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ON SOME INEQUALITIES WITH FIBONACCI NUMBERS
VIA WEIGHTED REVERSE HOLDER INEQUALITIES

ANAMARIJA PERUSIC PRIBANIC

Abstract. In this paper, we introduce new inequalities for weighted sums
of powers. By utilizing known Fibonacci identities alongside our generalized
inequalities, we derive new sequences of inequalities for Fibonacci numbers.

1. Introduction and preliminaries

Holder’s inequality is a fundamental inequality in mathematical analysis
that generalizes the Cauchy-Schwarz inequality to multiple sequences and dif-
ferent exponents. It plays a crucial role in various branches of modern mathe-
matics, such as linear algebra, classical real and complex analysis, probability
and statistics, and differential equations. Over the years, numerous research
papers have been published on refinements, generalizations, and applications
of Holder inequality and in different areas of mathematics. For example, see
[3], [5], [10] and the references therein.

For the reader’s convenience, we first introduce the following notation. Let
N, R, and R?} be the sets of natural numbers, real numbers, and n-tuples of
positive real numbers, respectively.

The classical Holder’s inequality states:

THEOREM 1.1 ([5]). Let x = (z1,...,2n), ¥ = (Y1,--.,Yn) be n-tuples of
positive real numbers.
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(i) Ifp>1and q= ﬁ, then

(1.1) ZZ;JJ@JS(Z ) (Zy)

1=1

(i) If0<p<1andq= ﬁ, then the reverse inequality holds in (L.1]).

If w= (wy,...,w,) is a positive n-tuple of real numbers, then Holder’s
inequality can be stated in the following form (see [5]):

n n 1 n 1
(1.2) > wizy; < (Zwixf) ’ (Zwiy?) '
i=1 i=1 i=1
In 2012, Sulaiman introduced the following reverses of Holder’s integral in-
equality:
THEOREM 1.2 ([10]). Let f and g be positive functions satisfying
0<m< f(z)g(z), Yz € [a,b].

Letp>1, o+ ¢ =1. Then

/ f7( da:/ "()da /
(/abqu(a:)dl‘ 1/q (/a () 1/p - m

THEOREM 1.3 ([10]). Let f and g be positive functions satisfying

f(@)
O<m§g(:ﬂ)

<M, Vzxé€la,b].

Letp>0,qg>0. Then

(/ab fp(x)da:)l/p</b gq(x)dx>1/q

a

<2 / (@) /) / (f(2)g(x))"/*de) "

m

In [§], discrete analogues of these results were given, leading to new inequal-
ities for power sums, as stated in the following theorems. In these theorems,
the author used the notation

51 () = 3,

fora € R, n €N, and x = (z1,...,2,) € RY.
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TueorEM 1.4 ([B]). Let p > 1,9 = 25, x = (21,...,2,) € R} and
m = min {z'}.
(i) Letax; > 1, i=1,...,n. If u and v are real numbers such that o = %—i—%
and 0 < a < (B then
[u] [v]
n n 1 1 /B
S (lx/)q Sn' (x) o < 787[?] (x) < — (5'7[15] (X)>a
(sh? ) " (shP ) T men?
1 1 B/
< —glAl < = (glad .
< 50 < (S8 ()
(ii) If u and v are real numbers such that oo = 5 T4 anda> >0 then

YT PR ————

THEOREM 1.5 ([8]). Let u and v be real numbers such that o = 3+ . Let

x = (21,...,2,) €ERY, and let m = mjn{:c?ig}, M = max{xi” q}.
(i) If0 <p,q <1 then we have
(ot o)t < M (gt ) (s
(S8 6) " (1)) " < = (k72 ()" (k972 (x) )
M ++1i-1(gla]
el (S’n (X))
(ii) Let x; > 1, i=1,...,n. If p,q > 1 and o > 0 then we have

(58760 (51 00) " < 2 (2 ) (steor )

Mn?
< 227 glap] ] )
< 5 (%) 57 (%)

IN

Q=

In this paper, we define the following notation for weighted sums of powers:
n
Slel (x, w) = Z w; s,
i=1

where @ € R, n € N, and x = (21,...,2,), W = (wy,...,w,) are vectors
in R .
We also use the following result:

ProposITION 1.1 ([5]). If a > 3> 0 and w; > 1 then

(1.3) (ke (x,w))l/a < (s (x,w))l/ﬁ.
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The aim of this paper is to further generalize the results presented in [§]
by incorporating weights into the sums. The paper is organized as follows. In
Section [2] we obtain weighted reverse Holder’s inequalities and present series
of inequalities for weighted sums of powers. Further, in Section [3] we apply
obtained results to Fibonacci sums.

