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GENERALIZED COMMUTATIVE MERSENNE AND
MERSENNE-LUCAS QUATERNION POLYNOMIALS

DOROTA BROD, ANETTA SZYNAL-LIANA, MIROSLAW LIANA

Abstract. Generalized commutative quaternions generalize elliptic, parabolic
and hyperbolic quaternions, bicomplex numbers, complex hyperbolic numbers
and hyperbolic complex numbers. In this paper, we use the Mersenne numbers
and polynomials in the theory of these quaternions. We introduce and study
generalized commutative Mersenne quaternion polynomials and generalized
commutative Mersenne—Lucas quaternion polynomials.

1. Introduction

Let p,q,n be integers. In [6], Horadam introduced a sequence
{Wn(Wo, W1;p,q)} defined by the second-order linear recurrence relation

(1) Wy, = pWy_1 —qWyh_o forn > 2

with fixed real numbers Wy, W;. For special values of Wy, W1, p, ¢ the equa-
tion defines the well-known sequences of numbers, for example, the Fi-
bonacci sequence F,, = W,,(0,1;1,—1), the Pell sequence P,, = W,,(0,1;2,—1)
or the Jacobsthal sequence J,, = W,,(0,1;1, —2). Other examples of the Ho-
radam sequence are the sequence of Mersenne numbers and the sequence of
Lucas-Mersenne numbers.

The Mersenne numbers M,, are defined by the recurrence

M, =3M,_1 —2M,_o forn>2
with MO = 0, M1 =1or

M, =2M,_1+1 forn>1
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with initial condition My = 0. The sequence of Mersenne-Lucas numbers
{m} is defined by the same recurrence

My = 3Mp_1 — 2mMy,_o for n > 2

with mg = 2, m; = 3.
The Binet formula of the Mersenne numbers and Mersenne—Lucas numbers
has the form

M, = 2" —1,
my, = 2" + 1,

respectively. Some interesting properties of the Mersenne numbers can be
found in 3] [15].

Sequences defined by the second-order linear homogeneous recurrence equa-
tion of the form

hn () = p(@)hn—1(2) + q(2) hn—2(2),

for n > 3 with hi(z) = a and ho(x) = bx are named as Horadam polynomials,
see [7, [8]. One of them is the sequence of Mersenne polynomials {M,(z)},
defined as follows

(2) M, (z) = 3xM,_1(x) — 2M,_o(x) forn >2

with My(x) =0, M;(z) = 1. Hence, we get

My(z) = 3,

M;(z) = 92* — 2,

My(z) = 272% — 122,
Ms(z) = 81x* — 54a% + 4.

The Mersenne—Lucas polynomials m,,(z) are defined by the same recur-
rence relation

mp(z) = 3xmy_1(x) — 2my,_o(x) forn>2

with mg(x) = 2, my(z) = 3. Hence, we obtain
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Binet formula for the Mersenne polynomials has the form

_ Al(@) = A3 (x)

3) My (z) = M) = (@)’

where
(1) M) = 5 (304 /027 —8), () =

are the roots of the characteristic equation

(3z—v/922 —8), 92°—8>0

N =

A2 —3zA+2=0.
Binet formula for the Mersenne-Lucas polynomials has the form
ma(x) = AN (2) + BN} (),
where

(5) A=1+—""_ B=1+

2. The generalized commutative Mersenne
and Mersenne—Lucas quaternions

In 1843, Hamilton ([4]) introduced the set H of quaternions ¢ of the form
q = o+ T10 + x2j + 23Kk,
where xq, 1,22, 23 € R and
==k =ijk=-1, ij=—ji=k, jk=—kj=1, ki=—ik=]j.

In [5], Horadam introduced the concept of Fibonacci and Lucas quater-
nions. Moreover, Iyer in [I1] gave relations between the Fibonacci and Lucas
quaternions. Iakin in [9] [10] introduced the concept of a higher-order quater-
nion, and established some identities for these quaternions.

Non-commutative quaternions and commutative quaternions were gener-
alized and studied recently by Jafari and Yayli, see [12]. Generalized commu-
tative quaternions were introduced by Szynal-Liana and Wtoch in [I7], where
the authors studied generalized commutative quaternions in the special sub-
family of quaternions of Fibonacci-type. Some properties of other generalized
commutative quaternions can be found in 2] [13].
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Let HE, 5 be the set of generalized commutative quaternions x of the form
X =29+ X161 + XT9€2 + X3€3,
where xq, x1, 22, x3 € R, quaternionic units ey, es, ez satisfy the equalities

2 2 2
el =a, e =0, e5=apf,

€1€2 = €9€1 = €3, €9€3 — €3€9 — 661 and €3€1 — €1€3 = ey,

and «, 8 € R.

