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JENSEN-TYPE INEQUALITIES FOR DIVIDED
DIFFERENCES VIA GENERALIZED CONVEX FUNCTIONS

GORANA ARAS-GAzICY, JULIJE JAKSETIC, JOSIP PECARIC

Abstract. In this paper, we use (m+4)-convex functions to derive an estimate
for Jensen’s inequality in the context of divided differences. In addition, we
extend these results for (h, g; @ —n)-convex functions. Finally, we present some
results for g-convex functions, (h, g)-convex functions and provide a discussion
and examples concerning h-convex functions.

1. Introduction

The divided difference of order m for a function f: [a,b] — R at the
distinct points xo,...,ZTn € [a,b] is defined recursively, as shown in [2], as
follows:

f[l‘z] = f(xl), (Z = 0, e ,m)
and

oo,y = Lttt Sl o]

The concept of m-convex functions was originally introduced by Popoviciu
in [7], providing a foundational framework for the study of generalized con-
vexity. We now present the definition of m-convex function following approach
outlined in [6, 16 pp.| and |8, 238 pp.].
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DEFINITION 1. A function f: [a,b] — R is said to be m-convex, m > 0 on
[a, b] iff for all choices of (m + 1) distinct points in [a, b],

f[x()v"'vxm] 20

The integral representation for the m—th divided difference over the
m-dimensional simplex is well-known and is given as follows (refer to [2]):

(1.1) flzo, - Tm] :/A f(m)<2ujxj)du0...dum,1,
m =0

where the simplex A, is defined as

m—

m—1
Am:{(an-- uml 2 Z } mzl_zuja
j=0

assuming the function f has continuous m-th derivative on the interval [a, b].
The formula remains valid if some of the nodes xg, ..., x,, are repeated.

From the relation , it follows that for every function f with a contin-
uous m-th derivative on the interval (a,b),

fis m—convex < f™ >0,

The following result, derived using the Schur polynomial and the Vander-
monde determinant (extended with a logarithmic function), holds true.

PROPOSITION 1. For monomial function h(z) = 2™+*, where k > 1 is an

integer, the following holds

Jk—1

m
hlzo, ..., xm Z Z Z:Jchmjz...xjk.

J1=072=0 Je=0

ExXaMPLE 1. In the following sections, we will utilize the integral rep-
resentation of the divided difference and derive the corresponding integrals.
These integrals will be evaluated here using Proposition (1| and basic calculus
techniques.

/ (™) (Zujxj>dug RN [T
A'"L

§=0
fA du() -dumflzﬁy for h(l’) %

Z T xm+1

fA i T ouizidug . dug, g = (,,nji_i_ol)ga for h(‘r):(m—i-l)!'

The following Farwig and Zwick’s result in [3] offers an important general-
ization of Jensen’s inequality specifically tailored for divided differences. This
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generalization extends the classical form of Jensen’s inequality, adapting it to
the context of higher-order differences.

THEOREM 1. Let f be (m + 2)-convex on (a,b). Then
G(x) = flzo, ..., zm]

is a convex function of the vector x = (xq, ..., ;). Consequently,
1 !
[Zazxo, cee Z } < Za,—f[xf), ooz (i is an upper index)
=0 =0

!
holds for all a; > 0,i € {1,...,1}, such that > a; = 1.
i=0

In [4], the authors developed a refinement of Jensen’s inequality for 4-
convex functions. In the next section, we will apply their result to the case of
positive weights. For convenience, their result for positive weights is outlined
below:

THEOREM 2. Let f € C?[p1, p2] be a 4-convex function and s; € [p1, p2],
u; >0 for j = 1,2,...,m with Uy, = Z;.n:luj # 0 and ﬁzgﬂ:lujsj €
[p1, p2]. Then we have

— > u;f(s;) — f(Ul > Ujsj)
m j=1 m j=1
" // m 3
< f (p2) f P1 < E Uuj ?— (lem E Uij) >

6(p2 — p1)
p2f"(p1) — Plf"(P2 1 « 2
- 2(P2—P1 ( Z i ]_<Umjzluj8j> >

If f is 4-concave function, then the reverse inequality holds in (1.2)).

