E) of all Borel subsets of E. By B(E) we denote
the space of all bounded, Borel measurable functions f: E — R, equipped with
the supremum norm and we list two of its subsets: C(E) and Lip(E) consisting
of all continuous functions and Lipschitz-continuous functions, respectively.
A continuous function V: E — R, is called Lyapunov function if it is bounded
on bounded sets and for some zy € F

lim  V(z) = oc.
p(x,z0)—00

Let M(FE) be the set of all finite, countably additive functions on B(E).
By M (FE) and M;(E) we denote the subsets of M(E) consisting of all
non-negative measures and all probability measures, respectively. We write
MY (E) for the set of all p € My(FE) satisfying [, V(z) p(dz) < oc.

The set M (E) will be considered with the Fortet-Mourier norm (|12, 13]),
given by

el par = sup{| () | = f € Fra(E)} for p e Mo(E),

where
Fru(E)={f € C(E):|f(x)| <1, [f(x) - f(y)| < p(z,y), z,y € E},
(Fop) = /E f(@u(de).

As usual, by B(z,r) we denote the open ball in F centered at = and radius
r > 0. For the fixed set A C E we define the indicator function 14: E — {0,1}
as 1a(x) =1for x € A and 14(x) = 0 otherwise.
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A function K: E x B(E) — [0,1] is called a (sub)stochastic kernel if for
each A € B(E), x — K(z,A) is a measurable map on E, and for each x € F,
A K(z,A) is a (sub)probability Borel measure on B(E).

An operator P: M, (FE) - M4 (E) is called a Markov operator if:

o Pajp + agpiz) = a1 Puy + aPpus for ay,as € Ry, py, po € Mo (E),
o Pu(E) = p(E) for p e My(E).

A Markov operator P is called regular if there is a linear operator

U: B(F) — B(E), called the dual operator to P, such that

(1) (f.Pu) = (Uf,u) forall f € B(E), u € M.(E).

If P is a regular Markov operator then the function K: E x B(E) — [0,1],
given by K(x,A) = Pdéy(A) forz € E, A € B(FE), is a stochastic kernel.
On the other hand, an arbitrary given stochastic kernel K defines a regular
Markov operator P and its dual operator U by formulas:

Pu(A) = /EIC(:E, A) p(dz) for pe M (E), Ae B(E)
and
Uf(x):/Ef(y)lC(x,dy) forx € E, f € B(E).

Let us note that the operator U can be extended to a linear operator
defined on the space of all bounded below Borel functions B(FE) so that
holds for all f € B(E).

A regular Markov operator P is called Feller if Uf € C(E) for every
feCE).

We say that ., € M (FE) is invariant with respect to P if P, = p..

If there exists an invariant measure u, € Mj(E) and a constant 8 € [0, 1)
such that, for every u € MY} (E) and some constant C(u) € R, we have

1P~ allpay < C(u)B™ for all n € N,

then pu, is called exponentially attracting. If an operator P has such an expo-
nentially attracting invariant probability measure, then the operator P is said
to be exponentially ergodic.

It is well known that for every stochastic kernel K and any fixed mea-
sure p € Mi(FE), we can always define on suitable probability space, say
(Q, F,Prob,,), a discrete-time homogeneous Markov chain { X, }en, for which

Prob,(Xo € A) = u(A) for A e B(E),
(2) K(z,A) =Prob,(Xn41 € A|X, =2) forxze E, Ac B(E), neNy.
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Then the Markov operator P corresponding to the kernel describes the
evolution of the distributions s, (-) := Prob,(X,, € -), that is

tnt1 = Puy, for n € Ny.

In our further considerations, we will use the symbol E,, for the expectation
with respect to Prob,,. If u = 6, for some x € E, we will write E,.