Generalized commutative quaternions generalize elliptic quaternions
(a <0, B =1), parabolic quaternions (« = 0, 8 = 1), hyperbolic quaternions
(a > 0, B = 1), bicomplex numbers (« = —1, f = —1), complex hyperbolic
numbers (o« = —1, 8 = 1) and hyperbolic complex numbers (o =1, § = —1).

Let n > 0 be an integer. The n-th generalized commutative Mersenne
quaternion gcM,, and the n-th generalized commutative Mersenne-Lucas
quaternion gc ML,, are defined as follows

gc My = My + My p1e1 + My 26 + My 3e3,
gc ML, =my + myy1€1 + Mpjo€2 + Myq3€3.

These quaternions are special types of generalized commutative Horadam
quaternions defined in [17].

Let n > 0 be an integer and x be a real variable. The n-th generalized
commutative Mersenne quaternion polynomial gc M,,(x) and the n-th gener-
alized commutative Mersenne-Lucas quaternion polynomial gc ML, (x) are
defined as follows

(6) ge My (x) = M, (x) + Myy1(x)er + Mpta(z)ea + My y3(x)es,
ge ML, () = mp () + mps1(x)er + mppa(z)es + mpisz(x)es.

For z = 1, we have gc M,,(1) = gc M,, and gc ML, (1) = gc ML,

Generalized commutative quaternion polynomials of the Fibonacci-type
are introduced in [18]. In [19], the authors considered generalized Pauli Fi-
bonacci polynomial quaternions.

3. Main results

In this section, we give some identities for the generalized commutative
Mersenne quaternion polynomials and the generalized commutative Mersenne—
Lucas quaternion polynomials. We start with recurrence relations and Binet-
type formulas for these quaternion polynomials.
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THEOREM 1. Let n > 2 be an integer and x be a real variable. Then
(i) ge My (x) = 3zge My —1(x) — 29¢ My —o(x),
(ii) ge ML, (x) = 3xge MLy—1(z) — 2g¢ ML, _o(z),

where
geMo(z) = e1 + 3weqg + (927 — 2)es,
ge My(x) =14 3ze; + (927 — 2)ex + (2723 — 122)es,
ge MLo(xz) =2+ 3e1 + (92 — 4)eg + (2722 — 122 — 6)es,
ge MLy (z) =3+ (92 — 4)ey + (2722 — 122 — 6)ey

+ (8123 — 362% — 362 + 8)es.

PrROOF. For n = 2 we get

gc Ma(x) = 3zge My () — 2g¢ Mo(x)
= 32 + 9z%e; + (2723 — 62)ey + (812 — 362%)e3
— 2e; — 6zey — (1822 — 4)es
=32 + (922 — 2)e; + (272 — 12x)ep + (81z* — 5da? + 4)es.

Let n > 3. By formulas @ and we get

ge My (x) = My, (x) + My y1(x)er + Myio(z)es + My 3(x)es
=3xM,_1(z) — 2M,_o(x) + BzM,(z) — 2M,_1(x))ex
+ (BzMp41(x) — 2M,(x))ea + (BxMpyo(x) — 2M,41(x))es
=3x(M,—1(z) + M, (x)e1 + Mpi1(x)es + My o(x)es)
—2(My—o(x) + Mp—1(x)e; + My (x)es + My1(x)es)
= 3zge Mp_1(x) — 29¢ My _2(),

which ends the proof of .
The second part can be proved similarly. O

COROLLARY 1. Let n > 2 be an integer. Then
(i) geM,, = 3ge My—1 — 2gc M, o,
(ii) ge ML,, =3g9gc ML,—1 —2g¢ MLy _o,
where
gec Mg = ey + 3es + Teg,
gec M1 =14+ 3e; + Tes + 15eg3,
gc MLy =2+ 3e1 + bes + 9es,
gec MLy = 3+ bey + 9es + 17es.
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THEOREM 2 (Binet-type formula for generalized commutative Mersenne
quaternion polynomials). Let n > 0 be an integer, x be a real variable and
922 — 8 > 0. Then

—

AP (@) A () — A3 (2) ha(2)
)\1(1’) — )\2(.’1}) ’

where A1 (x), Aa2(x) are given by and

(7) ge My (z) =

M(@) =14 M(2)er + A2(x)es + A (x)es,

(8) SVTNY 2 3
A2(z) =1+ Xa(z)er + Aj(x)ez + Az(w)es.