In the final section, we provide some generalizations for (h, g; « —n)-convex
functions, and therefore, we introduce this concept of generalized convexity.

DEFINITION 2. Let h be a non-negative function on J C R, (0,1) C J,
h # 0 and let g be a positive function on I C R and a,n € (0, 1]. A function
f: 1 — Rissaid to be (h, g; &« —n)-convez if it is non-negative and satisfy the
following inequality

(1.3) fQz+n(1=Ny) <h(A) f(@)g(z) +nh (1 =A%) f(y)g(y)

for all A € (0,1) and z,y € I. If (1.3) holds in the reverse sense, then f is said
to be (h, g; & — n)-concave function.
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This definition extends the concept of an h-convex function, as outlined
in the following definition (see [9]).

DEFINITION 3. Let h: J — R be a non-negative function, h # 0. We say
that f: I — R is h-convex function if f is non-negative and for all z,y € I,
A € (0,1) we have

(1.4) fOz+ (1 =Ay) <hA) f(@) +h(1=A) f(y)-
If inequality is reversed, then f is said to be h-concave.

2. Extensions of Jensen’s inequality using (m 4+ 4)-convex
functions and divided differences

In this paper, we establish an evaluation of Jensen’s inequality for divided
differences by utilizing (m + 4)-convex functions. In this way, we provide gen-
eralizations of the existing results for divided differences. In Theorem [3] we
extend the result from Farwig and Zwick’s Theorem [T} and in Theorem [, we
generalize Theorem 2.62 from [6].

THEOREM 3. Let f(") € C2[py, p2] be a (m + 4)-convex function, s* =
(8by...,85) € [p1,p2)™ T and let a; > 0, i € {0,...,1} be such that Zli:O a; =
_ 1 ;o _ ! -
1, 55 = Zl Oais;, Jj €10,...,m}, 5,5, = Zizoazshsh, and 5j, 4,5 =

Zi:o a;s5, s%,s5 . Then we have
!
> aiflsh, ... sh] = fl50 - 5m]
i=0

(m+2) (m+2 ) m  J1 J2
< f (,02) f Pl <Z Z Z <5J1J2]3 8315J2533>>

p2=pP J1=0j2=075=0

p2f D (p1) — p1fM D (po) [ o
+ _ Z Z <8J1]2 Sj13j2) :

P2 — P1 7120 1220

Proor. We will begin by utilizing the integral representation of the di-
vided difference, followed by applying inequality ([1.2)) for the (m + 4)-convex
function (™), and then perform the integration over the simplex. So we have

l

Zaif[sé,...,sin]—f[§0,..., Zaz/f(m) Zu 5t )duo dty,_ 1

=0
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_/Af(m)(jzjzouj;ais;)duo...dum_l
:/ [Zl:aif(m)<§:ujs§> _f(m)<zl:a2§:ujs )}duo...dumq
Am Lizo 7=0 =0

=0

< [ L I (3 ($us) - (S aSwe))

6(p2 — p1)

_|_

paf 2 (p1) = pr fUH2) (pa) i)
2002 — p1) ( > a3 w)

B (i“i i%%)gﬂ dug . .. dty, 1.

i=0  j=0
m—+2
By setting h(z) = ( +2), in Proposmon we compute
/ Za, Zuj ]) dug . ..duy,—1 and / Zal Zuj J> dug ... dUp—1.
nzl 0 m 1=0 ] 0
Similarly, by setting h(z) = (m +3), in Proposition |1f we calculate integrals

/ Zal Zua ]) dug . .. dUpm—_1

Tﬂ./LO

i=0  j=0
So we have
l . .
> aiflsh 5] = f[505- - 5ml
i=0
l m  j1 J2
S (py) — f(m”) (p1)
< (or > Z DD 585,
i=0  j1=0 J3=0

J2=0
m  J1 J2
- E : E : § :Sjlsjzsjs)

