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CONDITIONAL EQUATIONS RELATED TO
DRYGAS FUNCTIONAL EQUATIONS

SADEGH 1zADI®*, SEDIGHEH JAHEDI, MEHDI DEHGHANIAN

Abstract. We determine the solutions of the conditional Drygas equation for
functions f1 and f that satisfy (y?+y)f1(z) = (22 4z) f2(y) for all (z,y) € R?
under the additional conditions y = 22, or y = log(z),z > 0 or y = exp(x).

1. Preliminaries

Recall that a function A: R — R is additive if the equation A(x + y) =
A(z) + A(y) holds for all z,y € R.

Kuczma [I3] proved that any additive function A: R — R is Q-homogeneous,
that is,

A(sz) = sA(x),

for all x € R and s € Q. A function h: R — R is called quadratic if the
equation

h(z +y) + h(z —y) = 2h(x) + 2h(y)

holds for all z,y € R.

For instance, consider the additive functions Ay, As: R — R. It is easy to
see that A;(x)As(z) and A;(2?), z € R, are quadratic.

A function B: R x R — R is named symmetric biadditive if B is additive
in each variable and satisfies B(z,y) = B(y, z) for all z,y € R.
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In 1965, Aczél [I] showed that a quadratic function h: R — R can be
associated with a symmetric biadditive function B: R x R — R given by the
following formula

(1.1) B(a,y) = glh(z +9) ~ h(w) ~ h(x)], 7,y R

Aczél and Dhombres [2] proved that the function h: R — R is quadratic if
and only if, there is a symmetric biadditive function B: R x R — R such
that h(x) = B(z,z) for all z € R. This B is unique (see [2]). Moreover, the
@-homogeneity of biadditive functions yields

B(rz,sy) = rsB(z,y), h(rz) = B(rz,rz) = r?h(z),

for all z,y € R and r,s € Q. By using (l.1)) and induction on n, one can

show that
h(Zwl): h(w;) +2 Z B (wj,wg) ,
i=0

i=0 0<j<k<n

for all n € N and wy,...,w, € R.

Some mathematicians have investigated additive functions A that satisfy
the conditional equation yA(z) = xA(y) for the pairs (z,y) € R? under the
condition P(z,y) = 0 for some fixed polynomial P of two variables. For some
special polynomials P this assumption implies that A is continuous (see for
example [4, 12}, 14], 15]).

Recently, Z. Boros and E. Garda-Matyas [5] and [6], E. Garda-Matyas [11]
studied quadratic functions h: R — R that satisfy the additional condition

y*h(z) = 2*h(y),

where (z,y) are arbitrary points on a specified curve.

J. Brzdek and A. Murenko [7] established the Golab-Schinzel equation
under certain additional conditions.

The functional equation

(1.2) flx+y) + flz—y) =2f(x) + f(y) + f(~y),

which was considered by Drygas [9] is known as the Drygas equation and its
solutions as Drygas functions. It is a generalization of the quadratic functional
equation. In [I0], Ebanks et al. obtained the general solution of the Drygas
functional equation as

(1.3) f(z) = A(x) + B(z,z), z€R,

where A: R — R is an additive function and B: R x R — R is a symmetric
biadditive function. The continuous solutions of functional equation (1.2) on
R are of the form f(x) = ax + S22, where a, 3 € R are constants (see [16]).
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Consider the sets

Ag={(z,y) eR?*:x>0and y =2"}, n€eZ |n|>2,
Ay ={(z,y) eR? 1y =27},

Ay = {(z,y) € R? : 2 >0 and y = log(x)},

Az ={(z,y) €R?:y = exp(x)}.

Motivated by the results of [5], this paper is devoted to finding Drygas
functions f1, fo: R — R satisfying the equation

(1.4) (* + ) file) = (2° + 2) f2(y),

for the pairs (x,y) € Aj, where j =0,1,2,3.
M. Dehghanian et al. [§] investigated Drygas functions f: R — R that
satisfy the conditional equation (1.4) on the graph of a power function.

LEmMMA 1.1. [5] Let m € N and F be a field. Suppose that Q is a set,
I' C F contains at least m + 1 elements, and the functions Aj: Q@ = F (j =
0,1,...,m) satisfy

ZAj(;U)sj =0,
j=0
forallz € Q and s € T'. Then Aj(z) =0 for allz € Q and 0 < j < m.