We say that a time-homogeneous Markov chain evolving on the space
E? (endowed with the product topology) is a Markovian coupling of some
stochastic kernel K: E x B(E) — [0, 1] whenever its stochastic kernel B: E? x
B(E?) — [0,1] satisfies

B(z,y,Ax E)=K(z,A) and B(z,y,Ex A)=K(y,A)

for all z,y € E and A € B(FE). Let us underline this, that if Q: E? x B(E?) —
[0, 1] is a substochastic kernel satisfying

Qla,y, A x E) < K(a,4) and Q(z,y, E x A) < K(y, A),

for all z,y € F and A € B(FE), then we can always construct a Markovian
coupling of K whose transition function B satisfies () < B. For this purpose,
it suffices to define the family {R(z,y,-): =,y € E} of measures on B(E?),
which on A x B € B(E?) are given by

(IC(CC,A) B Q(xvyvA X E))(K:(va) — Q(I,y,E X B))
1- Q(:E,y,Ez)

if Q(z,y, E?) < 1, and R(z,y, A x B) = 0 otherwise. Then B:=Q + R is a
stochastic kernel satisfying () < B, and that the Markov chain with transition
function B is a coupling of K.

Let {X, }nen, be a Markov chain evolving in E with transition kernel
K and initial distribution p. Suppose p, € M;(FE) is the unique invariant
measure of the Markov operator P corresponding to the kernel given by .
For any n € N and any Borel function g: £ — R define

9K+ +9(Xn)
sn(g) - \/ﬁ ’

o*(g) = lim B, (s7(9)).

R(z,y, A x B) =

Denote by ®s,(g) the distribution of s, (g) and put g =g — (g, p«)-

Let g: E — R be a Borel function such that <gQ, ,u*> < 0. By definition,
{9(X,) }nen, satisfies the CLT condition, if 02(g) < oo and @, (g) converges
weakly to N'(0,02(g)), as n — oc.

Proving the CLT we will use the following theorem proved in [4].
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THEOREM 1. Let {X, }nen, be a time-homogeneous Markov chain with
values in E and let K: E x B(E) — [0,1] be the transition law of { X, }nen,
which satisfies the following conditions:

(BO) The Markov operator P corresponding to KC has the Feller property.
(B1) There exist a Lyapunov function V: E — Ry and constants a € (0,1)
and b € (0,00) such that

UVZ3(z) < (aV(z) +b)* for every x € E.

In addition, assume that there is a substochastic kernel Q: E*xB(E?) —
[0, 1] satisfying

Qr,y,Ax E) <K(z,A) and Q(z,y,Ex A) <K(y,A)
forx,y e E, A€ B(E).
(B2) There exist F C E? and q € (0,1) such that

supp Q(z,y,-) C F and / (1, ) Qs s du x dv) < gp(z, y)
E2

for (z,y) € F.
(B3) For G(r) = {(z,y) € F: p(z,y) <r}, r >0, we have

inf Q(z,y,G(qp(x,y))) > 0.
(z,y)eF

(B4) There exist constants v € (0,1] and | > 0 such that
Q(z,y, B%) > 1= lp(x,y)"  for every (x,y) € F.

(B5) There is a coupling {(XT(LI),XqS?))}neNO of K with transition law B > Q)
such that for some R > 0 and

K= {(r,y) € F: V() + V(y) < B)
we can find ¢ € (0,1) and C > 0 satisfying
E(uy)((T7%) < C  whenever V(z) + V(y) <4b(1—a)™',
where o = inf{n € N: X,, € K}.

Let i € MY (E) be an initial distribution of { X, neno- If g € Lip(E), then
{9(X) }nen, satisfies the CLT.
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3. Model description and assumptions

Let (Y,p) be a Polish space and let I = {1,..., N} for a fixed positive
integer N. We define X :=Y x I and consider the space (X, p.), where

(3) pe((y1,1), (y2,7)) = p(y1,y2) + ¥ (i, ), (y1,9), (y2,5) € X,

where

. 1 for i # j,
4 \II =
(4) %) {O for 1 =j.

