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ON MATRICES WITH BIDIMENSIONAL
FIBONACCI NUMBERS

Eudes Antonio Costa∗ , Paula M.M.C. Catarino

Abstract. In this paper, the bidimensional extensions of the Fibonacci num-
bers are explored, along with a detailed examination of their properties, char-
acteristics, and some identities. We introduce and study the matrices with
bidimensional Fibonacci numbers, focusing in particular on their recurrence
relation, key properties, determinant, and various other identities. It is our
purpose to study the matrix version of bidimensional Fibonacci numbers and
provide new results and sometimes extensions of some results existing in the lit-
erature. We aim to introduce these matrices using the bidimensional Fibonacci
numbers and to give the determinant of these matrices.

1. Introduction and background

Several investigators have worked with enthusiasm on numerical sequences.
Their examinations cover a wide range of fascinating aspects, including ex-
ploring unique properties, revealing previously known identities, and even
unlocking the mysteries behind generating functions and matrices. One such
interesting sequence is the Fibonacci sequence of numbers. The Fibonacci se-
quence, {0, 1, 1, 2, 3, 5, 8, . . .}, in which each number is the sum of the previous
two, is defined by the recurrence relation

(1.1) fn = fn−1 + fn−2 ,
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for all integers n ≥ 2, with initial values f0 = 0 and f1 = 1, the sequence
A000045 in the OEIS [37]. This sequence satisfies the characteristic equation
x2 − x− 1 = 0.

Many researchers have studied some generalizations of the Fibonacci se-
quence, either by preserving the original recurrence relation while modifying
the initial terms, or by preserving the initial terms while introducing slight
modifications to the recursive relation, or again, by representing this sequence
in matrix form. Several papers have been published discussing new sequences,
their generalizations, extensions, and properties. These generalizations give
identities similar to those obtained by the ordinary Fibonacci sequence. In
the following works [1, 2, 3, 4, 5, 6, 7, 8, 10, 15, 17, 18, 19, 20, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 33, 34, 35, 36, 39, 41, 42], we can find not only properties
of the Fibonacci sequence but also related sequences, such as Lucas, Pell, and
Pell-Lucas, along with their various applications.

The matrix associated with the Fibonacci sequence, denoted as F , is de-

fined by F =

[
1 1
1 0

]
. In 1960, King [29] examined this matrix in his master’s

thesis, see also [21] and [31, p.395]. Notably, |F | = −1, where |F | represents
the determinant of a square matrix F . This matrix is considered as the gen-
erating matrix for the Fibonacci sequence. It is well known and well explored
that, for any positive integer n, the n-th power of this matrix satisfies the
relation

Fn =

[
fn+1 fn
fn fn−1

]
.

The above result on the sequence of Fibonacci numbers is stated in Theo-
rem 20.1 in [31], for instance.

Fibonacci sequence satisfies many identities. For instance, consider the
following identities for non-negative integers n:

(1.2) f2
n − fn+1fn−1 = (−1)n−1,

where {fn}n≥0 is the Fibonacci sequence. In particular, this property can
be deduced from the determinant of the matrix Fn. It is the Cassini–Simson
identity for the Fibonacci sequence that has already appeared in some previous
works, see, for example, [31, Theorem 5.3].

The classical Tagiuri–Vajda identity for Fibonacci sequences has already
appeared in some previous works (see, e.g., [39, Eq. (20a) on p. 28]).

Lemma 1.1 (Tagiuri–Vajda’s identity). Let m, s, k be any non-negative
integers. We have the following identity:

(1.3) fm+sfm+k − fmfm+s+k = (−1)mfsfk ,

where {fn}n≥0 is the Fibonacci sequence.
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In the next result, the first equation is stated in [39, Eq. (25)], the second
is stated in [31, Eqs. (5.12) and (5.8.85)], and the last identity can be found
in [39, Eq. (12)].

Lemma 1.2. Let {fm}m≥0 be the Fibonacci sequence. For all integers
m ≥ 1, we have

(a) (fm)2 + (fm+1)
2 = f2m+1,(1.4)

(b) (fm+1)
2 − (fm−1)

2 = f2m,

(c) f2
m+1 − f2

m = fm−1fm+2.(1.5)

Following auxiliary result about the Fibonacci sequence, will be used in
the development of this, and is similar to the Cassini–Simson identity (1.2),
as can be seen.

Lemma 1.3. For all non-negative integers n, we have

(1.6) fn+1fn+2 − fnfn+3 = (−1)n,

where {fn}n≥0 is the Fibonacci sequence.

In [24] and [27], there were introduced and explored the Gaussian Fi-
bonacci numbers in an algebraic form, defined by the recurrence relation
Gfn+1 = Gfn + iGfn−1, with initial conditions Gf0 = 0 and Gf1 = 1, where
i is the imaginary unit. This formulation extends the traditional unidimen-
sional recurrence model into a complex number framework, offering a broader
mathematical perspective. In [34], the authors consider the complex matrix

C =

[
1 + i 1
1 i

]
, and it has been observed that C · Fn =

[
Gfn+2 Gfn+1

Gfn+1 Gfn

]
.

Building upon this foundation, we introduce the concept of matrices in-
volving bidimensional Fibonacci numbers, defined in Section 3, and our re-
search problem is the determination of the determinant of the respective ma-
trices. Using this determinant, some new algebraic properties of these numbers
are obtained.

