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THE HYBRID NUMBERS OF PADOVAN
AND SOME IDENTITIES

Milena Carolina dos Santos Mangueira ,
Renata Passos Machado Vieira, Francisco Régis Vieira Alves,

Paula Maria Machado Cruz Catarino

Abstract. In this article, we will define Padovan’s hybrid numbers, based on
the new noncommutative numbering system studied by Özdemir ([7]). Such
a system that is a set involving complex, hyperbolic and dual numbers. In ad-
dition, Padovan’s hybrid numbers are created by combining this set, satisfying
the relation ih = −hi = ε + i. Given this, some properties and identities are
shown for these numbers, such as Binet’s formula, generating matrix, charac-
teristic equation, norm, and generating function. In addition, these numbers
are extended to the integer field and some identities are made.

1. Introduction

A new numeric set was presented by Özdemir in [7] where he studied
three numerical systems together, be they: the complex, hyperbolic and dual-
resistant numbers combined with each other. Thus, he called this new number
as a hybrid number, denoted by K. From this, the hybrid numbers, some
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theorems, properties and their matrix form will be defined. An extension is
also made to the field of the whole numbers, verifying its evolutionary process.

Definition 1.1. The set of all hybrid numbers is defined as:

K = {z = a+ bi+ cε+ dh : a, b, c, d ∈ R,

i2 = −1, ε2 = 0, h2 = 1, ih = −hi = ε+ 1}

Also, you can perform some properties and operations with the hybrid
numbers, be they: Taking two hybrid numbers z1 = a1 + b1i+ c1ε+ d1h and
z2 = a2 + b2i+ c2ε+ d2h and s ∈ R get:
• Equality z1 = z2, if and only if, a1 = a2, b1 = b2, c1 = c2 and d1 = d2;
• Sum z1 + z2 = (a1 + a2) + (b1 + b2)i+ (c1 + c2)ε+ (d1 + d2)h;
• Subtraction z1 − z2 = (a1 − a2) + (b1 − b2)i+ (c1 − c2)ε+ (d1 − d2)h;
• Multiplication by scalar s · z = s · a+ s · bi+ s · cε+ s · dh

The hybrid product is obtained by distributing the terms to the right,
preserving the order of multiplication of the units and then writing the values
of the following substituting of each product of units by the equalities i2 = −1,
ε2 = 0, h2 = 1, ih = −hi = ε+1. Using these equalities, we can find the
product of any two hybrid units. And we can still present the multiplication
table of a hybrid number, as shown in Table 1. The multiplication operation on

Table 1. Multiplication table for K
· 1 i ε h

1 1 i ε h

i i −1 1− h ε +i

ε ε 1 + h 0 − ε

h h − ε −i ε 1

the hybrid numbers is not commutative, but it has the Associativity property
and the set K of the hybrid numbers forms a non-commutative ring relative
to the addition and multiplication.

And yet, we have the conjugate of a hybrid number z = a+ bi+ cε+ dh,
denoted by z, given by

z = a− bi− cε− dh

and the real number

C(z) = zz = zz = a2 + (b− c)2 − c2 − d2 = a2 + b2 − 2bc− d2

is called the hybrid number character, where the root of this real number will
be the standard of the hybrid number z, so we have that: ‖z‖ =

√
C(z).
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Motivated by the work of [2], [3], [9], [11], [10], [5] in which authors deal
with the process of hybridization of linear and recurrent sequences, in this
article will be defined the hybrid numbers of Padovan. Inherent investigations
into this process of these new numbers will be performed, finding their re-
currence, characteristic equation, norm, matrix form, generating function and
formula of Binet.

2. Padovan sequence

In this section, we will begin the studies on the sequence of Padovan,
presenting this name in honor of Italian architect Richard Padovan, born in
the city of Padua [8]. Regarded as a raw sequence of the Fibonacci sequence,
the Padovan sequence is a sequence of the linear and recurrent type of integers,
being third order. Described as: 1, 1, 1, 2, 2, 3, 4, 5, 7, . . ., these numbers display
the recurrence formula defined below.