The constant ¢ > 0 will be defined later. Let © be a compact interval.

Our considerations are conducted for a discrete-time dynamical system
related to the stochastic process {(Y'(t),£(t))}tcr,, which evolves through
random jumps in the space X. We proceed to provide a description of this
process.

Assume that we have a finite collection of maps, called semiflows, II;: R x
Y — Y, i € I, which are continuous with respect to each variable and satisfy
for every i € I and each y € Y, the following conditions:

IL;(0,y) =y and ILi(s+t,y) =1ILi(s,I;(¢,y)) for s, t € Ry.

The process {Y (t)}icr, evolves between jumps according to one of the
transformation II;, whose index i is determined by {{(t)}ser, -
Let m;;: Y — [0,1], 4,5 € I be a matrix of continuous functions such that

ij(y) =1 foriel,yeY.
jel
Just after every jump, the semiflow is changed from II; to II; in accordance

with 7;; and at the moment of a jump the process {Y (t) };cr. shifts to the new
state by a function w(6,-): Y — Y, which is randomly chosen from a given set
{w(d,-): 6 € ©}. We assume that Y x O 3 (y,0) — w(f,y) € Y is continuous
and that the probability of choosing w(#,-) is related with density functions
© 30— p(0,y),y €Y, such that (6,y) — p(0,y) is continuous. Moreover, we
assume that the intensity of jumps is given by a Lipschitz-continuous function
A:Y — (0,00), which satisfies the following conditions:

(5) A=inf A(y) >0 and X =sup\(y) < oo.
yey yeY

The evolution of {(Y(),£(t))}tcr, can be described as follows. Assume
that the process starts at some point (yg,i9) € Y x I. Then

Y(t) = Hio (tvy()) and g(t) = i()a 0 <t < tl,
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where ¢; depends on yo and ig. At time ¢; the process {Y (t)}er, jumps to
the new position

y1 = w(01, Y (t1—)) = w(b1, 1L, (11, 90)),

where 6; € O is randomly chosen in accordance with the distribution given
by density 6 — p(6,1L;,(t1,40)). In the next step, we choose randomly i1 € I
such that the probability of choosing i1 is given by 7, (y1). Then

Y(t) =1L (t —ti,y1) and &(t) =1, t1 <t <t

We repeat the above steps with the point (y1,41) instead of (yo, o). The next
steps are defined by induction.
Assuming that to = 0, we get

Y(t) = Hin(t — tn,yn) and S(t) = in, tn S t < tn+1, n e No.

Let us emphasize that in this work we study only the sequence of random
variables given by the post-jump locations of the process {(Y(t),£(t))}ier. »
namely the process {(Y,,&n) }nen,, where Y,, = Y(7,), &, = &(1y,) for n € Ny
and 7, is a random variable describing the jump time ¢,.

We can now give the formal description of the model. Let us set a probabil-
ity space (§2, F, Prob,,) and define {(Y;,,&,) }nen, as follows. Let (Yp,&): 2 —
X be a random variable with arbitrary and fixed distribution p € M;(X).
Further, let us define by induction the sequences of random variables {7, } nen,,
{&n}nen, {Mn}nen and {Y,}nen, which describe the sequences {t,}nen,
{intnen, {0n}tnen and {yn}nen respectively, such that the following condi-
tions are fulfilled:

* The sequence 7,,: Q — [0,00), n € Ny, where 79 = 0, is strictly increasing
such that 7,, — oo a.e., and the increments A7, = 7,, — T,_1 are mutually
independent and their conditional distributions are given by

Prob, (AT, 1 <t|Y, =yand &, =i) =1 —e 04D fort e Ry,

where y € Y, ¢ € I and L is given by
t
(0 Lit.d) = [ A(Mi(s,)ds.
0
* The sequence &,,: Q — I, n € N satisfies the following condition

PI‘ObM(é_n:j|Yn:y7 gn—lzl)zﬂ-lj(y) for Z,]EI,Z/EY

* i 0 = O, n €N is defined as follows

Prob, (41 € D |1, (ATpi1,Yn) =y) = / p(0,y)do
D

forall D € B(O©) and y € Y.
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*Y,: Q=Y neN, are given in following way
Yn+1 = (,U(?]n+1, an (ATn+1, Yn)) for n € NO.