The structure of the present work is divided into five sections, as out-
lined below. In the Introduction, we provide an overview of the fundamental
concepts of Fibonacci numbers in their unidimensional (classical or ordinary)
form, emphasizing some notable studies. In Section 2, we briefly present the
bidimensional Fibonacci numbers {f(m,n)}m,n≥0 and describe a list of key re-
sults (both well-known and new) on the bidimensional Fibonacci sequence
that this work is concerned with. Also, we state some identities involving
these types of numbers. So, properties and identities that will help to estab-
lish the relationship between unidimensional and bidimensional versions of the
Fibonacci sequence are presented. In Section 3, we define matrices involving
the bidimensional Fibonacci sequence denoted by {F(m,n)}m,n≥0, explaining
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some characteristics and properties. We show that the elements of this matrix
sequence satisfy a recurrence relation similar to the two-dimensional recur-
rence equation for Fibonacci numbers, and we provide some other results. In
Section 4, we state our main result and show that the matrices for the bidi-
mensional Fibonacci sequence are non-singular. In fact, we derive a formula to
express this determinant. Finally, in Section 5, we analyze the results obtained
in this study and provide suggestions for future research directions.

The study of k-dimensional forms of Horadam-like sequences for k ≥ 0
has gained significant attention in the literature. For instance, in [34] the au-
thors investigate the bidimensional and tridimensional identities for Fibonacci
numbers in their complex form. They also studied Gaussian Fibonacci num-
bers along with their bidimensional recurrence relations in [33]. In [1], the
authors explore n-dimensional forms associated with the Mersenne sequence,
whereas [40] provides an overview of the Leonardo sequence and examines
the bidimensional recurrence relations derived from its unidimensional model.
Similarly, [5] and [32] extend the Narayana sequence by investigating its bidi-
mensional and tridimensional recurrence relations, generalizing its unidimen-
sional structure. Moreover, in [11, 12, 13, 14] the authors present bidimensional
extensions of balancing, Lucas-balancing, cobalancing, and Lucas-cobalancing
numbers, offering an in-depth analysis of the properties of these newly intro-
duced sequences. In [38], the n-dimensional structures associated with the
classical and Gaussian Jacobshtal sequence are investigated. More recently,
in [9, 16] the authors introduce and study the k-dimensional recurrence rela-
tions of the Gersenne-like sequence.

These and other related studies continue to inspire further research into
bidimensional and multidimensional extensions of numerical sequences, ex-
panding upon their unidimensional foundations and unveiling new and inter-
esting mathematical properties.

2. Bidimensional Fibonacci numbers

The process of complexification of the Fibonacci sequence is associated
with the insertion of the imaginary unit, the dimensional increase and as well
as its corresponding algebraic representation. This section revisits some as-
pects inherent to recursive relations and bidimensional identities defined from
the unidimensional recursive model. As noted by Harman [22], the numbers
represented by (n,m) correspond to Gaussian integers of the form (n,m) =
n + mi, where n and m are integers. Several researchers have explored the
extension of one-dimensional Fibonacci sequence identities to two, three, or
even higher dimensions through n-dimensional recurrence relations. For fur-
ther discussions on this topic, see [4, 24, 27, 33, 34, 35, 40], among others.
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For the bidimensional version of Fibonacci numbers, we revisit the defini-
tion to contextualize this work, studying some of their properties. Addition-
ally, we derive identities involving the concept of bidimensional and complex
Fibonacci numbers.

Definition 2.1 (cf., e.g., [22]). For integers m ≥ 0 and n ≥ 0, the bidi-
mensional Fibonacci numbers {f(m,n)}m,n≥0 are defined recursively by

f(m,n) :=f(m−1,n) + f(m−2,n), for all n and m ≥ 2 ,(2.1)

f(m,n) :=f(m,n−1) + f(m,n−2), for all m and n ≥ 2 ,(2.2)

with initial terms f(0,0) = 0, f(1,0) = 1, f(0,1) = i, f(1,1) = 1+ i, where i is the
imaginary unit and i2 = −1.

Definition 2.1 is correct in the sense that f(m,n) does not depend on
the path we use for calculation. For instance, in determining f(2,2), we ob-
serve that:

f(2,2) =

{
f(1,2) + f(0,2), for a path (a),
f(2,1) + f(2,0), for a path (b).

• First, consider the path (a): using Equation (2.1), we have

f(1,2) = f(1,1) + f(1,0) = (1 + i) + 1 = 2 + i ,

and

f(0,2) = f(0,1) + f(0,0) = i+ 0 = i ,

hence,

f(2,2) = f(1,2) + f(0,2) = (2 + i) + i = 2 + i2 .

• Now, consider the path (b): by Equation (2.2), we obtain

f(2,1) = f(1,1) + f(0,1) = (1 + i) + i = 1 + i2 ,

and

f(2,0) = f(1,0) + f(0,0) = 1 + 0 = 1 ,

hence,

f(2,2) = f(2,1) + f(2,0) = (1 + i2) + 1 = 2 + i2 ,

which coincides with the value found for f(2,2) where we used the path (a).
In general, we have the following result.
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Proposition 2.2 ([22]). Let {f(m,n)}m,n≥0 be the bidimensional Fibonacci
sequence. Then f(m,n) is independent of the path chosen for its computation,
where m and n are integers such that m ≥ 2 and n ≥ 2.

