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SOME FIXED POINT THEOREMS
VIA COMBINATION OF WEAK CONTRACTION
AND CARISTI CONTRACTIVE MAPPING

KusHAL ROY, SAYANTAN PANJA®, MANTU SAHA, ZORAN D. MITROVIC

Abstract. In this paper we introduce some new types of contractive mappings
by combining Caristi contraction, Cirié-quasi contraction and weak contraction
in the framework of a metric space. We prove some fixed point theorems for
such type of mappings over complete metric spaces with the help of ¢-dimi-
nishing property. Some examples are given in strengthening the hypothesis of
our established theorems.

1. Introduction and preliminaries

In recent years, there appeared a considerable interest in the fixed point
theory. Currently fixed point theory has various applications in different
branches of mathematics such as boundary value problems, nonlinear differ-
ential and integral equations, nonlinear matrix equations, homotopy theory
etc. The main purpose of fixed point theory is to deal with several mappings
either of contractive type or non-expansive type in nature over various gen-
eralized metric spaces beyond our usual metric spaces and to investigate the
existence of their fixed points therein.
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In the year 1922, S. Banach ([I]) introduced the most celebrated theorem
in fixed point theory known as Banach Contraction Principle.

THEOREM 1.1 ([1]). Let (M,d) be a complete metric space. If a map
T: M — M satisfies

(1.1) d(T¢,Tn) <ad(&,n) forall&,n € M and for some a € [0,1),
then T has a unique fized point in M.

In 1976, Caristi (|3]) had established another famous fixed point theorem
using a suitably defined lower semi-continuous function.

THEOREM 1.2 ([3,9]). If (M,d) is a complete metric space and ¢: M —
[0,00) is a lower semi-continuous function, then a mapping T: M — M sat-

isfying
(1.2) d(&,T€) < (&) —p(T€)  for each & € M,

has a fixed point in M.

Subsequently Ciri¢ (J4,5]) had introduced a new contractive condition and
proved a prominent fixed point theorem for a quasi contraction mapping. This
mapping might be discontinuous in nature.

THEOREM 1.3 ([4, [5]). Let (M,d) be a complete metric space and T be a
self mapping on M. If T satisfies

(1.3) d(TE,Tn) <kR(&,n) forall&ne M and for some k € [0,1)

where R(§,n) = max{d(§,n),d(&,TE),d(n,Tn),d(&,Tn),d(TE n)}, then T has
a unique fixed point in M.

In the year 2004, V. Berinde (|2]) had introduced a generalized contrac-
tive mapping, namely weak contraction mapping, which is so strong that it
generalizes not only just Banach contraction maps but also Kannan maps,
Chatterjea maps, Zamfirescu maps and also partially Ciri¢ quasi contraction
maps and proved a fixed point theorem on it, which is given below.

THEOREM 1.4 ([2, [10]). Let (M,d) be a complete metric space. If a map-
ping T: M — M satisfies

d(T¢, Tn) < 0d(&,n) + Ld(n, TE)  for all &, € M,

for some § € [0,1) and for some L > 0 then T has at least one fized point
in M.
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Though the approaches of the renowned results of Caristi ([3]) and Banach
([]) are quite different and the corresponding proofs vary, Karapiar et al.
([7]) have proposed a new contractive type condition which is the combination
of the two contractive conditions and , and proved a fixed point
theorem in a complete metric space, stated below.

THEOREM 1.5 ([7]). Let (M, d) be a complete metric space andT: M — M
be a mapping. If there exists a function ¢: M — [0,00) such that

(1.4) d(T'€,Tn) < (¢(§) — (T€))d(&,m)
for all &, m € M with £ # TE, then T has a fized point in M.

The contractive condition (1.4) has been further generalized by combin-
ing the contractive conditions ([1.3) and (1.2]) and the following fixed point
theorem has been proved by Karapmar et al. (see [§]).

THEOREM 1.6 ([8]). Let (M, d) be a complete metric space and T: M — M
be a mapping. If there exists a function ¢: M — [0,00) such that

(1.5) d(T¢, Tn) < (p(§) — ¢(TE))R(E,n)

for all €5 € M with € # T€, where R(&,n) = max{d(,n), d(¢, T€), d(n, Tn),
d(&,Tn),d(TE,n)}, then T has at least one fized point in M.