Definition 2.1. The recurrence ratio of the sequence with the initial
terms P0 = P1 = P2 = 1 and Pn the n-th term, is given by:

Pn = Pn−2 + Pn−3, n > 3

From this recurrence formula, we can perform algebraic operations in or-
der to obtain the characteristic polynomial of this sequence. Thus, using or
reasoning performed by Koshy [6] the behavior of the convergence of the quo-
tients is conjectured as being of the type Pn

Pn−1
> 0, so:

Pn = Pn−2 + Pn−3,

Pn

Pn−2
= 1 +

Pn−3

Pn−2
,

Pn

Pn−2

Pn−1

Pn−1
= 1 +

1
Pn−2

Pn−3

,

lim
n→∞

xn−1 lim
n→∞

xn = 1 +
1

lim
n→∞

xn−2
,

x2 = 1 +
1

x
.
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The characteristic polynomial of the Padovan sequence is defined as:

x3 − x− 1 = 0.

The above equation has three roots, two of which are complex and conjugate

and one real solution given by ([1]): ψ = 3

√
1
2 +

√
1
4 −

1
27 +

3

√
1
2 −

√
1
4 −

1
27 ≈

1, 3247179572447460259609085...
Richard Padovan found a convergence relationship between the numbers in

the Padovan sequence, presenting the plastic number, which is the relationship
between Pn+1 with Pn. Let Pn be the Padovan sequence and ψ the plastic
constant defined in [4]:

lim
n→∞

Pn+1

Pn
= ψ ≈ 1, 32.

This number found from the convergence of the Padovan sequence numbers is
known as the plastic number or radiant number. It is also worth mentioning
that this sequence has a form of algebraic representation, as shown in the
work of Vieira and Alves [12].

Motivated by the work [7] and based on the importance of this sequence,
we will apply the definition of hybrid numbers to Padovan numbers and in
the next sections we will introduce Padovan hybrid numbers and will examine
some properties of them.

3. Main results

In this section we will define Padovan’s hybrid numbers and will present
some results obtained from this definition.

Definition 3.1. Padovan’s hybrid number, denoted HPn is defined as:

HPn = Pn + Pn+1i+ Pn+2ε+ Pn+3h.

Theorem 3.2. With the following initial conditions: HP0 = 1+ i+ε+2h,
HP1 = 1+ i+2ε+2h and HP2 = 1+2i+2ε+3h, the hybrid number sequence
HPn satisfies the recurrence relationship

HPn = HPn−2 +HPn−3.(3.1)
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Proof. It is enough to observe that:

HPn−2 +HPn−3 = (Pn−2 + Pn−1i+ Pnε+ Pn+1h)

+ (Pn−3 + Pn−2i+ Pn−1ε+ Pnh)

= (Pn−2 + Pn−3) + (Pn−1 + Pn−2)i

+ (Pn + Pn−1)ε + (Pn+1 + Pn)h

= Pn + Pn+1i+ Pn+2ε+ Pn+3h

= HPn. �

According to the recurrence relationship, HPn = HPn−2−HPn−3, we can
now present its characteristic equation. Rewrite this recurrence equation in
the following form:

HPn

HPn−2
= 1 +

HPn−3

HPn−2
,

HPn−1

HPn−1
· HPn

HPn−2
= 1 +

1
HPn−2

HPn−3

.

Denoting xn = HPn

HPn−1
, we have: xn−1 = HPn−1

HPn−2
and xn−2 = HPn−2

HPn−3
. We get

the equation xn−1xn = 1+ 1
xn−2

. Assuming that the proposed limit exists and
is equal to x, passing to the limit in this last equation gives:

lim
n→∞

xn−1 lim
n→∞

xn = 1 +
1

limn→∞ xn−2
,

x2 = 1 +
1

x
,

x3 − x− 1 = 0,

which is a third degree equation having three roots equal to the roots of the
characteristic equation to the Padovan sequence, given in the previous section.

Based on what has been presented above we have that the character of
Padovan’s hybrid number is given as C(HPn) = P 2

n+(Pn+1−Pn+2)
2−P 2

n+2−
P 2
n+3 and we can still present the norm of a Padovan hybrid number.

Theorem 3.3. The standard of a Padovan hybrid number is given as:

‖HPn‖2 = | − 2Pn+1Pn+2 − 2Pn+1Pn|.
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Proof. We have

‖HPn‖ =
√
|C(HPn)|,

‖HPn‖2 = |P 2
n + (Pn+1 − Pn+2)

2 − P 2
n+2 − P 2

n+3|

= |P 2
n + P 2

n+1 − 2Pn+1Pn+2 + P 2
n+2 − P 2

n+2 − (Pn+1 + Pn)
2|

= |P 2
n + P 2

n+1 − 2Pn+1Pn+2 − P 2
n+1 − 2Pn+1Pn − P 2

n |

= | − 2Pn+1Pn+2 − 2Pn+1Pn|. �

In addition, Padovan’s hybrid number can be represented in matrix form.