As an illustrative example, we have calculated a few terms from three
branches of the bidimensional Fibonacci sequence:

{f(m,0)}m≥0 = {0, 1, 1, 2, 3, 5, 8, . . .},

{f(0,n)}n≥0 = {0, i, i, i2, 3i, 5i, 8i, . . .},

{f(m,m)}m≥0 = {0, 1 + i, 1 + i, 2 + i2, 6 + i6, 15 + i15, . . .}.

In the next couple of lemmata, we state some known results on bidimen-
sional Fibonacci numbers.

Lemma 2.3 ([34, Lemma 8, (a) and (b)]). Let m and n denote arbitrary
non-negative integers. The following properties hold:

f(m,0) = fm,(2.3)
f(0,n) = ifn.(2.4)

From (2.3) and (2.4), we see that the bidimensional Fibonacci number
f(m,0) is real, while f(0,n) is a pure imaginary complex number. Furthermore,
f(m,0) = 0 = f(0,n) only when m = n = 0.

Lemma 2.4. [34, Lemma 8, (c) and (d)] Let m and n denote arbitrary
non-negative integers. The following properties hold:

f(m,1) = fm + ifm+1,(2.5)
f(1,n) = fn+1 + ifn.

Equation (2.5) provides the Gaussian Fibonacci sequence introduced by
Horadam in [24] and studied in [4, 22, 27], among others.

The following result establishes a connection between the bidimensional
Fibonacci and the sequence of classical Fibonacci.

Lemma 2.5 ([34, Theorem 9]). For non-negative integers n and m, the
bidimensional Fibonacci numbers are described as follows:

(2.6) f(m,n) = fmfn+1 + ifm+1fn.

A direct consequence of Lemma 2.5 is that:

Corollary 2.6. Let n and m be non-negative integers, then:
(a) f(m,n) has a non-zero real part for all m > 0,
(b) f(m,n) has a non-zero imaginary part for all n > 0,
(c) f(m,n) ̸= 0 is a complex number for m ̸= n.
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The next result is the main result of this section, and it is shown that
the complex numbers f(m,n) and f(n,m) also interchange the real and complex
parts.

Theorem 2.7. For all non-negative integers m and n such that m ̸= n, if
f(m,n) = a+ ib then f(n,m) = b+ ia, for some integers a and b.

Proof. By Equation (2.6), we know that

f(m,n) = fmfn+1 + ifm+1fn,

making a = fmfn+1 and b = fm+1fn we get

f(m,n) = a+ ib.

Again, by Equation (2.6), we obtain

f(n,m) = fnfm+1 + ifn+1fm

= b+ ia,

as required. □

Combining Lemma 2.5 and Theorem 2.7 we have the following.

Proposition 2.8. For all non-negative integers m, we have f(m,m) =
a1 + ia1 where a1 = fmfm+1.

The classical Tagiuri–Vajda identities of the unidimensional Fibonacci se-
quence are extended to bidimensional in the following results.

First, consider n, which is fixed in the second index coordinate and varies
in the first coordinate.

Theorem 2.9 (First Tagiuri–Vajda’s identity). Let m, n, r, and s be
arbitrary non-negative integers. The following identity holds

(2.7) f(m+r,n)f(m+s,n)−f(m,n)f(m+r+s,n)=(−1)m(frfsf2n+1+ifrfsfnfn+1).

Proof. By Lemma 2.5 we have

f(m+r,n)f(m+s,n) = (fm+rfn+1 + ifm+r+1fn)(fm+sfn+1 + ifm+s+1fn)

= (fm+rfm+sf
2
n+1 − fm+r+1fm+s+1f

2
n)

+ i(fm+rfm+s+1fnfn+1 + fm+r+1fm+sfnfn+1).

Also

f(m,n)f(m+r+s,n) = (fmfm+r+sf
2
n+1 − fm+1fm+1+r+sf

2
n)

+ i(fmfm+r+s+1fnfn+1 + fm+1fm+r+sfnfn+1).
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Applying Equations (1.3) and (1.4), the real component of f(m+r,n)f(m+s,n)−
f(m,n)f(m+r+s,n) is

(fm+rfm+sf
2
n+1 − fm+r+1fm+s+1f

2
n)− (fmfm+r+sf

2
n+1 − fm+1fm+1+r+sf

2
n)

= (fm+rfm+s − fmfm+r+s)f
2
n+1 − (fm+1fm+1+r+s − fm+1+rfm+1+s)f

2
n

= (−1)mfrfsf
2
n+1 − (−1)m+1frfsf

2
n = (−1)mfrfs(f

2
n+1 + f2

n)

= (−1)mfrfsf2n+1.

Again, applying Equations (1.1) and (1.3), the imaginary component of
f(m+r,n)f(m+s,n) − f(m,n)f(m+r+s,n) is

fm+rfm+s+1fnfn+1 + fm+r+1fm+sfnfn+1

− (fmfm+r+s+1fnfn+1 + fm+1fm+r+sfnfn+1)

= (fm+rfm+s+1 − fmfm+r+s+1)fnfn+1

+ (f(m+1)+rf(m+1)+(s−1) − fm+1f(m+1)+r+(s−1))fnfn+1

= (−1)mfrfsfnfn+1,

and we have the validity of the result. □

As usual, from Tagiuri–Vajda’s identity, we get the results establishing
d’Ocagne’s identity, Catalan’s identity, and Cassini’s identity for the bidi-
mensional Fibonacci sequence {f(m,n)}m,n≥0.