2. Inequalities for weighted sums of powers

In this section, we generalize the inequalities presented in Theorems
and by introducing positive weights. To achieve this, we first establish
the discrete form of weighted reverse Holder’s inequalities as presented in
Theorems and [[3

THEOREM 2.1. Letx =(x1,...,20), Y =Y1,---,Yn) and w = (w1, ..., wy,)
be vectors in R’y such that

O<m<xy;, t=1,...,n.

Letp>1 and%—i—%:l. Then
(s wia?) (i, wind)
( 2 i1 wiqu> ( 2 im1 wiyfq)

PRrROOF. Using the weighted Holder’s inequality (1.2)) the following is ob-
tained

1 n
(2.1) 7 < pon Zwia:iyi.
i=1

_1

n n 11 » 1 n :
Z wle = Z wix{’ y{’ €; pyi ’ S (Z wzxzyz> (
i=1 i=1 i=1
= P e ap—1) (i \»
i
(2.2) < (2%%%) ( wix; " (E) )
=

i=1
n 1 n
} : P } : g
( wﬂ“ﬂh) ( w;T; )
i=1 i=1

Also, similarly, one gets

(2.3) iwiyf < ! (iw%%)é(iwiyfq)
i=1 i=1 i=1

1
ma

=

NE

1
Ca-1) —\g
w;T; i

1

Q= .
Il

Q=

1
I
mr

=

Combining (2.2) and (2.3]) yields (2.1)) . O
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THEOREM 2.2. Letx =(x1,...,20), Y =Y1,---,Yn) and w = (w1, ..., w,)
be vectors in R’y such that
(2.4) O<m<Z<M, i=1,...,n
Yi

Let p>0,q> 0. Then

(2.5) (iwm’f);(zﬂ:wyf)é < %(in(xzyz)g);(iuh(mzyl)g>

i=1

Q=

PROOF. From the assumption (2.4), it follows

T + Yy

(2.6) m+1< <M+1, i=1,...,n

3
and
M—|—1<ml—|—yz<m—|—1
M - z; T 0m

From the left inequalities in (2.6 and (2.7)), it follows

(2.7) , i=1,...,n.

1
Yy < ——(zi +v;), x < (i + yi)-

“m+1 M+1

Multiplying these inequalities by weight w; and summing over ¢, one gets:

e (Lt s (St )’
(2.9) (fjwiyf)
i=1

1 n
< — E i(Zi iq)
_m—l—l(i_lw(m + i)

From the right inequalities in (2.6 and (2.7)), it follows
m+1

S

Q=
Q=

(210) z; +y; < (M + 1)yi7 T, +y; < Xi.

By multiplying the inequalities in (2.10) side by side, one gets

(2.11) (zi +y;)* < (m+1;gM+1)xiyi~

From ({2.11) it can be deduced that

(iwz(% +yi)p); < <(m+ 1)szM+ 1)>;(iwi(miyi)g);
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(gwi(xﬁr%)q);ﬁ ((m+1 (M +1) )é(zwz () )

Multiplying the inequalities (2.8) and (2.9) side by side, and using the last
two inequalities the desired inequality is obtained.

n 1 n 1
(S wia)" (D wit)”
=1 =1

= (M+1];4(m+1)<Z (i 4 3) )

=

, ($- o)’
<—(ZwZ iYi) g);(iwl(a@yz ) d

REMARK 2.1. Taking w = (1,...,1) in Theorems and we obtain
Lemmas 2.1 and 2.2, from paper [§].

