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ON EXAMPLES OF WITT FUNCTORS IN QUADRATIC
NUMBER FIELDS

Pawet GLADKI'™W, MATEUSZ PULIKOWSKI

Abstract. In this paper we provide a series of examples of nonmaximal orders
in a quadratic number field K whose Witt ring does not embed into the Witt
ring of K.

For R a commutative ring with 1, consider the Witt ring W R of Witt
equivalence classes of finitely generated projective modules M over R endowed
with nondegenerate symmetric bilinear forms 3: M x M — R (see Milnor and
Husemoller [6] for details). The diagonal form aix1y1+. ..+ anzyy, with a; €
R, i € {1,...,n} shall be denoted by (as,...,ay), and its Witt equivalence
class by [ay, ..., ay]. Pfister forms, i.e. forms of the shape (1,a;)®---®(1, a,),
shall be denoted by ({(ai,...,a,)), and their Witt classes by [[a1,...,a,]],
a; € Ryie{l,...,n}.

A homomorphism ¢: R — R’ between two commutative rings with 1 R
and R’ induces in a natural way a homomorphism between their respective
Witt rings: R’ is made into an R-module with multiplication defined by R x
R’ > (a,d’) — f(a)-a’ € R, so that if M is an R-module, it can be naturally
extended to an R’-module M’ = R'®r M with multiplication given by a’- (V' ®
m) = a'b'@m, for ' € R' and simple tensors &’ @®m € R' @ r M; now a bilinear
form 8: M x M — R uniquely extends to a bilinear form 8': M’ x M’ — R’
such that

B'(a" @m,b" @n) = d't' f(B(m,n)),
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for o/, € R', m,n € M. If M is finitely generated and projective then so
is M’, and if 8 is symmetric and nondegenerate, then S’ is such as well —
denoting by fy(M, ) (or fy(M), for short) the pair (M’,3") we thus obtain
a well-defined homomorphism of Witt rings f;: WR — WR’ by assigning to
the Witt equivalence class [M] the class [f;(M)].

We will be concerned with one special class of examples of such homo-
morphisms here. Let K be a number field and let Ok be its ring of integers.
The natural homomorphism WQOg — WK induced by the map f: O — K,
f(a) = ¢, is injective ([5], Satz 11.1.1), but if we replace Ok with an arbitrary
ring O whose field of fractions is equal to K this may no longer be true.

Consider one particular class of such rings, namely orders of the field K,
that is subrings O of Ok which, as Z-modules, are of rank n = [K : Q).
Craven, Rosenberg and Ware (2], Remark following Proposition 3.2) showed
that WO — WK is not injective for O = Z[3i] and K = Q(i). This was
later generalized by Ciemala and Szymiczek ([I], Example 4.5), who proved
that WO — WK is not injective for all orders O = Z[fi], with f > 1,
K = Q(i). Moreover, they also demonstrated that for an arbitrary number
field K and order O with conductor f = {a € Ok | aOg C O} such that
f C 20k the homomorphism WO — W K is not injective — these examples led
them to conjecture that the only orders O for which WO — WK is injective
are, in fact, the maximal orders O = Og. This turned out to be false, as
shown by Rothkegel ([7], Theorem 2.2), who proved that for O = Z[ f\/;i]
and K = Q(vd) with d # 1(mod4), 2t f and f | d the homomorphism
WO — WK is injective. This was further extended by the authors: firstly,
in [3], Theorem 1.1 we showed that for O = Z [3V/6] and K = Q (V/6) the
homomorphism WO — WK is not injective, and then in [4], Theorem 3, we
generalized this result to the case when K = Q ({/m), n = p*, with k € N,
p a prime, p # 2, with m square-free, m # +1, p | m and O = Z [p{/m]: here
WO — WK is also injective.

In this miniature note we add one more piece of puzzle to the big pic-
ture. Namely, although in general one expects that for a randomly selected
order O of a number field K the homomorphism WO — WK shall not be
injective, it appears that other than the few abovementioned examples by
Craven-Rosenberg-Ware/Ciemata-Szymiczek for the Gaussian field Q(z), and
the series of orders with “even” conductors — no explicit examples are to be
found in literature. We aim to fill that gap here: such examples are relatively
easy to build, by combining results obtained by Ciemala and Szymiczek with
some (more or less) elementary number theory. We shall discuss it here in
some detail. The key result used by Ciemala and Szymiczek to build their
examples is the following:
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PrOPOSITION 1 (I, Theorem 4.4]). Let K be a number field, Ok its ring
of integers, O an order and denote by U(Q) the group of units of O. Let (S, 3)
be a nondegenerate symmetric bilinear space over O with S a free module of
rank 2, and assume that in a certain basis B has the matriz

A C

C B |-
If all of the following conditions are met:
A, B,Ce0,
AB #£0,

L]
e AB—C?*=—-u?€U(0), De K\ {0},
e denoting by d and d' the roots of the isotropy equation:

B2X 4+2CX +A=0,

that is d = % = 7Cftu and d = % = 7CA+U, d and d' are integral
over O each of degree at least 2,

then the Witt equivalence class of (S, 3) is a nonzero element in the kernel of
WO —- WK.

We will use Proposition[I]to exhibit some examples of non-injective natural
homomorphisms of Witt rings in quadratic fields. We turn our attention to
real quadratic fields first. Let K = Q(v/d) with d > 0 square free and d #
1(mod 4), so that Ok = Z[/d] and there are infinitely many units, each of the
form ", where € = zg + yoV/d is the fundamental unit of K. For an integer
f>1set O =7Z[fVd]. Let " = a,, + b,\/d with integers ay, b,,.