J1=072=0 j3=0

(m+2) (m+2) ! m m 1
+ p2.f (Pl) prf P2 (Zaz Z Z 5]1 ]2 Z Z sjlsj2>

(p2 = p1) =0 j1=0js=0 j1=0 j2=0




Gorana Aras-Gazi¢, Julije Jakseti¢, Josip Pecari¢

B f(m+2)(p2) = f(m+2)(p1 ( i i i (SJ Gojs — Sj15§25; ))

p2=p J1=072=0 j3=0

(m+2) (m+2)( .
+ ,02f (pl) plf 'O2 <Z Z <83132 3j18j2)>' -

P2 — P1 5120 1220

The following theorem presents a generalization of the result from Theo-
rem 2.62 in [6]:

THEOREM 4. Let ™) € C2[py,ps] be a (m + 4)-convex function and
sk € [p1,p2]. Then we have

> F(s5)
(m+1)!

£ () = F D (p) (Ljho8h  on
< Tnj—l—lj _62 Zzshsjzsjs

6(,02—,01) J1=0372=0353=0

— f1s0y---,Sm]

n paf "2 (p1) — p1 f ) (po) <ZJ =0 ] -2 i Z 5]13J2>

2(p2 — p1) mA+b e

PROOF. Similarly as in Theorem [3] we have:

/ Zuﬂf( )(s)dug . . . dug,— 1—/ f(m)<iujsj)du0...duml

(m+2) (pz) (m+2) ,01
< u;S; Sdug . .. duy,_
<L (] ]zo $3dug .. duim

_/A (iujsj>3du0...dum_1)

(m+2) (m+2)(
n p2f (2/0(1) _Plf (p2) (/ Zu] Qduo e dUp—1
P2 pl m] 0

_/A <Zujsj)2du0...dum_1>.
m =0

We apply Example [I] to compute the following integrals:

/Zu]f( )(Sj)duo U1, / Zu]sduo AUy 1,

mJO m]O
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and / Z (OTH 2dug . .. Ay, 1.

Next, by setting

m+2 m+3

(m+2)!

xT

(m+3)!

in Proposition |1} we compute the corresponding expression

/Am (jz:(:)ujsj)zduo ...dupy—1  and /Am (Jz:(:) Ujsj)gduo e
So we have

> FM(s5)
(m+1)!

F+2) (pg) — fmF2)(py) J "o ] m g1 je
= 6(/)2_/)1) m—|—1 _62 Z Zsﬂlsjzsj:s

J1=072=0j3=0

(m+2) _ (m+2) m
L P2 fT o) = pufT (p2)< ]0]_ ZZ%%)

2(p2 — p1) m+1)! =

h(z) = and h(z) =

—f[so,...,sm]

The following theorem extends inequalities related to divided differences
for (h,g; & — n)-convex functions.

THEOREM 5. Let f(™) be a nonnegative (h, g;a — n)-convex function on
[0,00) where h is a nonnegative function on J C R, h # 0, g is positive
function on [0,00), a,n € (0,1], 0 < p1 < pa < 00, f™ g, h € L1[p1, p2] and
a; > 0,14 € {0,...,1} such that Zi:o a; = 1. Then the following inequality
holds

min { [h<(p2n ~ 20 ujsé)a)f(m)(m)g(m)

i—0 Do, p2m — p1
. nh<1 _ (P2n - Z;n:o Ujsg‘ )a> f(m)(pg)g(pz)]
P2ﬂ ! ’
[h<(2j;2uisép_l npl)a)f(m)(pz)g(pz)

N nh(l B (Z;n:o u;st — ”pl)a)f(m)(pl)g(pl)] }duo duy,

p2 — np1
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Sé:aimin{/Am [h((mn_Z;n‘oujsg)a)f‘m)(m)g(m)

p2m — p1

pan — D 7L ujshy @
h(1— J ] (m) dug . .. ditp,—
+n ( ( p— ) )f (p2)g(p2) |dug - . . dugm—1,

/Am [h<(zgn—oug‘8§' _npl)a)f(m)(pg)g(m)

P2 — NP1
+nh(1- (Z;nzoujs; _npl)a>f(m)(p )a(p1)|du ... du
e — 11 1 1 0---AUp—1 ¢-