Q=

In the following theorems, we derive a series of inequalities for weighted
sums of powers by utilizing the inequalities established in Theorems[2.T]and[2.2]

THEOREM 2.3. Let p,q,u,v,a be real numbers such thatp > 1, ¢ = p’%l
and o = % + %. Let x = (x1,...,2,) and w = (wy, ..., wy) be vectors in RY}

such that w; > 1 fori=1,...,n, W,, =37 w; and let m = min {z{'}.
(i) Letx; > 1, i=1,...,n. If0 < a < 3 then

a/B

IN

[u] [v]
Sn” (x, ‘:’/)q Sn_(x, w) 7 < iS,[f‘] (x,w)< ———=— (S[B] (x, W))
<S7[Luq] (X, W)) (ST[va] (X, W)) m m - WnB

(ii) If « > B > 0 then

Sk (x,w) ol (x, W)
(529 (e, w)) i (587 x,w))

PROOF. (i) By substituting x; and y; with a:?/p and af/q, respectively
in (2.1 the following is obtained:

(Z?zl wﬂ??) (Z?:l wﬂ”)

2 Yt
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Let us also observe that, under this substitution, the condition 0 < m <
x;y; is satisfied for m = min {z{'} . Furthermore, the following is obtained by

Theorem 2.1

w[R

(3w )UQ(Z“’% ’)

=1

(2.12)

1 & 1 —
< — ) wiry = — w<:c5)

IN

Whrl & a/p

o (i 2wl

1 < 1/ N
< 2wl < ()

Inequalities in (2.12)) are calculated by applying reverse Jensen’s inequlity for
the function z — 2%/ where a < 3, then the monotonicity of the exponential
function x — b*, b= W S w; x’g > 1 and finally inequality .

(ii) Similar to the proof of (i), Theorem [2.2] can be applied with substitu-

tions z; — a:i/ and y; — xz/ , and then inequality (L.3). g

Q@

THEOREM 2.4. Let p,q,u,v,a be real numbers such that o = % + 2. Let
X = (21,...,2,) and w = (w1, ..., wy) be vectors in R’} such that w; >1 for

i=1,...,n, Wp=>" w; and letmzmjn{x?ig}, M:max{mi q},
(i) Let 0 < p,g< 1. Ifa > B > 0 then

(SL“} (x,w))’l’ (ST[ZJ} (X’W))% - % (SL“”/Q] (ij)>% (Slf‘qm (x, W))%

»Q\d

< %I/Vn%r%i1 (S[a] (%, w))

%VVH%-‘_%_1 (5[3] (x, w)>% .

IN

Ifo<a<pBandz; >1, i=1,...,n then

1

(st ew) (51 )

ININ S IA

A
3| 3|R3IRIIR
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(ii) Letp,g>1andz; > 1, i=1,....,n . Ifa > >0 then
( I (x, W)) (S[”] (x, W)) < % (S[QP/Z] (X,W))é (Sllaq/z] (X,W))llz
MW?

| /\

—nglerl (x, w) Sk (x, w)

MwE (5[511] (x, ))% (ST[LBq] (X7W))% .

m

| /\

If 0 < a < B then

M (S[QP/Q] (x, W)) » <S7[1W/2} (x, w))

m
MW?

Q=

(s x,w) ' (s, w))é <

S[ap] (x, )Sllaq] (x,w)

(2.13) MW?

| /\

—ngbrl (x, w) S (x, w)

(S[ﬁp} (x, W)) . (S[Bq] (x, W)) o

Q=

MW?
m

| /\

PROOF. (i) First let us notice that by substituting x; with x?/ P and y; with

xv/q in Theorem the condition is satisfied for m = min {mf_a} and
(2

M = m;ax{xip “ } With this substitution, inequality (2.5) becomes (2.14]).