Proposition 2.10 (First d’Ocagne’s identity). The following identity holds
for non-negative integers m,n and t with t ≥ m:

f(t,n)f(m+1,n) − f(m,n)f(t+1,n) = (−1)m(ft−mf2n+1 + ift−mfnfn+1).

Proof. Taking r = t−m and s = 1 in Equation (2.7) gives

f(t,n)f(m+1,n) − f(m,n)f(t+1,n) = (−1)m(ft−mf1f2n+1 + ift−mf1fnfn+1),

as f1 = 1, and this completes the proof. □

In a similar way to Proposition 2.10 we obtain the Catalan identity.

Proposition 2.11 (First Catalan’s identity). For non-negative integers
n, t and s with t ≥ s, it holds:

f2
(t,n) − f(t−s,n)f(t+s,n) = (−1)t−sf2

s (f2n+1 + ifnfn+1).

Proof. Using r = s and m+s = t in Equation (2.7), we get the result. □

At the expense of the above result, we obtain the Cassini identity.
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Corollary 2.12 (First Cassini’s identity). Let n and t ≥ 1 be any inte-
gers, then

f2
(t,n) − f(t−1,n)f(t+1,n) = (−1)t−1(f2n+1 + ifnfn+1).

Proof. It is enough to take s = 1 in Proposition 2.11. □

A similar result can be obtained by considering the variation of the indexes
in the second coordinate. For the sake of brevity, we omit the proof of the
following results.

Theorem 2.13 (Second Tagiuri–Vajda’s identity). Let m, n, r, and s be
arbitrary non-negative integers. The following identity holds

f(m,n+r)f(m,n+s) − f(m,n)f(m,n+r+s) = (−1)n(−f2m+1frfs + ifmfm+1frfs).

Proposition 2.14 (Second d’Ocagne’s identity). The following identity
holds for non-negative integers m,n and t with t ≥ n:

f(m,t)f(m,n+1) − f(m,n)f(m,t+1) = (−1)n(−f2m+1ft−n + ifmfm+1ft−nfs).

Proposition 2.15 (Second Catalan’s identity). For non-negative integers
m, t and s with t ≥ s, it holds:

f2
(m,t) − f(m,t−s)f(m,t+s) = (−1)t−sf2

s (−f2m+1 + ifmfm+1).

Corollary 2.16 (Second Cassini’s identity). Let m and t ≥ 1 be any
integers. Then

f2
(m,t) − f(m,t−1)f(m,t+1) = (−1)t−1(−f2m+1 + ifmfm+1).

3. Matrices involving bidimensional Fibonacci numbers

This section introduces the bidimensional Fibonacci matrices, along with
their key properties and some identities.

Definition 3.1. For all non-negative integers m and n, the bidimensional
Fibonacci matrices {F(m,n)}m,n≥0 are given by

(3.1) F(m,n) :=

[
f(m+2,n+2) −f(m+1,n+1)

f(m+1,n+1) −f(m,n)

]
,

where {f(m,n)}m,n≥0 is the bidimensional Fibonacci sequence.
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In particular, for m = n = 0, we obtain

(3.2) F(0,0) =

[
f(2,2) −f(1,1)
f(1,1) −f(0,0)

]
=

[
2 + i2 −(1 + i)
1 + i 0

]
.

While for m = 1 and n = 0, we get

(3.3) F(1,0) =

[
f(3,2) −f(2,1)
f(2,1) −f(1,0)

]
=

[
4 + i3 −(1 + i2)
1 + i2 −1

]
.

As for m = 0 and n = 1, we have

(3.4) F(0,1) =

[
f(2,3) −f(1,2)
f(1,2) −f(0,1)

]
=

[
3 + i4 −(2 + i)
2 + i −i

]
.

Finally, for m = n = 1, we get

(3.5) F(1,1) =

[
f(3,3) −f(2,2)
f(2,2) −f(1,1)

]
=

[
6 + i6 −(2 + i2)
2 + i2 −(1 + i)

]
.

In the next result we show the recurrence relation for the sequence of
matrices {F(m,n)}m,n≥0.

Proposition 3.2. The bidimensional Fibonacci matrices {F(m,n)}m,n≥0

satisfy the following bidimensional recurrence relations

F(m+1,n) = F(m,n) + F(m−1,n) for m ≥ 1 and for all n,(3.6)
F(m,n+1) = F(m,n) + F(m,n−1) for all m and for n ≥ 1,(3.7)

with initial terms F(0,0), F(1,0), F(0,1), and F(1,1) given in (3.2), (3.3), (3.4)
and (3.5), respectively.

Proof. Combining Definition 3.1 and Equations (2.1) and (2.2), we have

F(m,n) + F(m−1,n) =

[
f(m+2,n+2) −f(m+1,n+1)

f(m+1,n+1) −f(m,n)

]
+

[
f(m+1,n+2) −f(m,n+1)

f(m,n+1) −f(m−1,n)

]
=

[
f(m+2,n+2) + f(m+1,n+2) −(f(m+1,n+1) + f(m,n+1))
(f(m+1,n+1) + f(m,n+1)) −(f(m,n) + f(m−1,n))

]
=

[
f(m+3,n+2) −f(m+2,n+1)

f(m+2,n+1) −f(m+1,n)

]
= F(m+1,n),

which verifies the first branch result.
In a similar way, the proof of the second branch can be done. □
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Proposition 3.2 is valid in the sense that the value of F(m,n) remains in-
variant regardless of the calculation path chosen. For example, to determine
F(2,2), we observe that:

F(2,2) =

{
F(1,2) + F(0,2), path (a),
F(2,1) + F(2,0), path (b).