Furthermore, for

UO = (Yo,fo), U, = (Y(),Tl,...,Tk,nl,...,nk,fg,...,fk) for k EN,

we assume that for every k € Ny, the random variables &1 and 71 are con-
ditionally independent of Uy, given {Yy11 =y, § = ¢} and {Ilg, (ATp41,Ys) =
y}, respectively. We require also that {1, nx+1 and A7gy; are mutually con-
ditionally independent given Uy, and that A7y is independent of Uy.

We can easily check that the process {(Y5, &) Jnen, is a time-homogeneous
Markov chain with phase space X such that the evolution of the distribu-
tions i (+) := Prob,((Y,,&,) € -) can be described by the Markov operator
P: My (E) — ML(E) given by

@ Pud) =3 [ [ [ 10, 0. e

jel
x mij (w(0,IL(t, y))p(6, i (t,y)))dtdp(dy, di)df

for p e My (F), A€ B(E). Its dual operator U: B(E) — B(FE) is given by

Uf(y,i) = Z// Fw(0,T1,(t,v)), )AL (t, y))e LEvD

jerl
X Tij (w(@, Hi(ta y)))p(ea Hi(tv y))dtd9

for x € E, f € B(E), where L is defined in (6).
We apply the following assumptions:

(A1) There is y. € Y such that

sup/ /\t/ w(0,IL;(t, y«)), ys)p(0, 1 (¢, y))dO dt < oo for i € 1.

yey

(A2) There exist constants v € R, L > 0, and a bounded on bounded subsets
of Y function £: Y — R, such that the following inequality is satisfied

p(I(t,y1), 1L (t,y2)) < Le p(y1, y2) + t L(y2) (i, j)

fort € Ry, y1,y2 €Y, i,j € I, where U(i, j) is given by (4).
(A3) There exists a constant M > 0 such that

/ p((8, 1), (6, y2)) (0 32)d6 < Mp(ys,y) for y1,ya € V.
e



120 Joanna Kubieniec

(A4) There exists S > 0 such that

A1) = Aw2)| < Sp(y1,y2) foryi,y2 €Y.
(A5) There exists 7' > 0 and W > 0 such that

D Imij(y1) = mig(y2)| < Tplyr,y) for yi,yp €Y, i €1,
JerI

/ p(6,y1) — p(0,y2)|dO < Wp(y1,y2) for y1,y2 €Y.
e
(A6) There exists e, > 0 and ¢, > 0 such that

Zmin{ﬂilj (y1)77ri2j(y2)} > €x for Y1, Y2 € K Z.1515'2 S Ia
Jel

/ min{p(0,y1),p(0,y2)}df > €, for y1,y2 €Y,
@(ylvyZ)

where O(y1,12) = {0 € ©: p(w(t,y1),w(0,52)) < p(y1,¥2)}-

As it was written at the beginning of this section, the constant ¢ appearing
in (3]) is needed to be sufficiently large and depends on constants appearing
in conditions (AI)-(A4). For more details, we refer to [6].

In [6] it is shown, that if the conditions (AT)-(A6] hold and the constants
occurring in them satisfy the inequality

(8) LMX+v <,

then the operator P given by @ is exponentially ergodic.

We would like to justify the conditions (A1)—-(A6)) stated above. The condi-
tion is met by a quite large class of semiflows defined on reflexive Banach
spaces which can be generated by some differential equations engaging dissi-
pative operators [I0]. It happens often [5] then that the condition (Al]) is a
consequence of the conditions and . The conditions 1' con-
cerning assumptions such as contractivity are quite natural and in our setting
commonly used regarding ergodic properties. One may consult [I3] 5] for
details.