In (2.15), reverse Jensen’s inequality is utilized for the functions = — 2P/2,
x — x9/2 along with monotonicity of the function z — z!/?:

o (Swet) (Swet) < Y (S ) (S

=1
(2.15) —W’Hl_l(Zwix?).
=1

If « > 8 > 0, Proposition is applied on (2.15) and the following is
obtained:

| /\

7Wn+ _1<wa )<— 1+l_1(2w1 )

If 0 < a < 3, reverse Jensen’s inequlity for the function z — z%/# where
a < 3, is applied to (2.15), then the monotonicity of the exponential function
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x—b" b= Wi Sy wixf > 1, and finally inequality (1.3]):
M 1+1_1(zn: M 1—i—l—l Ié; %
— Wy 1 wla:?) — Wy Zwi (mz>
m i=1 m i=1
M 1,1,1 & 5\ /8
< —Wy e (— WX} )
M _1i1 3" g_M_ 1yl-1 g
< EW: ? Zwlxi < EWJ’ a <Zwl$?) .
i=1 i=1
(i) Similar to the proof of (i), inequality (2.5)) is first applied with substi-
u/p q

tutions x; — x,’" and y; — xf/
fa>p> 0 it follows that

(2.16) (sz )ﬁ(zw’ )égi(zwz );(iwix:f)é
(

=1
M n apn 2 n agh 2
2.17 < 7( . ,2) ) ,2>
(2.17) < (S wme) (S
(2.18) < - (Zwimf‘p) (Zwlxlaq>
m
=1 i=1
M 2 n a n o
(2.19) < ﬁ(zwix§p> (S wiai)
m
i=1 i=1

In , inequality is applied with substitutions z; — a:?/ P and y; —
x?/ 7 In , the monotonicity of the exponential function = +— a*, a =
Z?:l w,-x?p /2 > 1 is used. Subsequently, in Jensen’s inequality is ap-
plied for the function x +— 2. Finally, Proposition is used in .
Similarly, if 0 < a < f, to derive , the monotonicity of the ex-
ponential function is applied, then Jensen’s inequality, and finally inequal-

ity (T3). O

3. Applications

In this section, results obtained in previous section, will be applied to
Fibonacci sums, which plays an important role in various branches of mathe-
matics. These sums naturally arise in the problems related to combinatorics,
complexity analysis, and discrete mathematics.
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The classical Fibonacci and Lucas numbers are defined by the recurrence
relations, respectively,

F0:O7 F1:17 Fn:Fn—2+F’n—17 7122
and
L0:27 Ll :1v Ln :Ln—1+Ln—27 n22

In the literature, many identities related to the sum of Fibonacci numbers
can be found. For example, the following identities are given in [6] and [9]:

- 1
(3.1) ;FEFM = S FuFns1Fopa,
2n
2
> ( 7"‘) F? =5""Lay,,
2
=1

where L,, is the Lucas number.

In this section, we will select weights w which allow direct calculation
of the sum W, = Z?zl w;. This approach will allow us to obtain different
inequalities for Fibonacci numbers by using various identities for Fibonacci
numbers.

For example, if we take x; = F;, w; = F;y1 in the identity , then
W, = F,+3 — 2. Using our notation, identity can be rewritten as:

1
(32) SE (x, w) = iFnFn+1Fn+2-

Now, using identity (3.2)) along with Theorems and for 8 = 2, one

obtains the following theorems, respectively.

THEOREM 3.1. Let p,q,u,v, be real numbers such that p > 1, ¢ = p%l
and o = % + %.

(i) If0 < a <2 then

(S Fnr) (S )
=1 =1

< ZF¢+1F-&

7

n 1/q , 1/p = 4
(ZFHle’qu) (ZFz‘HFz'Up) =t
=1 i=1
1 1 a/2 1 "
< T (PP Farz) < SFaFuniFue < (Y FinF?) "
(Frys —2) i—1

Qv
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(i) If a > 2 then

(35 7o) (5 o) 1 '
n = 1/q Zil 1/p = ZFHIFF = (anFn+1Fn+2> ’
(5 pnr) (S par)
i=1 i=1

THEOREM 3.2. Let p,q,u,v,a be real numbers such that o =
m = min {Fi%_i}, M = maX{Fi%_%}.
(i) Let 0 < p,g < 1. If a > 2 then
n 1 n 1 n 1
<Z z+1F ) (z Fz+1F ) q (Z Fi+1Fiap/2) P (Z Fi+1Fiaq/2> q
i=1 i=1 i=1