Considering path (a) and applying (3.6), we have

F(1,2) = F(1,1) + F(1,0)

=

[
6 + i6 −(2 + i2)
2 + i2 −(1 + i)

]
+

[
4 + i3 −(1 + i2)
1 + i2 −1

]
=

[
10 + i9 −(3 + i4)
3 + i4 −(2 + i)

]
,

and

F(0,2) = F(0,1) + F(0,0)

=

[
3 + i4 −(2 + i)
2 + i −i

]
+

[
2 + i2 −(1 + i)
1 + i 0

]
=

[
5 + i6 −(3 + i2)
3 + i2 −i

]
.

So

F(2,2) = F(1,2) + F(0,2)

=

[
10 + i9 −(3 + i4)
3 + i4 −(2 + i)

]
+

[
5 + i6 −(3 + i2)
3 + i2 −i

]
=

[
15 + i15 −(6 + i6)
6 + i6 −(2 + i2)

]
.

Taking path (b) into account and applying (3.7), we obtain

F(2,1) = F(1,1) + F(0,1)

=

[
6 + i6 −(2 + i2)
2 + i2 −(1 + i)

]
+

[
3 + i4 −(2 + i)
2 + i −i

]
=

[
9 + i10 −(4 + i3)
4 + i3 −(1 + i2)

]
,

and

F(2,0) = F(1,0) + F(0,0)

=

[
4 + i3 −(1 + i2)
1 + i2 −1

]
+

[
2 + i2 −(1 + i)
1 + i 0

]
=

[
6 + i5 −(2 + i3)
2 + i3 −1

]
.

Consequently,

F(2,2) = F(2,1) + F(2,0)

=

[
9 + i10 −(4 + i3)
4 + i3 −(1 + i2)

]
+

[
6 + i5 −(2 + i3)
2 + i3 −1

]
=

[
15 + i15 −(6 + i6)
6 + i6 −(2 + i2)

]
,

which coincides with the value found for F(2,2) where we used the path (a).
A matrix F(m,n) can be obtained by the following formula.
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Theorem 3.3. For all non-negative integers m and n, the bidimensional
Fibonacci matrices {F(m,n)}m,n≥0 are given by

F(m,n) =

[
fm+2fn+3 + ifm+3fn+2 −(fm+1fn+2 + ifm+2fn+1)
fm+1fn+2 + ifm+2fn+1 −(fmfn+1 + ifm+1fn)

]
.

Proof. Combining Lemma 2.5 and identity (3.1) we get the result. □

The following result follows directly from Theorem 3.3, taking into account
the initial conditions of the Fibonacci sequence and relation (1.1). We omit
the respective proof.

Corollary 3.4. The following properties hold for the bidimensional Fi-
bonacci matrices {F(m,n)}m,n≥0:

(a) F(m,0) =

[
2fm+2 + ifm+3 −(fm+1 + ifm+2)
fm+1 + ifm+2 −fm

]
,

(b) F(0,n) =

[
fn+3 + i2fn+2 −(fn+2 + ifn+1)
fn+2 + ifn+1 −ifn

]
.

In a similar way to Theorem 2.7, the next result shows that in each entry of
the matrix F(m,n) the complex numbers also interchange the real and complex
parts when we interchange m by n.

Proposition 3.5. For all non-negative integers m and n, consider the
bidimensional Fibonacci matrices {F(m,n)}m,n≥0. If

F(m,n) =

[
x1 + iy1 −(x2 + iy2)
x2 + iy2 −(x3 + iy3)

]
, then F(n,m) =

[
y1 + ix1 −(y2 + ix2)
y2 + ix2 −(y3 + ix3)

]
,

where xt and yt are integers for t = 1, 2 and 3, and i is the imaginary unit.

Proof. By combining Theorem 2.7 with Theorem 3.3, we obtain the
statement. □

The following result follows directly from Proposition 2.8 and Proposi-
tion 3.5, and we omit its proof in the interest of brevity.

Proposition 3.6. For all non-negative integers m, the bidimensional Fi-
bonacci matrix F(m,m) is given by

(3.8) F(m,m) =

[
1 + i 0
0 1 + i

] [
fm+2fm+3 −fm+1fm+2

fm+1fm+2 −fmfm+1

]
.
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4. Determinant of the bidimensional Fibonacci matrices

For all non-negative integers m and n, the determinant of the bidimen-
sional Fibonacci matrices F(m,n) is given by

detF(m,n) =

∣∣∣∣f(m+2,n+2) −f(m+1,n+1)

f(m+1,n+1) −f(m,n)

∣∣∣∣ = (f(m+1,n+1))
2 − f(m+2,n+2)f(m,n).

Example 4.1. To illustrate this notion, observe that:

(a) |F(0,0)| =
∣∣∣∣2 + i2 −(1 + i)
1 + i 0

∣∣∣∣ = (2 + i2)(0)− [−(1 + i)(1 + i)] = i2,

(b) |F(1,0)| =
∣∣∣∣4 + i3 −(1 + i2)
1 + i2 −1

∣∣∣∣ = −7 + i,

(c) |F(0,1)| =
∣∣∣∣3 + i4 −(2 + i)
2 + i −i

∣∣∣∣ = 7 + i,

(d) |F(1,1)| =
∣∣∣∣6 + i6 −(2 + i2)
2 + i2 −(1 + i)

∣∣∣∣ = −i4.