PRrROOF. By @ and we get

ge My (x) = My, (x) + My y1(x)er + Myio(z)es + My 3(x)es
_AT(@) = A5 (x) | AT () - )\3+1($)61
A1(x) — Ao () A1(z) — Ao ()
M) - X)) - )
M) o(@) 2T T N(@) — h(2)
_ AP (2)(1+ A (z)er + M (z)ea + A5 (x)es)
Ar(z) = Az ()
B A3 (z)(1 + Aa(z)er + A3(x)ea + A3(x)es)
Ar(z) = Az (w) '

Hence, we get the result. ([

€3

In the same way, we can prove the following theorem.

THEOREM 3 (Binet-type formula for generalized commutative Mersen-
ne—Lucas quaternion polynomials). Let n > 0 be an integer, x be a real vari-
able and 92> — 8 > 0. Then

—_—

ge ML, (x) = ANT(2) A1 (z) + BAS (z) A2 (),

—

where A, B, A1 (), A2(x), A1 (2), Xa2(z) are given by (F)), (@), (8), respectively.
COROLLARY 2. Let n > 0 be an integer. Then

geM,, =2" (1 +2e1 +4ey +8e3) — (1 +e1 +ex+e3),
ge ML, =2" (1 +2e1 +4ey +8e3) + (1 +e1+ex+e3).

By simple calculations we have

A(@) = Ag(w) = V922 = 8, Ai(x) + A2(w) =3z, Ai(2) - A2(z) =2,
N(z) 4+ N2(z) =922 — 4, X3(x) + \3(x) = 272> — 18z,
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(@) (@) = Ao(@)h (@)
=14 a(z)ey + MN(2)ex + A3 (x)es
+ A1(x)er + A (@) Ao () + A (@) A3 (2)es + A (2) A3 (x)es
+ AT (@)ez + AT (2)Aa(2)es + AT (2)A5(2) B + AT (2) A3 (z) Bea
+ X3 (2)es + A3 () Aa()aes + A3 (2)A2(2) Ber + A3 (2)A3(2)ap
=1+ (@) ha(@)a + A2 (2)A2(2) B + X3(2)\3(z)as
+ )\g(x)el + A (z)er + A2 (2)A3(x)Ber + A3 (2) A2 (x)Bes
M(z)ea + N2 (x)eg + A (2)A5(2)aes + A3 (2) Mg () aen
2(:(:)63 + X3(z)es + A () A3 (x)es + A2 ()Xo (x)es.

Hence, we get

—

(9) M(z)Ae(x) =142+ 48+ 8af + (3x + 12z5)e;
+ (922 — 4)(1 + 2a)ea + (272% — 122)es.
The next theorems present general bilinear index-reduction formulas for

generalized commutative Mersenne quaternion polynomials and generalized
commutative Mersenne—Lucas quaternion polynomials.

THEOREM 4. Leta>0,b>0, c> 0, d > 0 be integers such that a + b =
¢+ d. Assume that x is a real variable and 922 — 8 > 0. Then

ge My (z) - ge My(z) — ge M(x) - ge Ma(x)
X (@)Ad(2) + A5 (@)X () — M (@)M (@) = A (2) M (@)] X (@)ha(2)

- )

922 — 8

where Ay (z), Aa(z) are given by ([@) and M (z)ra(z) is given by ().
PROOF. By formula (7)) we have
ge Ma(x) - ge My(x) — ge M () - ge Ma()
_ M @M@ (@) = M) ()R (@)As (@)

9x2 — 8
A ()M (2) A (2) A2 (2) + A5 (@) AL (@) Aa (@) M (2)
9x2 — 8
_ [@M(@) + 5@ @) = M@ ) = M(@)X ()] M(@)da(2)
922 — 8 ’

which ends the proof. O
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THEOREM 5. Leta >0,b>0,c> 0, d> 0 be integers such that a +b =
¢+ d. Assume that x is a real variable and 922 — 8 > 0. Then

ge MLy (x) - ge MLy(x) — ge ML (x) - gc MLy ()

= L (@A) + @A) X)) X (@),

where \1(x), A\o(x) are given by (4) and /\1( ))\2(33) is given by (9).

COROLLARY 3. Let a > 0, b > 0, ¢ > 0, d > 0 be integers such that
a+b=c+d. Then

gec My - ge My — ge M. - ge Mg = (2C+2d 2“—2b)I~/2\,
geMLy - ge MLy — ge ML, - ge MLy = (2% +2° —2¢ —29) 1. 2,
where
T=1+e +estes, 2=1+2e; +4es+ 8es
and
(10)  1-2=1+2a+48+8aB+ (3+128)e1 + (5 + 10a)eq + 15es.