This paper contains results for the Drygas functions that satisfy the equa-
tion (L.4) for (z,y) € A, where j =0,1,2,3.

2. Main results

In the following theorem, we apply Lemma with Q@ =R,, F =R and
I' =Q4, where R, and Q4 are the sets of positive real and positive rational
numbers, respectively.

THEOREM 2.1. Suppose that f: R — R is a Drygas function. Then f
fulfills the conditional equation

(2.1) (2 +2) fly) = (v* +y) f(2),
for (z,y) € Ag if and only if
fz)=a(z+2%), zeR,

where « 18 a real constant.
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PROOF. First, assume that f fulfills (2.1)), x € R4 and n > 2. In this case,
the equation (2.1)) becomes

(2.2) (z+1)f (") = (> " +2" ") f(z), z€Ry.
Substituting « + s, s € Q4, for x in , we get
(z+s+1)f((z+9)")=((z+)> "+ (x+s)" ") flz+s), zeR,.

By expanding the binomial terms, we obtain

(2.3) (z+s+ 1)f( i <::L) mms”—m)

m=0
2n—1

G PN S (o) FOe P

=0

By (1.3)), there exist an additive function A: R — R and a symmetric biaddi-
tive function B: R x R — R such that f(x) = A(z) + B(x,z) for all z € R.
Thus, the equation (2.3)) takes the form

£ ((2)ematwn s (2) o matenam)

m=0

RS (’;) (’?)SQMJB(mi,xa‘)

0<i<j<n J

(24) (z+s+1)

B i_: (2n - 1>xl52"l1 (f(z) + sA(1) + s*B(1,1) + 2sB(z,1)) = 0.

Hence, for any fixed x € R, we obtain the polynomial of degree at most
2n + 1 in R4 which is equal to zero for all s € Q4. By Lemma [1.1] every
coefficient of has to be equal to zero. Since the coefficient of 527! is
B(1,1) — B(1,1) = 0, then the degree of the polynomial is less than
2n + 1. Furthermore, from the coefficient of 52", we deduce that

A1) +2B(z,1) + (2n — 1)2B(1,1) — 2B(1,1) — B(1,1) — 2nB(z,1) = 0,

for all z € Ry. Put = 1 in the above equality, we have A(1) = B(1,1) = %
Therefore, as |n| > 2, we get

(2.5) B(z,1) =zB(1,1), ze€Ry.
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2n—1

From the coeflicient of s , we arrive at

0= f(z)+ (2n — 1)z[A(1) + 2B(x,1)] + <2n2— 1> 2?B(1,1)

- <T> B(z,z) —2n(z + 1)B(z,1) — 2(;)3@2, 1)
= f(z)+(©2n— 1)1 +22)2B(1,1) + (2n — 1)(n — 1)2*B(1,1)
—n?B(z,z) — 2nz?(z + 1)B(1,1) — n(n — 1)2%B(1,1).
Now with A(1) = B(1,1), and (2.5)), we obtain
(2.6) f(x) = (> +2)B(1,1) + n*B(z,2) — n*z°B(1,1),
for all z € R;. Thus,

B(z,z) = W =2’B(1,1) + n* [B(z,z) — 2’B(1,1)], 2 €R,.

(2.7) B(z,z) = 2*B(1,1) = @x% r eR,.

By equations (2.6 and , we conclude that

)

5 (x+2?), zeR,.

fz) =

Hence, A(x) = f(z) — B(z,x) = f(l)x for all z € Ry. Also, for z = 0 above
equation holds, because f(0) = 0.
Now, for x = —u < 0,

(@) = A(=u) + B(~u, —u) = —A(u) + (—1)*B(u, u)

R

Therefore,
f(z) = a(z + 2?), z €R,

where a = %1)
Finally, for the case n < —2, take p = —n > 2 in (2.2) to obtain

29 @0 (5) = (st o) 10 = (5 ) 10
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for x € Ry. Substitute 7P for z in (2.8)) to gain
1 2 2 2+ 2+ 1
—+1 f(mp>:<xp P+ 2P p)f — .
xP xP
By (2.8), we obtain

14 2P ) 220°4p P e ] 4P
o (a7) = ot ) F(@),
x r+1 2P

or
(2.9) (@+1)f (xp) - (ﬁpz* + xpzfl) f(a).