There are some mappings which are not Ciri¢é-quasi contraction mappings
but satisfy the contractive condition (1.5)). See the following example.

EXAMPLE 1.7. Let M = [0, 1] be the metric space equipped with the usual
metric d. Let T': M — M be defined by

- 1
T(g):{o, if 0<e<?,

1, if $§<€¢<.

Then T satisfies the contractive condition (1.5) for ¢: M — [0,00), which is
defined by

if £€=0,
if 0<¢<i,
if 1<¢<1,
if £€=1.

W O e =
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If T satisfies the contractive condition (|1.3) then there exists 0 < ¢ < 1 such
that

d(T¢,Tn) < q max{d(&,n),d(&,T€),d(n,Tn),d(& Tn),d(TE n)},
for all £, € M. Then for £ = % and n < % we have
(1.6) 1=d(T¢,Tn) < qmax{d(§,n),d(&,TE),d(n, Tn),d(&,Tn),d(TE,n)}

{1 1 1 1 }
=gmaxi—-—n,—,1n,—-,1—ny.
q X 2 /'772777’2’ 77

Taking n — (1/2)” in (L.6) we see that 1 < ¢/2 < 1/2, a contradiction.
Therefore T is not a Ciri¢-quasi contraction map.

Any mapping satisfying (|1.4]) also satisfies the contractive condition ([L.5]
but the converse is not true in general.

EXAMPLE 1.8. Let M = [0, 3] be the metric space endowed with the usual
metric d. Let T: M — M be defined by

1, if 0<¢<1,
TE)={2 if 1<&<2,
3, if 2<¢<3.

Then T satisfies the contractive condition (1.5) for ¢: M — [0, 00), which is
defined by

if 0<¢<1,
if 1<¢<2,
if 2<&<3,
, if £€=3.

p(§) =

N W = Ot

But T does not satisfy the contractive condition (1.4]). If 7" satisfies (1.4]) for
some @: M — [0,00) then for £ =1 and n < 1 we have

1=d(T¢,Tn) < (p(&) — w(TE))d(&, )
= (o(1) = (2))(1 = n).

By taking n — 1~ we arrive at a contradiction.
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In this article, we define some new contractive conditions which generalize
the contractive conditions (|1.5)) and (1.6)) and prove some fixed point theorems
in a complete metric space which generalize the results of Karapinar et al.

(see [7], [8])-

2. Main results

In this section we correlate the weak contraction mapping with Caristi
contractive mapping in the framework of metric spaces. First we define some
new contractive mappings.

DEFINITION 2.1. Let (M,d) be a metric space and T: M — M be a self
map. Then T is said to be

(i) orbital Banach—Caristi contractive mapping if there exists ¢: M —
[0,00) such that for all £ € M,

(2.1) d(T€,T%€) < (p(€) — (T€))d(E, TE).

(ii) weak Banach—Caristi contractive mapping if there exist ¢: M — [0, 00)
and L > 0 such that for all £, € M with d(&,T¢) > 0 we have

(2.2) d(T¢,Tn) < (p(§) — w(T€))d(&,n) + Ld(n, TE).

(iii) weak Cirié-Caristi contractive mapping if there exist ¢: M — [0, 00)
and L > 0 such that for all £,7 € M with d(£,T¢) > 0 we have

(2.3) d(T¢€,Tn) < (#(§) — e(TE)R(&,n) + Ld(n, T¢),
where R(§,m) = max{d(¢,n),d(§,T€),d(n, Tn),d(, Tn),d(n, TE)}.
REMARK 2.2. Condition (2.1)) generalizes condition (1.1) in the paper [6].
DEFINITION 2.3 (¢p-diminishing property). Let (M, d) be a metric space
and T: M — M be a mapping. Also let ¢: M — [0,00) be a given mapping.
Then T is said to have p-diminishing property in M if for any € > 0 there
exists £ € M with d(&,T¢) > 0 such that 0 < p(§) — o(T€) < e.