Note that in Example 4.1 we have |F(0,0)| = i2 ̸= 0, and this determinant
has a real part null. Similarly, |F(1,1)| = −i4 ̸= 0 with a real part null.
A straightforward calculation gives that |F(2,2)| = i12 ̸= 0. These previous
cases are special instances of the next result.

Proposition 4.2. Let {F(m,n)}m,n≥0 be the sequence of bidimensional
Fibonacci matrices of order 2 defined in (3.1). If m = n, then the determinant
|F(n,n)| is a pure imaginary complex number.

Proof. Firstly, we prove that |F(n,n)| has a real part null. Indeed, a straight-
forward calculation with the help of (3.8) gives

|F(n,n)| =
∣∣∣∣1 + i 0

0 1 + i

∣∣∣∣ ∣∣∣∣fn+2fn+3 −fn+1fn+2

fn+1fn+2 −fnfn+1

∣∣∣∣
= i2

[
(fn+1fn+2)

2 − fnfn+1fn+2fn+3)
]
.

Now, we need to show that

(fn+1fn+2)
2 − fnfn+1fn+2fn+3 ̸= 0.

Note that

(fn+1fn+2)
2 − fnfn+1fn+2fn+3 = fn+1fn+2(fn+1fn+2 − fnfn+3) .

Since fn+1fn+2 ̸= 0 for all non-negative integers n, it is enough to show that

fn+1fn+2 − fnfn+3 ̸= 0.
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According to Equation (1.6), we have fn+1fn+2 − fnfn+3 = (−1)n, which
verifies the result. □

Our main result of this section follows directly from Proposition 4.2.

Theorem 4.3. For all non-negative integers n, the determinant |F(n,n)|
is non-singular.

Proof. Suffice it to note that |F(n,n)| = (−1)ni2fn+1fn+2 ̸= 0. □

Theorem 4.3 has the following consequence.

Corollary 4.4. For all non-negative integers n, we have

F(n,n)
−1 =

1

(−1)ni2fn+1fn+2

[
1 + i 0
0 1 + i

] [
−fnfn+1 fn+1fn+2

−fn+1fn+2 fn+2fn+3

]
.

Now, we present an interesting result which shows that the determinants
of the bidimensional matrices F(m,n) and F(n,m) are complex numbers anti-
conjugate (opposite of the conjugate). For instance, in Example 4.1 we have
|F(1,0)| = −7 + i and |F(0,1)| = 7 + i.

Proposition 4.5. For all non-negative integers m and n, if |F(m,n)| =
x+ iy for some integers x and y, then |F(n,m)| = −(x− iy).

Proof. Using Corollary 2.6, we obtain

f(m+2,n+2) = a2 + ib2, f(m+1,n+1) = a1 + ib1 and f(m,n) = a0 + ib0 ,

for some complex numbers at + ibt with t ∈ {0, 1, 2}. So,

|F(m,n)| =
∣∣∣∣f(m+2,n+2) −f(m+1,n+1)

f(m+1,n+1) −f(m,n)

∣∣∣∣ = ∣∣∣∣a2 + ib2 −(a1 + ib1)
a1 + ib1 −(a0 + ib0)

∣∣∣∣
= (a21 − b21 − a0a2 + b0b2) + i(2a1b1 − a2b0 − a0b2)

= x+ iy,

making x = a21 − b21 − a0a2 + b0b2 and y = 2a1b1 − a2b0 − a0b2.
Using again Corollary 2.6, we have

|F(n,m)| =
∣∣∣∣f(n+2,m+2) −f(n+1,m+1)

f(n+1,m+1) −f(n,m)

∣∣∣∣ = ∣∣∣∣b2 + ia2 −(b1 + ia1)
b1 + ia1 −(b0 + ia0)

∣∣∣∣
= (b21 − a21 + a0a2 − b0b2) + i(2a1b1 − a2b0 − a0b2)

= −(a21 − b21 − a0a2 + b0b2) + i(2a1b1 − a2b0 − a0b2)

= −x+ iy = −(x− iy),

which completes the proof. □
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Proposition 4.6. The following identities hold for non-negative integers
m and n:
(a) |F(m,0)| ̸= 0,
(b) |F(0,n)| ̸= 0.

Proof. (a) By Corollary 3.4 we have

|F(m,0)| =
∣∣∣∣2fm+2 + ifm+3 −(fm+1 + ifm+2)
fm+1 + ifm+2 −fm

∣∣∣∣
= (fm+1 + ifm+2)

2 − 2fm(fm+2 + ifm+3)

= f2
m+1 − f2

m+2 − 2fm+2 + i2(fm+1fm+2 − fmfm+3).

Making use of (1.5) and (1.6) we get

|F(m,0)| = −fm(fm+2 + fm+4) + i2(−1)m.

It is enough to observe now that fm(fm+2 + fm+4) + i2(−1)m is a non-zero
complex number for all m.