It is easily seen that for special values of a, b, ¢, d, by Theorem @ and Theo-
rem 5] we get new identities for generalized commutative Mersenne quaternion
polynomials and generahzed commutative Mersenne-Lucas quaternion poly-

nomials. Assume that )\1( ))\2( ) is given by (9) and 922 — 8 > 0.
e Catalan-type identities fora =n+r,b=n—r,c=d=n,r>0andn>r

ge Myyr(x) - ge My (1) — (ge My (z ))2

- - () - () e
GeMLp (@) - ge MLy (2) = (ge MLy (2))?

e |G + (Gim) —men

e Cassini-type identities fora=n+1,b=n—1,c=d=nandn > 1

ge M1 (2) - ge M1 (z) — (ge My (2))?
2" )\1( )\2 $) -~ ,
9£E2 -8 |:2 B )\2( B )\1 x)] )\1($)A2($),
ge MLy (2) - ge MLy_1(2) — (ge MLy (2))?

)
_ 2"(18x — 17) [ 1(x)  Aa(x)
922 — 8 Ao(z)  A(z)

~2| Maala).
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e d’Ocagne-type identities fora =n,b=m+1,c=n+landd=mn >m
ge M (z) - ge M g1 () — ge M1 (z) - ge Moy ()

_ N @)AS (2) = AZ(2) AT (2)] M@ e (@)
V0922 — 8 ’
ge ML, (z) - ge MLypi1(x) — ge MLy 1 (x) - ge MLy, ()
= e (5@ () = N (@) (@) N1 (el
e Vajda-type identities fora =m+p, b=n—p,c=m, d=mn and m > 0,
p=>0,n>p
gc Myip(x) - ge My _p(x) — ge My () - gc My, ()
DR @M@ - G @M @0 - (326)")]

Az (@)

ge MLy yp(x) - ge MLy p(z) — gc MLy (x) - ge MLy (2)
Ao

(182 -1 PP @A () ()7 - 1) A7 (@A (@) ((323)" = 1) M () ha ()
N 922 — 8 '

Now, we give such identities for generalized commutative Mersenne quater-
nions and generalized commutative Mersenne—Lucas quaternions. Assume that

1-2is given by .
e Catalan-type identities for r > 0 and n > r

N)

9 Mty - gc My — (ge My)? = (2t — gt gner) 1.
geMLyyr ge MLy — (gc./\/lﬁn)2 = (2"” 42777 — 2"“) 1. §,
e Cassini-type identities for n > 1

gCMnJrl . gCMn,1 — (gCMn)Q = —2’"’71 . i . /2\7

GeMLps1 - geMLy_1 — (ge ML) =211 2,

e d’Ocagne-type identities for n > m

=)
)

chn : chm+1 - gCMn+1 : chm == (2n - 2m)
ge MLy, - ge MLy 1 — ge MLy g1 - ge ML, = (2™ —27)

=)
N)

e Vajda-type identities for m >0, p>0,n>p
gcMoptp - gc My_p, — gc My, - gec M,
=(@2"1-2")+2"(1-277))1-2,
ge MLty - gc MLy, — ge ML, - gc ML,
=(@2m@2r-1)+2" (277 -1))1-2.
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4. Matrix generators and generating functions

Now, we give the matrix representations of gc M, (x). By Theorem [1| we
get the following result.

THEOREM 6. Let n > 1 be an integer and x be a real variable. Then

[epan@ ] _[ 3 =2 Taertalo) ],

THEOREM 7. Let n > 0 be an integer and x be a real variable. Then

(1) gecMpia(x) geMpyi(z) | _| geMa(z) geMi(z)| | 3z 1 " .
geMpi1(z) ge M, (z) geMy(z) geMo(x) -2 0
PrOOF. We use induction on n. If n = 0 then the result is obvious. As-
suming the formula holds for n > 0, we shall prove it for n + 1.
Using induction’s hypothesis and Theorem [I} we have

vl M Y

QCMn-H(I)
ge My, (z)

[ ge My yo(z) } ' [ 3r 1 }
L gc M1 () -2 0
_ ( @) gest) |
| 3zge My (z) — 29 My, () gc M1 ()
)
| |

gCMnJrQ(x)
ge M1 (2)

[ gc Mn+3 (ZE
| 9¢ Mooz

)

which ends the proof.

