§ sciendo

Annales Mathematicae Silesianae 36 (2022), no. 2, 167-175
DOI: 10.2478/amsil-2022-0006

A FURTHER GENERALIZATION OF lim,_,o. ¥/n!/n=1/e

REZA FARHADIAN® RAFAEL JAKIMCZUK

Abstract. It is well-known, as follows from the Stirling’s approximation
n! ~ V2mwn(n/e)”, that ¥nl/n — 1/e. A generalization of this limit is
(1t . 92° -~~n”s)1/”SJrl S~ U/(s+1) Ly e=1/(s+1D? which was established by
N. Schaumberger in 1989 (see [§]). The aim of this work is to establish a new
generalization that is in fact an improvement of Schaumberger’s formula for a
general sequence A,, of positive real numbers. All of the results are applied to
some well-known sequences in mathematics, for example, for the prime num-
bers sequence and the sequence of perfect powers.

1. Introduction

One of the well-known consequences of the Stirling’s approximation
n! ~ v2mn(n/e)™ is the following limit formula (see, e.g., [3], [5] and [7]):

(1.1) im L

In 1989, N. Schaumberger (|8]) established a generalized form of (I.1). He
proved that for any s € NU {0},

1/ns+1

11°.92° ... pn°
(1.2) lim )

_ o 1/(s+1)?
n— oo nl/(5+1) ’
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Obviously, if one puts s = 0 in limit formula , then limit formula is
obtained.

In this note, we aim to generalize the Schaumberger’s formula for a general
sequence A, of positive real numbers. Thus, we will show that our general-
ization gives limit formulas and when A, = n. Furthermore, we
show that the new generalization applies to some well-known sequences in
mathematics, for example, for the prime numbers sequence and the sequence
of perfect powers.

2. Main results

In this section we aim to present our main results. First, let us consider
the following lemma:

LEMMA 2.1 (J6, page 332]). Let > ;= a; and Y .o, b; be two series of
Disq @i =0

positive terms such that 3+ — 0 and >oi2, by is divergent. Then S

THEOREM 2.2. Let A, be a strictly increasing sequence of positive real
numbers tending to infinity satisfying the asymptotic formula A, ~ Api1

(i.e., limy, oo AX“ = 1), and let d,, = Apy1 — An. Then for any integer
s> 0,
(Hn_l AdzAS) 1/Ai+1
i=1 ‘4
(2.1) Al/(s+1) N 6—1/(8-‘1-1)2

if and only if

n—1 4s5—1 32
A7 dslog A
Zz:l 7 7 Og 1 N 0

(2.2) e

Hint: note that condition A, ~ A, 1 is equivalent to the condition j—“ —0.

PRrROOF. We have the following formula:

. {I}S+1 $s+1
(2.3) /x logxd;v:s+1logx—m+c
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and the following two formulas (use L’Hospital’s rule)

(2.4) log(1+z)=2— %xz +0(z?) (z—0),
(2.5) (1+2) =14 (s+ Dz + M:EQ +o0(2%) (z—0).

Hence, , , and give

Ai+1 AS+1 AS+1 As—|—1 As+1
5] _ z+11 Ajrq — i+l A log A; i
/Ai x° log x dx — o1 08 Ait G+1)° 8+10g +(s+1)2
AsTL d. s+l AStL d. d, N\ s+1
v 1 2) e 1)1
s+l s+l Astl d; \ s+
A gy AL ATy
P T A pari DA )
(2.6) = Aslog A; d; + gAf“ log A; d? + 0 (A M log A; d2) .

From (2.6) and Lemma we find that

A
n As+1 As+l 1
/ x®logxdr = ———log A, — —= +
1 s+ S

Ay n—1
:/ xsloga:da?—FZAf d;log A;
1

=1
s n—1
+ (S 4+0(1) DA dlog 4
=1
that is,
log A, 1 1 1 1 [
2.7 - = “logzd
@) B -Gt e s, et

n—1 n—1
1 s 1 1
noi=1 "=
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Equation ([2.7)) implies that the equation

n—1
1 .
=1
and the equation
log A, 1 1 =
— 1) = — A? d;log A;
s+1  (s+1)2 +o(1) Astt ; i 0508

are equivalent. On the other hand the last equation is equivalent to the equa-
tion

B 1/As+1
<Hi:1 Ai ) —1/(s+1)2
AL/GHD = (1+o(1))e :
This completes the proof. ([l

In the next theorem we consider the case s = 0 for limit formula (2.1)).

THEOREM 2.3. Let A, be a strictly increasing sequence of positive real
numbers tending to infinity satisfying the asymptotic formula A, ~ Anpi1,
and let d, = Ap11 — An. Then

(2.8)

PROOF. As in Theorem by use of (2.3) (with s = 0) and (2.4), we
obtain (compare with (2.6]))

Ao lou A 4 L2 d?
2. = a; i — -],
(2.9) /Ai ogxrdr =d;logA; + 52, +O<Ai>

From (2.9) (as in Theorem we obtain (compare with (2.7))

A n—1
1 S logadzr S" " d;log A;
2.10) logA, —1+ — == =1 -
(2.10) log +An 1 =+ 1

n—1 d2 n—1 d?
1 Zi:ll ,% n 2= © (E)
2 A, An ’
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Equation ([2.10]) implies that the equation

n—1 d? n—1 df
DDA P O(E)
DS =o(1),

(2.11) ST T

and the equation

n—1
"1 log A
(2.12) log Ay — 1 = Zz:lA—Og +o(1)

are equivalent. That is, equation (2.11) holds if and only if equation (2.12))
holds.