LEMMA 2.4. If in a metric space (M,d), T does not have @-diminishing
property for some p: M — [0,00) then T has a fized point in M.
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PROOF. Since T does not have p-diminishing property for p: M — [0, 00),
there exists € > 0 such that ¢(§) — o(T€) > € for all £ € M with d(&,T¢) > 0.
Let & € M be chosen as arbitrary and let us construct the Picard iterating
sequence {&,}, where &, = T, for all n > 1. If possible let &, # &,41
for all n > 1. Then we have {p(&,)}nen is monotone decreasing sequence of
real numbers which is bounded below. So it is convergent that is a Cauchy
sequence. But since € < ¢(&,) — @(&nq1) for all n > 1 then {p(&,)}nen can
not be Cauchy, arrives at a contradiction. Therefore there must exists some
m € N such that &,, = &,,+1 and hence T has a fixed point in M. O

Now we recall the definition of orbital continuity of a mapping (see [5]):
For a self mapping T over a metric space (M, d) the set O(&,T) := {T"€ :n =
0,1,2,---}, £ € M, is called an orbit of the mapping 7" and T is said to be
orbitally continuous at a point p € M if for any sequence {&,} C O(§,T) (for
some & € M) &, — p implies TE,, — Tp as n — co. Moreover, if T' is orbitally
continuous at each point of M then T is said to be orbitally continuous on M.

THEOREM 2.5. Let (M,d) be a complete metric space and T: M — M be
an orbital Banach—Caristi contractive mapping. Then T has a fixed point in
M, provided T is orbitally continuous on M.

PRrOOF. If T does not have @p-diminishing property for the function ¢
appearing in the definition of 7" then 7" has a fixed point in M by Lemma [2.4]
So we assume that 7" has p-diminishing property in M.

Let us choose ag € M and we construct the Picard iterating sequence
{an}, where a, = T"ag for all n > 1. If a,, = a,41 then T has a fixed point
in M. So without loss of generality we assume that d(a,—1,Ta,—1) > 0 for
all n € N. Then due to condition we have

(2.4) d(an,ani1) = d(Tan_1,T*an_1)
< (plan-1) — ¢(an))d(an—1,Tan-1)
= (So(an—l) - Sp(an»d(an—l,an) for all n > 1.

Let us denote d(a,—1,Ta,—1) = s, for all n € N. Then from (2.4]) we get

(2.5) 0 < Intl < plap—1)—pla,) foralln >1.

n

Thus for any k£ € N we have

k
(2.6) Z 8&1 < Z{%’(azA) —¢(a;)} = p(ao) — p(ax).



Some fixed point theorems via combination ... 295

Now from ([2.5)) it follows that {((ay,)}nen is @ monotone decreasing sequence
of real numbers which is bounded below. So it is convergent and let it converge
to some (> 0). Thus (2.6) implies that

o0
Z S;H < p(ag) —r < 0.
i=1 °°

Therefore lim;_, o sf;l = 0 and for some fixed p € (0,1) there exists ng € N
such that s;11 < ps; for all i > ng. Now for ng < p < ¢ we have

q—1 q—1 P
d(ap,aq) < Zsiﬂ < (Zp’)sl < 1[)_ psl —0 asp— oo.
=p i=p
Therefore, {a,} is a Cauchy sequence and since M is complete, there exists
e € M such that {a,} converges to e. Since T is orbitally continuous in M it
follows that T'a,, converges to T'e as n — oco. Hence T'e = e and T has a fixed
point. O

REMARK 2.6. The class of mappings satisfying the contractive condition
is a larger class than the class of mappings satisfying the contractive
condition . If we take n = T¢ € M in the contractive condition then
clearly it reduces to the contractive condition , but the converse is not
true. The following example proves our assertion.

EXAMPLE 2.7. Let M = [O, %} be the metric space endowed with the usual
metric d and T: M — M be defined by

T(E) = {0, if £€€/0,1),

£ 3

Also let ¢: M — [0,00) be defined as ¢(§) = 2¢ for all £ € M. Then T
is an orbital Banach—Caristi contractive mapping . Also T is orbitally
continuous and hence by Theorem [2.5] 7" has a unique fixed point 0 € M.
But T does not satisfy the contractive condition . If T satisfies for
some ¢: M — [0,00) then for £ =1 and n < 1 we have

% = d(T¢€,Tn) < (¢(§) — (T€))d(&, )

= (e —e(5))0 -

By taking n — 17, we arrived at a contradiction.
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EXAMPLE 2.8. Let M = [0,00) be the metric space endowed with the
usual metric and T: M — M be defined by

1 i geo,2),
T(g)_{g, if €22

Also let p: M — [0,00) be defined as ¢(1) = 0 and ¢(§) = £ for all £ # 1.
Then T is clearly an orbital Banach—Caristi contractive mapping and also
orbitally continuous in M. We see that T" has uncountably many fixed points
in M.