In (2.9), set p?2 = k € N, and use a similar proof as in the previous case.
Obviously, the converse holds. ([l

The additive function #: R — R is named a derivation if 8(zy) = 20(y) +
yO(z) for all z,y € R. Thus, every derivation @ satisfies 8(z?) = 2x60(x) for
all x € R. Moreover, there exist nontrivial derivations on R (see [I3, Theo-
rem 14.2.2]). Also, 8(2?) and (6(x))? are quadratic functions (see [3]).

A functional H: R? — R is named a bi-derivation if the mappings

s— H(s,z) and s— H(z,s), seR,

are derivations for every z € R.
The set of derivations of order 2, denoted by ©3(R), is the set of the
additive functions : R — R that can be written as

0(zy) — 20(y) — 0(x)y = H(z,y),

for some bi-derivation H on R2.
In the case n = 1, condition ([2.1)) has the form

(w+2%)f(z) = (z +2%) f(2),

whence f can be discontinuous as well.
Equation (2.1)) for pairs of (z,y) € R? that fulfill condition zy = 1 is as
follows

(2.10) Flz) =23 f (i) .z e R\{0}.

Now, by giving a counterexample, we show that there exists a discontinuous
Drygas function that satisfies condition (2.10)).
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Assume that 6: R — R is a nontrivial derivation. Then

1 1
Therefore, f(z) = —6(z) + 36(x?) is a discontinuous Drygas function that

fulfills (2.10) for every x € R.

LEMMA 2.2 ([5]). Assume that 6: R — R is an additive function. Then
d € D2(R) if and only if

§ (z') = 62%6(2%) — 82°0(x),
for every x € R.

THEOREM 2.3. Drygas functions f1, fo: R — R fulfill the condition (1.4)
for (z,y) € Ay if and only if there exists an additive function 6: R — R
such that

§ (2*) = 62%6(2?) — 8235(x) + 32"5(1),

fi(z) = (z + 1) [26(x) — z6(1)],
Folz) = i(a: +1) |66(z) - %5 () —26(D)|, =eR\{0}
£2(0) =0,

In particular, f1(1) =0 if and only if 6 € Da(R).

PROOF. Since f1, fo: R — R are Drygas functions, by (1.3, there ex-
ist additive functions A, A>: R — R and symmetric biadditive functions
B1,Bs: R x R — R such that

fi(z) = A1(z) + Bi(z,x) and  fa(x) = Az(z) 4 Ba(z, @),
for all z € R. Put y = 22 in , to obtain
(2% +2?) fi(z) = (z+2?) fo (2), =z €R.
By dividing both sides by x # 0 (since f1(0) = f2(0) = 0), we have
(2.11) (z+1)f2 (2%) = (2 +2) fi(z), z€R
Set x = —1 in (2.11)), then fi(—1) = —A;(1) + By(1,1) = 0. Thus,

A1) = Bi(1,1) = flél).
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Let s € Q. Substituting = + s for x in (2.11)), we get
(212) (z+s+1fa((z+5)?)=((z+s)°+z+s) filz+s), z€R

By expanding the powers of sums on both side of this equation and by the
Q-homogeneity of Ay, Az, By and Bs, equation becomes
zAs (2%) + sAs (2%) + A (2%) 4 2s2A5(x) + 25° Aa(z) + 2545(2)
+ s°2As(1) + 52 As(1) + s°As(1) + 2B (27, 2%) + sBs (22, 2°)
+ By (22, 27) + 45> 2By (,2) + 45° Ba(x, ) + 48 Ba(z, ) + s*zBs(1,1)
+8°Ba(1,1) + s*By(1,1) + 4s2Bs (22, 2) + 45° By (22, 2) + 4sB> (22, 2)
+25%x B, (2°,1) 4+ 25° By (2%,1) + 25° By (2%, 1) + 45’z By (z, 1)
+ 45" By(z,1) + 45* By(, 1)
=3 A1 (z) + 3s22 Ay () + 3%z A1 () + 82 Ay (2) + 241 (2) + sA; ()
+ 523 Ay (1) + 35222 A1 (1) + 3522 A1 (1) + s* A1 (1) + sz AL (1) + 52 A1 (1)
+ 2% By (2, 2) + 350 By (2, z) + 35*x By (z,7) + s* By (v, 2) + 2B (z, )
+ 8By (z,z) + s*2°B1(1,1) + 3s°2? By (1,1) + 3s*2 By (1,1) + s° By (1, 1)
+ 52xB1(1,1) + 2By (1,1) + 2523 By (z,1) + 65%22 By (2, 1) 4 65°2B (z,1)
+25*By (2, 1) + 252 By (,1) + 252 By (2, 1),
for all x € R. Hence,