M
m

+ 2. Let

u v
p q

<

R

M —1/71
(Fuys —2)7" ZFMF < (s —2)7 0 (S FuFas Fuga)
=1

If 0 < a < 2 then

(iﬂﬂﬂ“) (ZFHlF )é ﬂﬂf(i lHFap/z)é(ZFH aq/z)
=1 1

1=

M

R WA N M 11
<= (Fn+3 - 2) (;FiHFi ) < o (Fura—2)7 " Yy F 1 Foio
M 1419/ 2
S E(Fn+3_2)b+q I(ZF»L‘+1Fia) .

i=1

(ii) Let p,q > 1. If a > 2 then
Y N o 2
(ZFerlFu) (ZFHlF )q SE(zFiJAFi&p/ )p(ZFHlFiaq/ >q
i=1 i=1
M(F, —2 -
S(”(ZEHF (3 Fea )

(2

=1
< W(ZEHF (S R )

=1

VR

If 0 < a < 2 then

(S rom) (S mam) < (S rom?)

T l=
Q-

( i Fi+1F¢aQ/2)
i=1
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M (

< Lﬂ(ZFHAF )(iFi+lFiaq)

i=

M( n+3 2 & . 2
< M (55 ) (3 )

=1

In the previous theorems, we demonstrated how various inequalities can be
derived using known Fibonacci identity and Theorems 2.3 and [2.4] Similarly,
other interesting inequalities can be obtained by applying some of the following
identities, which can be found in [2], [4], [6], [7] and [9]:

fori=1,...,n,
1
v =F, w,=1, W,= %, =1, SLI](X,W) =nkFyi0— Fhi3+2,
v, =F, w=Fg, W,=F,,3-2, =1,
1+ (=)™
Slz,l] (Xa W) Fv%—l—l #7

xi:Fiv wi:(’:/), Wn:2n717 6:17 S[l](x W) F2n7

1
;= F;, w; = (”) W,=2"-1, =3, SBl(x,w)= 5(2”F2n+3Fn),
1
>) Wn:2n_1a B:4a

1
—(3"Lop — 4(—1)"L,, + 6 - 27),
25( 2 (-1 + )

2;=FF o w; =27 Wy=2"-1, =1, S(x,w)=2"F,F,.1,

S, w) =

1
r=F, wi=1, W,=n, =6, S x,w)= 1(F;Z’Fn+3 + Fyy,).

In [I], the authors pointed out, that particularly interesting are the cases in
which the sum S (x) can be computed for different values of the parameter
a. In our notation, for example, if we choose w; = F;;1, x; = Fj, then for
a =1 we have
1+ (=1)"

—

Using the identities (3.2]) and (3.3) the following result is obtained.

(3.3) S (x,w) = F2 | —

THEOREM 3.3. Let p be a real number such that p > 1.
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(i) If B > 2 then
D e
(ZFZHFw) (ZFMF )

1

8

< 2/5_1< E Fii1 F; )
(Furs —2) i=1

(i) If0 < B < 2 then

- 1+ (="
(ZFz‘HFfH) (FT%H 5 ) N
(ZFH—lFiP—l ) i (ZF¢+1Fip> =1
i=1 i=1

ProOF. In Theorem @we take #; = Fj, w; = Fyy1, o = 2 and v = 1,
and then using identities and ( . O

—_

§FnFn+1Fn+2

o

@

- 1
Z z—i—lF < <§FnFn+1Fn+2)

—_

\V)

Similarly, if we choose x; = F;, w; = (';), then for o« = 1 it follows that
(3.4) S,[L” (x,w) = Fap,

while for a = 3 one gets

(3.5) S (e, w) = £ (2" Fo + 3F).

Now, by applying Theorem Hwith r; = F;, w; = <n>’ a=3and v =1,
i
and using the identities (3.4) and (3.5)) the following result is obtained.

THEOREM 3.4. Let p be a real number such that p > 1.
(i) If B > 3 then

<i(7z>a-”f*f">‘f<i<’z)w>””
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(ii) If 0 < B < 3 then

(5 ()

i=1

< (2nF2n + 3Fn)

EOFHTEON T @y
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