THEOREM 1. Suppose there exists an integer n > 1 such that
a, =0 (mod f), b,Z0 (mod f).

Then the natural homomorphism WO — W K is not injective.

PROOF. Set u = " = a,, + b,V/d. By design, u is a unit in Q. Because
an = 0 (mod f) and b, Z 0 (mod f), we have that u ¢ O. On the other
hand, u? = 2" = ag,, + banVd, and a direct computation gives ba, = 2a,by,.
Since a, = 0 (mod f), we have by, = 0 (mod f), so u?> € O. Moreover, the
norm N(u?) = (N(u))? =1 = a3, — b3,d = (azn + b2y Vd) (a2, — b2, V/d), s0
that the inverse of u? is its conjugate, which is an element of O. Therefore,
u? is a unit in O.

Consider the bilinear space S = 02 with bilinear form whose matrix is

)
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It clearly satisfies the conditions of Proposition 1} —u?,1,0 € O, —u? # 0 is
a unit in O, and the isotropy equation is X2 — u? = 0 — its roots are +u,
which lie in O and satisfy the monic polynomial equation X2 —u? = 0 with
coefficients in O, since u? € O. O

The existence of an integer n such that a,, = 0(mod f) and b,, Z 0(mod f)
is intimately connected to the splitting behaviour of the prime factors of fOx
in Ok and to the order of the fundamental unit modulo those primes. Let p > 0
be a rational prime and consider the order O = Z[p\/&]. We shall distinguish
between the unramified case (when p does not divide the discriminant of K,
so p 1 2d) and the ramified one (when p | 2d).

If p | 2d, then either p = 2, so that WO — WK is not injective by [1l
Theorem 5.2] or 2t p and p | d, in which case WO — WK is injective by [7|
Theorem 2.2|. The unramified case is more subtle:

THEOREM 2. Let p be an odd prime with p{d and let O = Z[pv/d], where
d # 1(mod4). Let m be the order of the image of fundamental unit € in the
multiplicative group (O /pOk)*. If 4 | m, then set n = m/4. Then

a, =0 (modp), b,#0 (modp).

PROOF. Let R = Ok /pOk. The multiplicative group R* is cyclic of order
p? — 1if p is inert, that is if (%) = —1, and isomorphic to F;* x F* if p splits,

that is if (%) = 1. In either case, the order m of € in R* is well-defined. By
hypothesis, 4 | m.

Set n = m/4. Then 2" = ¢™/2, Since m/2 is even (because m is divisible
by 4), we have €™/2 # 1 and its square is €™ = 1. Hence €™/ is an element
of order 2 in R*. In any field of characteristic not 2, the only element of
order 2 is —1. In the split case, the group is a product, and the element of
order 2 is (—1, —1). In either case, e™/2 = —1 (where —1 denotes the element

(—1,...,—1) in the product, or the field element —1). Thus " = —1.
Now write " = a, + b,V/d in Og. Reducing modulo p gives an element
in R. The equality £?" = —1 becomes

(an +bpVd)? = -1 (mod p).

Expanding, a2 + db? + 2anbnv/d = —1. Since the representation of elements
of R in the basis {1,v/d} is unique (mod p), we compare coefficients:

a2 +db? = —1, 2a,b, =0 (mod p).

Because p is odd, the second congruence gives a,b, = 0 (mod p). If b, = 0
(mod p), then the first congruence gives a2 = —1 (mod p), which would imply
that —1 is a square modulo p. But then £ = a,, would be a rational integer,
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and its norm would be a2, which is 1. However, if b, = 0, then e" = 41
(since the only units in Z are £1). Then £2* = 1, contradicting £2" = —1.
Therefore b,, Z 0 (mod p). Hence a,, = 0 (mod p) from the product condition.

Thus we have a,, =0 and b,, # 0 (mod p), which finishes the proof. O

EXAMPLE 1. The condition that the order m of ¢ in (O /pOk)* is di-
visible by 4 is a concrete arithmetic condition that can be checked for given
d and p. It is satisfied for many primes:

e for d=2,p=3:e=1++/2 has order 8 in F§ (since p is inert), so m = 8
is divisible by 4;

e for d = 2, p = 17: 17 splits, € has order 16 in F, so m = 16 is divisible
by 4;

e for d =3, p=7:7is inert, ¢ = 2 + /3 has order 8 in Fy, which again is
divisible by 4.

Thus the theorem provides infinitely many odd conductor examples for each

real quadratic field: by the Chebotarev Density Theorem there are infinitely

many primes for which the order of ¢ is a multiple of 4.

REMARK 1. The condition provided by Theorem [2] is sufficient for the
existence of suitable n, but far from necessary. For example, let K = Q (\/i)

and p = 7. The order of ¢ = 1 4 /2 modulo 7 is 6, which is not divisible
by 4, but for n = 3 we get €> = 7 4 5v/2, so that a3 = 7 = 0 (mod7) and
bs =50 (mod7).

The case of imaginary quadratic number fields seems to be more compli-
cated. Recall that except for d = 1 and d = 3, the ring of integers Ok of the
field K = Q(\/Td) contains only 2 units, namely 1 and —1, so there is no
hope of applying Theorem (1| here. The case of the Gaussian field Q(\/jl),
whose ring of integers contains 4 units, has been completely described by
Ciemata and Szymiczek. The Eisenstein field Q(\/TS) is considerably more
involved and the methods developed for the Gaussian field do not seem to be
transferable here.
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