(b) By Proposition 3.5 and the previous item (a), we have

|F(0,n)| = fn(fn+2 + fn+4) + i2(−1)n,

and this completes the proof. □

To conclude this section, Theorem 4.3 establishes that all bidimensional
Fibonacci matrices of the sequence {F(m,m)}m≥0 are invertible. Inspired by
Theorem 4.3 and Example 4.1, we propose the following conjecture:

Conjecture. Let {F(m,n)}m,n≥0 be the sequence of bidimensional Fi-
bonacci matrices of order 2. For all non-negative integers m and n, the deter-
minant is non-vanishing, that is, the determinant satisfies:

|F(m,n)| ̸= 0.

5. Conclusion

As King’s master’s thesis shows ([29]), the matrices associated with the
number sequences play a fundamental role in research mathematics. This
work introduced the matrices of order 2 involving the bidimensional Fibonacci
numbers, establishing bidimensional recurrence relations and deriving several
identities in complex form. These contributions offer valuable insights into the
structural complexity of these numbers through a rigorous mathematical anal-
ysis of their recurrence equations. Using matrix algebra, in this paper, matrix
representation of bidimensional Fibonacci sequences was obtained. The results
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presented not only extend existing findings in the literature but also introduce
new perspectives on the versatility of Fibonacci numbers and their general-
izations, laying a foundation for further theoretical and applied research.

Acknowledgements. The authors would like to express their sincere
thanks to the editor and the anonymous reviewers for their helpful comments
and suggestions.

The first author expresses his sincere gratitude to the Federal University
of Tocantins (Arraias—Brazil) for its valuable support. The second author
is a member of the Research Centre CMAT-UTAD (Polo of Research Centre
CMAT—Centre of Mathematics of University of Minho).

Author’s contributions. All authors contributed equally to the writing
of this paper.

Conflict of interest disclosure. No potential conflict of interest was
declared by the authors.

References

[1] F.R. Alves and P.M. Catarino, Sequência matricial generalizada de Fibonacci e sequên-
cia matricial k-Pell: propriedades matriciais, C.Q.D. - Revista Eletrônica Paulista de
Matemática 15 (2019), Edição Julho, 39–54.

[2] M.K. Azarian, The generating function for the Fibonacci sequence, Missouri J. Math.
Sci. 2 (1990), no. 2, 78–79.

[3] J.B. Bacani and J.F. Rabago, On generalized Fibonacci numbers, Appl. Math. Sci.
(Ruse) 9 (2015), no. 73, 3611–3622.

[4] G. Berzsenyi, Gaussian Fibonacci numbers, Fibonacci Quart. 15 (1977), no. 3,
233–236.

[5] F. Bezerra, F. Alves, and R. Vieira, Relações recorrentes bidimensionais e tridimen-
sionais de Narayana, C.Q.D. - Revista Eletrônica Paulista de Matemática 18 (2020),
Edição Julho, 12–28.

[6] A. Borges, P. Catarino, A. Aires, P. Vasco, and H. Campos, Two-by-two matrices
involving k-Fibonacci and k-Lucas sequences, Appl. Math. Sci. (Ruse) 8 (2014), no. 34,
1659–1666.

[7] P. Catarino, On some identities for k-Fibonacci sequence, Int. J. Contemp. Math.
Sci. 9 (2014), no. 1, 37–42.

[8] P. Catarino and H. Campos, From Fibonacci sequence to more recent generalisations,
in: F. Yilmaz et al. (eds.), Mathematical Methods for Engineering Applications. IC-
MASE 2021, Salamanca, Spain, July 1–2, Springer Proc. Math. Stat., 384, Springer,
Cham, 2022, pp. 259–269.

[9] P. Catarino, D. Santos, and E. Costa, On t-dimensional Gersenne sequences and their
symmetry properties, Symmetry 17 (2025), no. 7, Paper No. 1079, 16 pp.

[10] P. Catarino and P. Vasco, Some basic properties and a two-by-two matrix involving
the k-Pell numbers, Int. J. Math. Anal. (Ruse) 7 (2013), no. 45, 2209–2215.

[11] J. Chimpanzo, P. Catarino, and M. Otero-Espinar, Some identities and generat-
ing functions for bidimensional balancing and cobalancing sequences, Univ. J. Math.
Appl. 7 (2024), no. 2, 68–75.

[12] J. Chimpanzo, P. Catarino, and M. Otero-Espinar, Bidimensional balancing, Lucas-
balancing, cobalancing and Lucas-cobalancing numbers via the determinant of a tridi-
agonal matrix, Indian J. Pure Appl. Math. (2025). https://doi.org/10.1007/s13226-
025-00771-z.

https://doi.org/10.1007/s13226-025-00771-z
https://doi.org/10.1007/s13226-025-00771-z


On matrices with bidimensional Fibonacci numbers 75

[13] J. Chimpanzo, P. Catarino, P. Vasco, and A. Borges, Bidimensional extensions of
balancing and Lucas-balancing numbers, J. Discrete Math. Sci. Cryptogr. 27 (2024),
no. 1, 95–115.

[14] J. Chimpanzo, M. Otero-Espinar, A. Borges, P. Vasco, and P. Catarino, Bidimensional
extensions of cobalancing and Lucas-cobalancing numbers, Ann. Math. Sil. 38 (2024),
no. 2, 241–262.

[15] E. Costa, P. Catarino, F. Monteiro, V. Sousa, and D. Santos, Tricomplex Fibonacci
numbers: a new family of Fibonacci-type sequences, Mathematics 12 (2024), no. 23,
Paper No. 3723, 15 pp.