4. The main result

In this section we prove the CLT for model {(Y,,,&,)}nen, described in
the previous section. Our proof is strongly based on the proof of Theorem 4.1

in [4]. The proof will require extensions of the conditions (Al) and (A3]) of
the model, namely:
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(A1) There exists g > 0 such that

Sug/ _At/ w(0, (¢, 9)), §)]*p(0, T1;(t, y))dOdt < oo fori € I.
ye

(A3)" There exists M’ > 0 such that

/@[p(w(G,yl),w(&yz))]zp(&yl)df) < M'[p(y1,y2)]* for y1,y2 €Y.

It is important to notice that |(A1)’] [(A3)| are truly more restrictive than the
base conditions (Al]) and , respectively.
Let us also define a function V: X — R, by

(9) V(y,i) = ply,y) for (y,1) € X,
where ¢ is the constant found by the condition |(A1)’]

THEOREM 2. Let {(Yn, &) nen, be the Markov chain with transition law

corresponding to the Markov operator given by and let|(A1)', (A2)),|(A3)]]
(A4)—(A6]) hold with constants satisfying

X 2 ’ 2’7
1 (5L) M+ <1
(10) X ) + X <
Let g € Lip(X). If the initial distribution p of the chain {g(Yn,&n) tnen,
belongs to MYy (X), where V is defined by (9), then {g(Yn,&n)}nen, passes
the CLT.

PROOF. Before we proceed to justifying that the conditions (BO0)—(B5)
of Theorem (1| are met, we check that the inequality implies (8) with
M:=vVM'.

From we see that % < % Let us set M := v M'. Proving by contra-
diction let us assume that

LMX+~y >\
We have

LM . v

AT A

Using the Bernoulli inequality we obtain

(B2 (- 321-5

which contradicts condition .
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Given that conditions |(Al)’|and |(A3)’|imply (A1) and (A3), respectively,
studying the proof of [6, Theorem 3.1], we conclude that the assumptions

A1)’ (A2),](A3)} (A4)—(AG) guarantee that all conditions 1) beyond

(B1) are fulfilled. It remains to show that (B1) is also met.
We start from describing the left-hand side of this condition.

UV (y.i) / / (O, T (t, ), G)IEAL(, ) )e~ E v p(0, T (¢, ) dtdb.

Let us fix (y,7) € X and define v € M; (R4 x ©) as

o) = [ Mty 0 [ La(e,0)p(6, 1L (1, )b
0 ©
and a function @p: Ry x © — R by
@O(ta 0) = p(w(@, Hi(t?y>)7 g) for (ta 9) € RJF X 6.

Now, using the triangle inequality together with the Minkowski inequality
we get

1
2

Vit = [ [ a0t < ap)

wlm

IN

[ Iol0110, 00, 6. 1) Pt )]
S ol v < )]

To shorten the notation, we denote
I =/ [p(w(0,TL;(t, ), w(0, I (t, §)))]?v(dt x db),
R+ X O
/ (W (0, TL (L, §))), §120(dt x db).
]R+ X O

Using conditions and |(A3)’| we have

e LOr M [p(Iy (¢, y), TLi(, 7)) dt

\ N

(AN
\\

e~ LI N [LeMp(y, 7)) dt

M [ply, 9)) / e”A=2tgy,
0

where in the last inequality we used .

IA
>~\
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We obtain that

NL2M'

< = V2(y4).
1= A_Q'YV (y,Z)

Using we check that

o MEAM N2 1
A=2y T AA—-2y)

Obviously I5 is finite because of the condition |(A1)’l Finally, setting the
constant to be

and

b= s ([ e 1ol 100,50). 907000, 100) )

yey

we showed that

UV3(y,i) < (aV (y,4) +b)*.

This establishes |(B1)[ and completes the proof of the theorem. O
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