ExXAMPLE 2.9. Consider M = ¢, the space of all real sequences convergent
to zero, equipped with its usual metric do(§,n) = sup,, [£, — nn| for all £ =
(&n), s n = (nn), € M. Then (M,ds) forms a complete metric space. Define
T: M — M by

29

£ if there is at least one &, with €] > 1,
) =T{&}) =

0, otherwise.

Take ¢: M — [0, 00) defined by ¢(§) = sup |§,| for all £ = {£,} € M. Then

it can be easily checked that T is orbital Banach—Caristi contractive mapping
and also T is orbitally continuous. Clearly, the zero sequence (0,0,---,0,---) €
M is a fixed point of T'.

THEOREM 2.10. Let (M, d) be a complete metric space and T: M — M be
a weak Banach—Caristi contractive mapping. Then T has a fixed point in M.

PRrOOF. If T does not possess p-diminishing property for the function ¢
appearing in then T has a fixed point in M, by Lemma So we assume
that T has ¢-diminishing property in M.

Let us choose ag € M and we construct the Picard iterating sequence
{an}, where a, = T"ay for all n > 1. If a,, = a,41 then T has a fixed point
in M. So without loss of generality we assume that d(a,—1,Ta,—1) > 0 for
all n € N. Then due to condition we have

(2.7) d(an,an+1) = d(Tan—1,Tay)
< (plan-1) — plan))d(an-1,an) + Ld(an, Tan—1)

= (Sp(an—l) - Sp(an))d(an—han) for all n > 1.
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Let us denote d(an—1,Ta,—1) = t, for all n € N. Then from (2.7 we get

tn—i—l
ln

0<

< p(apn—1) —p(a,) foralln >1.

Arguing in a similar manner as in Theorem we see that {p(an)}nen con-
verges to some r > 0 and {a,} is a convergent sequence in M. Let it be
convergent to w € M. Then from the contractive condition ([2.2)) we get

d(apy1,Tw) = d(Tay, Tw)
< (p(an) — @(ant1))d(an,w) + Ld(w, apny1) — 0 as n — oo.
Therefore Tw = w and w is a fixed point of T" in M. O
From Theorem [2.10| we get the following remark.

REMARK 2.11. If we take L = 0 in the contractive condition ([2.2)) then
it reduces to the contractive condition ([1.4). More precisely, Theorem
directly follows from Theorem [2.10] by choosing L = 0.

Therefore any mapping satisfying contractive condition (1.4) is a weak
Banach—Caristi contractive mapping but the converse is not true in general.
The following example proves our assertion.

ExXAMPLE 2.12. Let M = R, equipped with the usual metric d, and

T: M — M be given by
1, if&>0,
T(€) = .
-1, if&<0.

Then it can be easily checked that T is a weak Banach—Caristi contractive
mapping, i.e. satisfies with suitable choice of ¢ and L > 2 but it does not
satisfy the contractive condition . For if, T satisfy then for £ =0
and n < 0 we have

2=d(T0,Tn) < (¢(0) — ¢(1))d(0,7n)
= (p(0) —p(1))|n] =0 asn— 07, a contradiction.

Here all the conditions of Theorem 2.10] are satisfied and T has two fixed
points —1 and 1.
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THEOREM 2.13. In a complete metric space (M,d) a weak Cirié-Caristi
contractive mapping T has at least one fized point.

PROOF. It is immediate that T" has a fixed point in M without having (-
diminishing property of T. So we suppose that T" has ¢-diminishing property
in M.