[16] E. Costa, P. Catarino, P. Vasco, and F. Alves, A brief study on the k-dimensional
Repunit sequence, Axioms 14 (2025), no. 2, Paper No. 109, 16 pp.

[17] M. Edson and O. Yayenie, A new generalization of Fibonacci sequence and extended
Binet’s formula, Integers 9 (2009), no. 6, 639–654.

[18] S. Falcón, On the generating matrices of the k-Fibonacci numbers, Proyecciones 32
(2013), no. 4, 347–357.

[19] S. Falcón, On the extended (k, t)-Fibonacci numbers, J. Adv. Math. Comput. Sci. 39
(2024), no. 7, 81–89.

[20] S. Falcón and Á. Plaza, On the Fibonacci k-numbers, Chaos Solitons Fractals 32 (2007),
no. 5, 1615–1624.

[21] H.W. Gould, A history of the Fibonacci Q-matrix and a higher-dimensional problem,
Fibonacci Quart. 19 (1981), no. 3, 250–257.

[22] C.J. Harman, Complex Fibonacci numbers, Fibonacci Quart. 19 (1981), no. 1, 82–86.
[23] A.F. Horadam, A generalized Fibonacci sequence, Amer. Math. Monthly 68 (1961),

no. 5, 455–459.
[24] A.F. Horadam, Complex Fibonacci numbers and Fibonacci quaternions, Amer. Math.

Monthly 70 (1963), no. 3, 289–291.
[25] A.F. Horadam, Basic properties of a certain generalized sequence of numbers, Fi-

bonacci Quart. 3 (1965), no. 3, 161–176.
[26] H. Hosoya, Fibonacci triangle, Fibonacci Quart. 14 (1976), no. 2, 173–179.
[27] J.H. Jordan, Gaussian Fibonacci and Lucas numbers, Fibonacci Quart. 3 (1965), no. 4,

315–318.
[28] D. Kalman and R. Mena, The Fibonacci numbers–exposed, Math. Mag. 76 (2003),

no. 3, 167–181.
[29] C.H. King, Some Properties of the Fibonacci Numbers, Master’s thesis, San Jose State

College, 1960.
[30] C. Kızılateş, P. Catarino, and N. Tuğlu, On the bicomplex generalized Tribonacci

quaternions, Mathematics 7 (2019), no. 1, Paper No. 80, 8 pp.
[31] T. Koshy, Fibonacci and Lucas Numbers with Applications, Volume 1, John Wiley &

Sons, Hoboken, NJ, 2017.
[32] B. Kuloğlu and E. Özkan, On the (p, q)-Narayana n-dimensional recurrences, J. Sci.

Arts 23 (2023), no. 3, 707–714.
[33] R. Oliveira and F. Alves, Os números Gaussianos de Fibonacci e relações recorrentes

bidimensionais, Rev. Thema 16 (2019), no. 4, 745–754.
[34] R. Oliveira, F. Alves, and R. Paiva, Identidades bi e tridimensionais para os números

de Fibonacci na forma complexa, C.Q.D. - Revista Eletrônica Paulista de Matemática
11 (2017), Edição Dezembro, 91–106.

[35] S. Pethe and A.F. Horadam, Generalised Gaussian Fibonacci numbers, Bull. Aust.
Math. Soc. 33 (1986), no. 1, 37–48.

[36] B. Singh, O. Sikhwal, and Y. Gupta, Generalized Fibonacci–Lucas sequence, Turk.
J. Anal. Number Theory 2 (2014), no. 6, 193–197.

[37] N.J. Sloane et al., The On-Line Encyclopedia of Integer Sequences, The OEIS Foun-
dation Inc., https://oeis.org.

[38] S. Uygun, Complex Jacobsthal numbers in two dimension, Sarajevo J. Math. 20(33)
(2024), no. 2, 219–229.

[39] S. Vajda, Fibonacci and Lucas Numbers, and the Golden Section: Theory and Appli-
cations, Courier Corporation, Chelmsford, MA, 2008.

https://oeis.org


76 Eudes Antonio Costa, Paula M.M.C. Catarino

[40] R. Vieira, F. Alves, and P. Catarino, Relações bidimensionais e identidades da sequên-
cia de Leonardo, Rev. Sergipana Mat. Educ. Mat. 4 (2019), no. 2, 156–173.

[41] A. Wani, V. Badshah, G. Rathore, and P. Catarino, Generalized Fibonacci and k-Pell
matrix sequences, Punjab Univ. J. Math. (Lahore) 51 (2020), no. 1, 17–28.

[42] O. Yayenie, A note on generalized Fibonacci sequences, Appl. Math. Comput. 217
(2011), no. 12, 5603–5611.

Eudes Antonio Costa
Department of Mathematics
Federal University of Tocantins
773300-000 Arraias- TO
Brazil
e-mail: eudes@uft.edu.br

Paula M.M.C. Catarino
Department of Mathematics
University of Trás-os-Montes e Alto Douro
5000-801 Vila Real
Portugal
and
CMAT-UTAD, Polo of CMAT
University of Minho
47-057 Vila Real
Portugal
e-mail: pcatarin@utad.pt


	1. Introduction and background
	2. Bidimensional Fibonacci numbers
	3. Matrices involving bidimensional Fibonacci numbers
	4. Determinant of the bidimensional Fibonacci matrices
	5. Conclusion
	Acknowledgements
	References