PROOF. First, we express the divided difference in its integral form. Next,
we will prove an auxiliary result using Definition [2] To do so, we apply Defi-
nition 2] and set

u=Ax+n(l—Ny,

and then solve for

N vy

T —ny

Substituting this into the inequality (|1.3]), we obtain

) < (4220 ) st@lgte) + nn (1= (S22 gt

T —ny x—ny

By swapping x« and y, we obtain
_u—nx

=

y—nx’
which leads to

s < ((E22)) st +nn (1= (A22)) swpato)

Thus, we derive the following inequality:

sy < min {n( (“=20)) stargte) + nn (1= (S22 gt

T —ny T —ny

e n((“25) ) st +on(1- (22 et}

Y nx

We apply (2.2) to the function f™) and integrating over the simplex, while
utilizing the simple fact that

[ winipgy<minf [ 5[ ol

we obtain the desired result (2.1)) O
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3. Applications

In the special case of Theorem [5| when h(x) =z, « = 1, n = 1, we obtain
the following result for what we will refer to as g-convex functions:

COROLLARY 1. Let f™ be a nonnegative function on [0,00), g is positive
function on [0,00), 0 < p1 < pa < oo and f™ g € Lyi[p1,ps], a; > 0,

i €40,...,1} such that Zli:O a; =1 ands; = Zi:o ais§. Then the following
inequality holds

l ' ‘ (m) m
(3.1) m!Zaif[sf),...,sin] < f("l)g(pl)<p2 S Zsj>

P2 — pP1

F(p2)g(p2) [ 1 <~ >
1 —p1 )
P2 — p1 m+1 Z A

PRrROOF. We derive the following from (2.1)):
ai/ f(m)<2ujs§>duo...dum,1
i=0 Am j=0

! m i m i
. pr— YT ugst S ugsh — pr
< E :aimm{/ [i()”f( )(pl)g(p1)+”%
i—0 A P2 —p1 P2 — P

l

l
Zaif[sf)? c ‘752'71] =
=0

x fm) <p2>g<p2>] dug....dus, [ {Zj:,j’fisgl_ 2L 10 () (p2)

P2 = p1
1 ~ ((m+ l)pQ—Z;ﬂ: s;’. y
:-Zo‘“mm{ G e ) | P09
M ost—pi(m+1 ™St pi(m4+ 1
G o, SR
(m—+1)pa =370, sho
(m+1)!(p2 — p1) £l )(Pl)g(m)}
_ (m + 1)p2 - Z;n:() Ej
- (m+1)!(p2 — p1)

P gt |duo-. -1 |

> — pi(m+1)
(m+1)!(p2 — p1)

With some elementary calculations and rearrangement, we arrive at (3.1)). O

F™ (p1)g(p1) + ™ (p2)g(p2)-
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REMARK 1. In the special case where h(z) = z, a = 1, n = 1, g
1, we obtain the result for convex functions, and the following Lah-Ribari¢
inequality holds, as proven [I, Theorem 10].

l l m
Zaif[s(i), i = Zai/ f(m)(ZUjS;)dUO v U1
0 i=0  /OBm =0

1=

! m i
< E :ai min w]ﬂ(m)(pl)
i=0 Bm

P2 — P1
Yoo usi—p ST ust — py
" ”“ﬂm)(pz)] | [ 1015 TP ()
P2 — P1 Do P2 — P1
P2 — D50 UsS;

+ f(m) (01)] dug ... dum_l}
P2 — P1

(m—+1)pa — 37145, >t — pi(m+1)
(m+1)(p2 — p1) (m+ 1) (p2 — p1)

In the following theorem, we apply the results obtained to the function F
of two variables, as described by Pecari¢ and Beesack in [5] (see also [6]).

F™ (o) +

™ (p2).

THEOREM 6. Let f(™ be a nonnegative function on [0,00), g is positive
function on [0,00), 0 < p1 < po < oo and f0™, g € Li[p1,p2], a; > 0,
i € {0,...,1} such that Zé:o a; =1 and 5; = Zizo a;s’ and let J be an
interval such that J D f0(I). If F: J x J — R is a function defined such
that u — F(u,v) is increasing for any v € J, then for every § = #_H ZT:O 5;
we have

F(m! ijaif[sé, : -,s:‘n],ﬂm)(&))

=0

S p)glp) f™ (p2)g(p2) . (m)
< p(LERI0) (), g LU0 ) o))

£ (p1)g(pr) £ (p2)g(p2) (m) )
= Eer[%?,};ﬂF< p2 — p1 (P2 =8)+ p2 — p1 E=p). 770 ).