0=[B1(1,1) = Bz(1,1)]s°
+ [A1(1) + 32B1(1,1) + 2By (x,1) — xBy(1,1) + —4By(x,1) — Ba(1,1)]s*
+ [fi(z) + 3zA1 (1) + 62B1(x,1) + B1(1,1) + 32°B;(1,1)
—4zBs(2,1) — A3(1) — 4Bs(z, ) — 2By (2°,1) — 4Bs(z,1)]s°
+ [3zfi(z) + 32° A1 (1) + A (1) + 2° By (1,1) + B4 (1,1)
+ 622 By (z,1) + 2B (z,1) — Az(1) — 245(x) — wAz(1)
— 4zBs(z,z) — 4By (w,2) — 4Bs (2°, %) — 22B, (2°,1) — 2B, (2%,1) | s
+ [32° fi(z) + fi(z) + 2° A1 (1) + AL (1) + 22° By (2, 1) + 22By (2, 1)
— f5 (:cz) —2xAs(x) — 2A5(x) — 4By (3:2, :c) — 4By (172, x) ]s
+ [2® fu(e) + afi(x) — afo (a2) = fo (27) ].
By Lemma the coefficients of s™ for n = 0,1,2,3,4,5 are equal to zero.

The coefficient of s implies By(1,1) = Bz(1,1). So, by taking = = 1 in (2.11]),
we obtain

M) = Bi(11) = A1) = By, 1) = 11,
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According to the coefficient of s* we see that

(2.13) 2By (z,1) =xB1(1,1) + Bi(z,1), z€R.

From the coefficient of s and , we conclude that

(2.14) fi(z) =2Bi(z,1) — 2By(1,1) — 4zBi(z,1) + By (2%,1) + 4By (z, z),
for all x € R. Hence, by ,

(2.15) Aq(z) = M =2B(z,1) — xBy(1,1),

and

(2.16) Bi(z,z) = W = 4Bs(z,2) + By (2°,1) — da By (z, 1),

for all z € R.
Replacing x with —z in (2.11)) yields

(2.17) (—z+1)fs (2°) = — (2* + 2) fi(—2), z€R.
Adding both sides of (2.11]) and (2.17)) gives us

fa (a:2) = (:c3 +x) A1(z), z€R,

and hence,
(218)  fi(x) = (x+1) Ai(x) = Ay(2) + Bi(x,x), Bi(z,x) =z (),
for all x € R. Thus,

(2.19) f2 (2%) = (z* +1) Bi(z,2), z€R.

From ({2.15) and (2.18)), we have

(2.20) By(x,x) = 22By(x,1) — 2°B;(1,1), z €R.
Combining (2.16)) and ([2.20]) yields

3 1 1
(2.21) By (z,x) = 53;31(:1:, 1) — ZBI (z%,1) — szBl(l, 1),

for all x € R. For x € R and s € Q, if we write sz instead of z in equation

, then
f2 (s*2%) = (s*2® + 1) By(sz,sz), z €R.
Thus,

[As (%) = Bi(z,z)] s* + [B2 (2%,2°) — 2°By (2, z)] s* = 0.
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From Lemma [I.1] we have
Ay (2°) = Bi(z,z), Bs (2% 2%) = 2*Bi(z, ).

So, By (22, 2?) = 22 A, (#?) for all z € R. Setting #? = ¢, we have ¢ > 0 and
By(t,t) = tAs(t). It follows that Ba(x,x) = vAz(x) for all z > 0.
Now, for z = —t < 0,

By (z,x) = Ba(—t,—t) = Ba(t,t) = tAs(t) = —tAx(—t) = zAz(x).