Let us choose ag € M and we construct the Picard iterating sequence
{a,}, where a,, = T™ag for all n > 1. If a,, = a,,4+1 then T has a fixed point
in M. So without loss of generality we assume that d(a,_1,Ta,—1) > 0 for
all n € N. Then due to condition we have

(2.8)  d(an,ans1) = d(Tan_1, Tay)
< (plan-1) — ¢(an))R(an-1,an) + Ld(an, Tan—1)
= (p(an-1) — ¢(an)) max{d(an—1, an), d(an, ant1), d(an-1, ani1)}
< (p(an-1) — p(an)[d(an—1,an) + d(an, ant1)] for all n > 1.

Let us denote d(ap—1,Ta,—1) = uy for all n € N. Then from (2.8) we get

Unp41
2.9 0< ———— < plapn—1) — pla,) foralln > 1.
(29) T < gan)  plan)

Thus for any k£ € N we see that

Ui + Uj41

=1 %

k k
(2.10) 3 < S p(ais) — plai)} = plao) — plar).

Now from (2.9)) it follows that {¢(a,)}nen is a real monotonically decreasing
sequence which is bounded below. So it is convergent and let it converge to
some (> 0). Thus (2.10) implies that

o0
Wi
ZLl < p(ag) —r < oco.
— U; + Ujg1
=1
Therefore lim;_, o u_q_f;_lﬂ = 0 and for some fixed o € (0, %) there exists N € N
such that #;1“ <o ie ujp1 < pu; for all i > N, where p = 2. Now for

N < p < q we have

q—1 g—1 P

d(ap,aq) < g Uiy < ( ,u’)ulg 1“ up — 0 asp— oo.
: —p
i=p =p

i
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Therefore, {a,} is a Cauchy sequence and, since M is complete, there exists
v € M such that {a,} converges to v. Now,

d(v, Tv) < d(v,an) + d(Tan_1,Tv)
v, an) + (plan—1) — @(an))R(an—1,v) + Ld(v,Tan—1)

d
<d
= d(v, an) + (plan—1) — p(an)) max{d(an—1,v),d(an_1,an),

(
(
(
d(v, Tv), d(v, an), d(an_1, Tv)} + Ld(v,an) for any n € N,

Taking n — oo, by continuity of d we get d(v,Tv) = 0. Hence T has a fixed
point in M. ([l

EXAMPLE 2.14. Let M = {1,2,3,4}, endowed with the usual metric, and
T: M — M be defined by T1 = 2, T2 = 3, T3 = 4 and T4 = 4. Also let
w: M — [0,00) be given by ¢(1) = 10, p(2) = 9, ¢(3) = 8 and p(4) = 7.
Then clearly T is a Ciri¢-Caristi contractive mapping and all the conditions

of Theorem [2.13] are satisfied. Here T" has a unique fixed point in M.

REMARK 2.15. Theorem 1.6 directly follows from Theorem by choos-
ing L = 0.

We can use one of the following contractive conditions instead of the con-
tractive condition (2.3)).

COROLLARY 2.16.
(i) For all§,m € M with d(§,TE) > 0, T satisfies

d(T€,Tn) < (p(§) — o(T€))[ad (&, T€) + Bd(n, Tn)] + Ld(n, TC),
where 0 <a+ <1 and L > 0.
(ii) For all &,m € M with d(¢,T¢) > 0, T satisfies
d(T€,Tn) < (p(§) — o(T€))vd(S, Tn) + 6d(n, TE)] + Ld(n, T),
where 0 < 446 <1 and L > 0.
(iii) For all &,n € M with d(¢,T€) >0, T satisfies

d(T€,Tn) < (p(§) — o(TE))[Ad(&,m) + pd(§, TE) + vd(n, Tn)]
+ Ld(n, T¢),

where 0 < A4+ pu+v <1 and L > 0.
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(iv) For all &,m € M with d(§,T€) >0, T satisfies

d(T&,Tn) < (p(§) — w(T€))[Bd(E,n) +vd(§,Tn) + dd(n, TE)]
+ Ld(n, T¢),

where 0 < 8+~v4+0<1and L > 0.
(v) For all &,m € M with d(§,T¢) > 0, T satisfies

d(T€,Tn) < (p(§) — o(T€))[ad(&,n) + Bd(&, TE) +vd(n, Tn)
+6d(&,Tn) + ¢d(n, TE)] + Ld(n, TE),

where 0 < a+B+v+d+(<1and L >0.
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