In the special case of Theorem [5] when @ = 1, n = 1, we obtain the
following result for (h, g)-convex functions:

COROLLARY 2. Let f™) be a nonnegative (h, g)-convez function on [0, 00)
where h is a nonnegative concave function on J C R, h # 0, g is positive
function on [0,00), 0 < p; < pa < 00, f0™ g, h € Li[p1,p2] and a; > 0,
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i1 €{0,...,1} such that Zi:o

l l
m!Zaif[sé,..., Za
i=0

{f(m (p1)g(p1)h (

1M i
P2 = 7T Dm0 5

a; = 1. Then the following inequality holds

7)

i=0 P2 — P1
(m) T gm0 55 — }
+ .
R
Proor
1 . ) . Z_
i . P2 = Do WishN Lo
2 oillob ol < 2o /A mm{ h(#>f( M(p1)g(p1)
i=0 i=0 m L
ST ugsh — pi 1 S st — py
+h(FE ) ) ,[h J=0 9% (m)
( o )tf (pz)g(pz)_ ( pr— )Lf (p2)g(p2)
P2 meo ujsi. .
h 5 L) }du o AUy
( o2 — 1 )f' (p1)g(pr)]| o ]
l m i
p2—>. o UjS;
< a; min / [h 72 £4j=073"3 f(m) P p
2 {A (5 ) M gt
Z;‘nzo UJ'S;" —p1
223=013% T PLY (m)
+ h( pr—— )f (Pz)g(/)z)] dug . .. Ay, _1,
Dm0 U85 — p1
h J= J (m)
/. [ (55 ) ™ 2)slr)
(205 o (Pl)g(m)} duo. . dum_l}
P2 = pP1
l m ;
: fom )(Pl)g(l)l) P2 — Zj:o u;s;
< ‘ T .. _
< Zaz min { [ ml ( /Am P dug . .. du,y, 1)

fm (Pz Q(Pz

_|_
f(m)(Pz / Zg 0 UjsG —
P2 — P1
(m)
+ (Pl)g(m)

m)!

p
hOn!%;n 2

/ Z] Ou]]
Pz*m

2]70 J j du
P2 — P1

dug .. .dum_l)] ,

..dum,l)

! 1 m
_ . fom )(Pl)g(ﬂl) — T 2aj=0 55
_;aimm{[ -y ( p;l_plj J)
+ f(m)(m)g(m)h(mlH D08 — P1>:| ’

m! P2 —pP1

0..dum_¢)]}
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[f(m)(m) g(p ) <m+1 Z] —05j — 1)+f(m)<,01)9(,01)h(p2_m}HZ;n:OS;ﬂ}

m! p2 — p1 m! p2 — p1

_Zal|:f(m (pl) (pl)h<p2 m+1 Z] 0 ])

P2 — P1

N f(m)(p2)9(pz)h(m+1 Dm0 sy — Pl)]'

m! P2 — pP1

THEOREM 7. Let f™) be a nonnegative (h, g)-convex function on [0, 00)
where h is a nonnegative concave function on J C R, h # 0, g is positive
function on [0,00), 0 < p; < pa < 0o and ™ g,h € Li[p1,p2], ai > 0,
i € {0,...,1} such that Zi:o a; =1 and let J be an interval such that J D
f(I). If F: J x J = R is a function deﬁned such that u — F(u,v) is

increasing for any v € J, then for every £ = m+1 Z] —0 sj we have

l
F(mt 3 auflsh- sl 7€)
1=0
l

< P[> a(rom (Pl)g(Pl)h(M> + £ (pz)g(pz)h<H>),f(m) ()]

—o P2 — P1 P2 — P1

max F[zl:az(f( )m)g(pl)h( _Ei)

5 ‘€[p1,p2] =0 P2 — P1

+ (,Oz)g(pz)h(i2 - Zi)),f(m) (&)]-

In the last part of the section, we will provide a discussion on h-convex
functions.