Therefore, Ay (z) = 1By (z, z) for all z € R\{0}.
From the above equality and (2.21]), we obtain

3 1 1
A2 (.’1?) = 531(1‘, ]_) — @Bl (LUQ, 1) — ZxBl(l’ 1)
Define the additive function : R — R by
d(x) = By(z,1), ze€R.
Therefore,

fi(z) = (z+1)[20(z) — z6(1)],
and
1 1.,
fa(z) = Z(m +1)|66(x) — ;5 (z%) —z6(1) ],
for all z € R\{0}.
Next, f1(1) = 0 if and only if 6(1) = 0, or equivalently, if and only if
§ (z*) = 62°6(2?) — 82°6(z),

for all z € R. By Lemma [2.2] this is equivalent to § € D»(R).
The only if part is trivial. O

In Theorem if we suppose that J is a derivation, then fi(x) = 2f2(z)
for all x € R.

EXaAMPLE 2.4. Let 0 # a € R. Define fi, fo: R — R by
fi(@) =2a(z +1)0(z), fa(z) = a(z+1)0(z),

for all x € R, where §: R — R is a nontrivial derivation. Then fi, fo are
discontinuous Drygas functions and satisfy the conditions of Theorem [2.3]
with §(z) = af(z) for all z € R.
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THEOREM 2.5. Drygas functions fi, fo: R — R satisfy the conditional
equation (1.4) on Ry for (z,y) € Ay and fi(x) = 23 f; (%) for all x € Ry if
and only if

(2.22) filz) = fo(x) =a(z+2%), z€ER,

where « is a real constant.
PROOF. The conditional equation (1.4) for y = log(x) is
(223)  [(og())’ +log(a)] fi(2) = (2* + ) follog(x)), @€ Ry,

Replacing x with % in (2.23), we arrive, by using the fact that fi(z) =
23 f (%), at
(224)  |(og(x))’ —log(®)| fi(2) = (@* + ) fo(~log(2)), « € Ry

Substituting 22 for z in (2.23) and applying properties of logarithmic and
Drygas functions, we see that
(2.25) [4 (10g(x))2+210g(x)} fi@?) = (z* + 22) f2(2log(x))

= (¢ +2?) [3f2(log(x)) + fo(—log(x))],

for all z € R;.
From (2.23), (2.24) and (2.25]) we deduce that

1(10g(2))? + 2log(a)] f1(a%) = 7 [1(log(a))? + 210 ()] i (a).

which implies
(2:26) (z+1)fi(2%) = (2° +2) fil2),

for all z € Ry \ {1,exp (—3)}.

Obviously, holds for z = 1.

Putting z = exp(1) in (2.24), we have fo(—1) = 0. So, A2(1) = Ba(1,1),
where As: R — R is an additive function and Bo: R X R — R is a symmetric
biadditive function and fy(z) = Az(z) + Ba(zx, z).

Taking = = exp (—3) in (2.24), we get

(o0 (7)) = (ot rew (3)) 2 )
(ot o () s () 20 (5]
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(oot o (1)) s

(oot 1) o (1)) 20
Hence,

2 1
Setting z = exp(—1) in (2.24)), we obtain

(2.28) 2f1(exp(=1)) = (exp(=2) + exp(—1)) f2(1).
It follows from (2.27)) and (2.28) that

(exp <;> + 1) fi(exp(—1)
(e (Yol (2)

(z+1)fi(2®) = (2° +2) fi(2),
for all x € R;. By Theorem [2.1

1w =W

Therefore,

fil)=a(z+2%), z€R,
where a = flT(l) By replacing fi(z) in , we have
f2llog()) = a |(log(2))* + log(a)|, = € R.,
where a = flT(l) Consequently
fo(z) = a(z +2%) = fi(2), z €R,

where o = —flél).
One can easily verify the sufficiency of (2.22]). O

As a consequence, Theorem [2.5] can be generalized to the case of exponen-
tial functions, that is (x,y) € Ags, because the logarithmic and exponential
functions of the same basis are inverses of each other.
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COROLLARY 2.6. Drygas functions fi, fo: R — R satisfy the conditional

equation (1.4) for (z,y) € Az and fo(x) = 23 f2 (%) for all z € R, if and
only if

filz) = fo(x) =a(z+2%), z€eR,

where « is a real constant.

REMARK 1. Theorem and Corollary also hold if y = log,(z) or

y =a” for a € Ry \{1}.
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