COROLLARY 4. Let n > 0 be an integer. Then

geMpya geMpir | _ | geMa geMy | 3 11"
geMpi1 geM, | geMy ge My -2 0 :

In the same way, we can prove the following results.
THEOREM 8. Let n > 0 be an integer and x be a real variable. Then

| geMLo(z) ge MLy(z) 3 1

[QCMEHQ(@ gCMﬁnH(x)] B { ge MLy (x)  ge MLy (x) H -2 0 r

geMLypy1(x) ge ML, ()
COROLLARY 5. Let n > 0 be an integer. Then

geMLyio geMLpyr | | ge MLy ge MLy . "
geMLyy1 ge ML, | ge MLy ge MLy -2 0 )
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THEOREM 9. The generating function of the generalized commutative
Mersenne quaternion polynomials has the following form
e1 + 3weg + (922 — 2)es + (1 — 2eq — 6xe3)t
1 — 3t + 2t2 ’

ft) =

PROOF. Let
f(t) = ge Mo(z) + tge My (x) + t2gc Ma(z) + ... + t"ge M, (z) + ...

be the generating function of the generalized commutative Mersenne quater-
nion polynomials. Then

3xtf(t) = 3txge Mo(z) + 3t°zgec My (x) + 3t°zgc Mo(x)
+ ...+ 3t"zge M, (x) + ...

202 f(t) = 2t2gc Mo(x) + 2t3ge My (z) + 2t*ge Mo(x) + . ..
+ 2t"ge My _o(x) + .. ..

Hence, by the recurrence ge M,,(z) = 3zgc My, _1(x) — 2gc¢ M,,_2(x), we get
F(t) = 3atf(t) + 262 f(t) = ge Mo(x) + (ge My (z) — Bzge Mo(x))t
+ (2g¢ Mo(x) + ge Ma(x) — 3xge My (z))t* + . ..
= gc Mo(x) + (ge M1 (z) — 3xge Mo(z))t.
Thus

_ geMo(z) + (ge My (x) — 337'_(]6./\/10(37))?5'

1) 1 — 3zt + 2t2

After simple calculations we obtain

e1 + 3zes + (922 — 2)ez + (1 — 2ez — 6xes)t

t) =
J) 1 — 3zt + 22 0

THEOREM 10. The generating function of the generalized commutative
Mersenne—Lucas quaternion polynomials has the following form

_geMLy(x) + (ge MLy (x) — 3xge MLo(2))t
B 1 — 3wt + 2t2 ’

g(t)
where

ge MLy(z) =2+ 3e1 + (92 — 4)eg + (2722 — 122 — 6)es,
ge MLy (x) —3xge MLy(x) = 3+ (3 — 4)e; — 6ea + (—18x + 8)es.
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COROLLARY 6. The generating function of the generalized commutative
Mersenne quaternions has the following form

e1 + 3ex + Teg + (1 — 2e9 — 663)t

t) =
Far(®) 1— 3t + 22

COROLLARY 7. The generating function of the generalized commutative
Mersenne—Lucas quaternions has the following form
. 2+ 361 + 562 + 963 + (3 — €1 — 662 — 1063)t
B 1 — 3t + 2t2 '

gr(t)

Concluding remarks

For any positive integer n, the n-th bivariate Horadam polynomial h,(z, y)
was defined in [16] as h,(z,y) = prhn_1(z,y) + qyhn—_o(z,y) for n > 3 with
the initial values hq(x,y) = a and ho(z,y) = bx. It is easy to see that
hn(x,1) = h,(z). Bivariate Mersenne polynomials M, (z,y) and bivariate
Mersenne Lucas polynomials m,,(x,y) were defined in [I] and [14], respec-
tively, as follows

M, (z,y) = 3yMy,_1(z,y) — 2eM,,_o(x,y) forn >2
with My(x,y) =0, My(z,y) =1 and
My (x,y) = 3ymp_1(x,y) — 2emy,_o(x,y) forn >2

with mo(x,y) = 2, mi(z,y) = 3y.

It is worth noting that, unlike before, M, (1,2) = M, (z) and m,(1,z) =
my(z). Using the above definitions, we can define, for any variables z, y
and any nonnegative integer n, the n-th bivariate generalized commutative
Mersenne quaternion polynomial gc M, (z,y) and the n-th bivariate gener-
alized commutative Mersenne-Lucas quaternion polynomial ge ML, (z,y) as
follows

chn(xa y) = Mn(xw y) + Mn-i—l(xa y)el + Mn+2 (iL', y)€2 + Mn+3 (CL', y)e?n
ch'Cn(xa y) = mn(x’ y) + mn+1(mv y)el + mn+2(x, y)e2 + mn+3(:)3, y)€3.

Further work may involve research on these polynomials.
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