REMARK 2. Let f: [p1, p2] = R be a h-convex function. We apply inequal-
ity (1.4) on the concave function h by setting x = p1, y = pa,

u=Ap1+ (1= A)p2
and then proceed to solve for

A= P2
P1 — P2
Substituting this into the inequality (1.4]), we obtain

(32) < (225 fon 40 (222 £

P2 P
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By substituting v = z;, where j € {0,...,m}, into (3.2) and multiplying
each inequality by );, j € {0,...,m}, such that 337" ; \; = 1, we obtain the
following result

)\jf(xj) < )\Jh <p2 _mj> f(pl) +)\]h <Z;:pl) f(pQ)v j € {077m}

P2 — P1 P1

By summing these inequalities from j = 0 to j = m, we obtain

EVIEHED 9P Al <p1>+2mjAjh(Zj’”)f<p2>.
Jj=0 J=0

Jj=0 £1

Since h is a concave function and f is assumed to be a nonnegative, we have,
by denoting T = 77", Az, the following result:

Soste < Snn(E2) )+ (2

—P1

h(” )f(p1)+h(p2_ppll)f(pz)-

P2 — P1

IN

IN

Now we apply the obtained result to the function F' of two variables, which
is monotonic in its first argument (compare [5] and [6]), and get

F(i&f(wj),f(x)) <P(n(Z2=2) 10 + h(o=L0) 1) £ @)

P2 — P1

< e F(b(225) o0+ h(£720) 1(0a), 1(6)).

If we for the function F set F'(u,v) = u — v, we denote
p2 —§ §—p1
2(6) = h( 22> ) f(o0) + (=) 1 (02) = £(©)

Now, we will use this result to determine the conversion of inequality (|1.4))
i.e. we need to find the constant u such that

AN f(z) +h(1 =N f(y) < fQx+ (1= Ny) +pu
is valid, where

p=_max ().
£€[p1,p2]
According to the Bolzano—Weierstrass theorem, determining the maximum
value of the function ® requires evaluating it at key points. The potential
candidates for the global maximum are the boundary points £ = p; and
& = po, along with any critical points where the derivative satisfies ®’(¢) = 0,
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hence to identify the global maximum, we will compute ® at each of these
points and compare their values:

1° ®(p1) = h(1)f(p1) + h(0) f(p2) — f(p1),

2° ®(pa) = h(0)f(p1) + h(1)f(p2) — f(p2),
3° ®(&) where ®'(&) =0 i.e.

! p2 —&o f(Pl) (&0 — p1 f(pQ) o
0= h<p2_p1>92_01+h(p2—p1>p2—p1 F(&o)-

Now, we need to analyze the second derivative of the function ®

#(€) = (W' (L=) o) + 0 (=25 o)) sz = (6,

to determine type of local extrema. For a function f that is h-convex, deter-
mining the maximum of the function ® is not a straightforward task. The
complexity arises from the dependence on the (classical) properties of both
functions f and h, which influence the analytical behavior of ® in the given
domain. For example, consider the functions f and hy defined as hy(z) = z*,
fx) = 2> = >0, k,A € R. From [9], we know that the function f is hy-
convex if:

(i) A€ (—00,0]U[1,00) and k < 1;

(ii) A € (0,1) and k < A.

In the first case, the function f is both hi-convex and convex in the clas-
sical sense, while hj is concave in the classical sense. In the second case, the
function f is hg-convex and concave in the classical sense, while hy is concave
for 0 < k < A and convex for k < 0 (in the classical sense). We consider here
the case (i).

B(p1) = h(1)F(p1) + h(0)f(p2) — f(pr) = 1+ F(p1) +0- f(p2) — F(p) =0,

and

®(p2) = h(0) f(p1) + h(1) f(p2) — f(p2) = 0- f(p1) + 1+ f(p2) — f(p2) = O.

Also, according to inequality (1.4]), we know that the function ® is non-
negative, ®”’ < 0, and we can conclude that ® achieves a global maximum at
some interior point &, where ®'(&y) = 0.
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