Now, equation (2.12)) is equivalent to equation ([2.8) and equation (2.11]

is equivalent to the equation

Srtd
(2.13) % = o(1).

Consider the two possible cases. That is, either the series of positive terms

d2
oo d} ; A _ 4
Dot - converges or diverges. Now, 7+ = 3= — 0 and consequently by
Lemma 23] we have
Zn—l df
—
. -0,

Y di= A — A
that is, equation (2.13]) holds. The theorem is proved. O

Now, we shall prove the following theorem, which is based on a stronger
condition.

THEOREM 2.4. If in Theorem [2.3 the sequence A, satisfies the stronger
condition % — 0, then the limit formula (2.1) holds.

PRrROOF. The stronger condition can be written in the form

d? log A;
A;
—— = 0.
%

Therefore by Lemma [2.1] we have

anl d? log A;

=1 -
! N
A,
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Finally

s—1 32
—1 _ n—1 A;” "djlog A; n—1 df log A;
ST AT d? log A dic Az Yict A
s+1 < A = A - O,
An n n

0<

that is, limit formula (2.2) and consequently limit formula (2.1)) also holds.
The theorem is proved. U

We therefore prove the following theorem that establishes a generalization
of the Schaumberger’s limit formula (1.2]).

THEOREM 2.5. Let A, be a strictly increasing sequence of positive real
numbers tending to infinity such that % — 0, where d,, = Apy1 — Ap.
Then for any integer s > 0,

s+1
=177

Ly e~ s+
A,ll/(sﬂ)

(2.14)

PROOF. It is an immediate consequence of Theorem Theorem [2.3] and
Theorem 2.4l Since

s+1 s+1
nogdiAS 1/A% n-1 diA; 1/A;

s\ /At
o Em - T ((An)dnAn)
Ay Ay
(anl AdiAf)l/Ai+1
i=1 7 dn log Ap
= AL/GHD e A,
then (since nlo24n _, ()

e\ 174G asy LA
(IT 48 ) (I i)
AT ~ AYGHD

The theorem is proved. [l

It can be seen that Theorem [2.5| with A,, = n gives Schaumberger’s limit
formula (1.2)), since in this case we have dnlgigA" =logn _, (. Thus, limit in

(1.1)) is also obtained.
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In the following theorem, we show that if a sequence A,, satisfies the hy-
pothesis of Theorem then limit formula (2.14]) also holds for the sequence
AF . where k € N.

THEOREM 2.6. Let A, satisfies the hypothesis of Theorem 2.5 Then limit
formula holds for the sequence AX, where k € N.

PROOF. We know from the hypothesis of Theorem [2.5] that A,, is a strictly
increasing sequence of positive real numbers tending to infinity such that
d”ljigA" — 0. We must show that sequence A* (Vk € N) also holds under the
hypothesis of Theorem 2.5

Clearly AF (Vk € N) is also a strictly increasing sequence of positive real
numbers tending to infinity. Now, we have the following well-known identity:

aF — b =(a—b)(a" ' +a"F P+ ab R4
Therefore,

Ab AR =, (AR + AR SAL o+ A AR AR

= (14 o(1))kd, AF~1
and consequently

(Ah 1 — A%)log A% (1+ o(1))kdn AF 'k log Ay,

A A

= ((1 + 0(1))1@2‘1”113?1/1”) — 0.

Hence, the sequence A* (Vk € N) satisfies the hypothesis of Theorem
therefore limit formula (2.14) also holds for A%. The theorem is proved. O

Some well-known sequences follow the conditions of Theorem conse-
quently limit formula (2.14]) applies to them. We show this in the following
theorem and corollaries thereafter.

THEOREM 2.7. Let A, be a strictly increasing sequence of positive real
numbers tending to infinity and let d, = Ani1 — Apn. If dy, < cAfW where ¢
and 0 < 0 < 1 are constants, then limit formula (2.14)) holds.
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PROOF. Since A, is a strictly increasing sequence of positive real numbers
tending to infinity, we have immediately d"lzigA” > 0 for n € N. Therefore

dnlog A, - CAZ log A,  clog A,

< —
0=, A, A0

— 0,

which gives dn {Zg An (. Hence, by Theorem H the limit formula
holds. The theorem is proved. D

COROLLARY 2.8. Limit (2.14)) holds for the sequence p,, of prime numbers.

PRrOOF. It is an immediate consequence of Theorem since it is well-
known that (see, e.g., [1], |2]) there exist constants ¢ and 0 < 6 < 1 such that
d,, < cp?. The corollary is proved. O

COROLLARY 2.9. Limit formula holds for any sequence A, such
that d,, = Apy1 — A, is bounded. For example, for any lz’near sequence A, =
an +b, where a > 0 and b is integer Also, limit formula (2.14)) holds for any
sequence in the form A, = an®, where a and b are posmve mtegers stnce
log A,, ~ blogn and by the bmomzal formula d,, ~ abn®~1. Another example
is the sequence P, of perfect powers, since (see [4]) P, ~ n?, log P, ~ 2logn
and d, = P41 — P, < 2n.

PRrROOF. Use Theorem 2.7 O
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