Theorem 3.4. An array of Padovan’s hybrid number, with n ∈ N, is
defined as:

ϕHPn =

[
Pn + Pn+2 2Pn+1 + Pn − Pn+2

Pn+2 + Pn Pn − Pn+2

]
.

Proof. In [7] can be found a matrix form of a hybrid number, denoted
by ϕa+bi+cε+dh, given as:

ϕa+bi+cε+dh = a

[
1 0

0 1

]
+ b

[
0 1

−1 0

]
+ c

[
1 −1
1 −1

]
+ d

[
0 1

1 0

]
.

Therefore, to present the matrix form of hybrid Padovan numbers, we have:

ϕHPn = Pn

[
1 0

0 1

]
+ Pn+1

[
0 1

−1 0

]
+ Pn+2

[
1 −1
1 −1

]
+ Pn+3

[
0 1

1 0

]

=

[
Pn + Pn+2 Pn+1 − Pn+2 + Pn+3

Pn+2 − Pn+1 + Pn+3 Pn − Pn+2

]

=

[
Pn + Pn+2 Pn+1 − Pn+2 + Pn+1 + Pn

Pn+2 − Pn+1 + Pn+1 + Pn Pn − Pn+2

]

=

[
Pn + Pn+2 2Pn+1 + Pn − Pn+2

Pn+2 + Pn Pn − Pn+2

]
. �
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And yet, we have the following property that relates the determinant of
a matrix to its norm.

Remark 3.5. If ϕHPn corresponds to the hybrid matrix of the Padovan
hybrid number, HPn, then ‖HPn‖2 = det(ϕHPn), since we have

det(ϕHPn
) = det

[
Pn + Pn+2 2Pn+1 + Pn − Pn+2

Pn+2 + Pn Pn − Pn+2

]

= |P 2
n − P 2

n+2 − (2Pn+2Pn+1 + 2Pn+1Pn + PnPn+2

+ P 2
n − P 2

n+2 − PnPn+2)|

= |P 2
n − P 2

n+2 − 2Pn+1Pn+2 − 2Pn+1Pn − P 2
n + P 2

n+2|

= | − 2Pn+1Pn+2 − 2Pn+1Pn| = ‖HPn‖2.

Next, we will give the HPn generating function, its Binet formula, and
some identities related to this sequence.

Theorem 3.6. The generating function of the generalized hybrid number
of Padovan, denoted by GHPn(x), is:

GHPn(x) =
HP0 +HP1x+ (HP2 −HP0)x

2

1− x2 − x3
.

Proof. To define the Padovan hybrid number generating function, de-
noted by GHPn(x), let’s write a series in which each term in the sequence
corresponds to the coefficient:

GHPn(x) =

∞∑
n=0

HPnx
n.

Making algebraic manipulations due to recurrence relationship we can write
this sequence as:

GHPn
(x) = HP0 +HP1x+HP2x

2 +HP3x
3 +HP4x

4 + . . . ,

x2GHPn(x) = HP0x
2 +HP1x

3 +HP2x
4 +HP3x

5 +HP4x
6 + . . . ,

x3GHPn
(x) = HP0x

3 +HP1x
4 +HP2x

5 +HP3x
6 +HP4x

7 + . . . ,

(1− x2 − x3)GHPn
(x) = HP0 +HP1x+ (HP2 −HP0)x

2

+ (HP3 −HP1 −HP0)x
3 + . . . ,

GHPn(x) =
HP0 +HP1x+ (HP2 −HP0)x

2

1− x2 − x3
. �
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Thus, we have the generating function for Padovan hybrid sequence.
Now we will explore the existence of an explicit formula for calculating

the n-th term of the sequence, without relying on recurrence using Binet’s
formula, where it is necessary to use the roots of the characteristic equation
of this sequence.

Theorem 3.7. For n ≥ 0 we have the following Binet formula for Padovan
hybrid number:

HPn = A(x1)
n +B(x2)

n + C(x3)
n,

where x1, x2 and x3 are the roots of the characteristic equation of the Padovan
hybrid sequence and A,B and C the coefficients equal to:

A =
HP2 −HP1x2 −HP1x3 +HP0x2x3

(x1 − x2)(x1 − x3)
,

B =
HP2 −HP1x1 −HP1x3 +HP0x1x3

(x2 − x1)(x1 − x3)
,

C =
HP2 −HP1x1 −HP1x2 +HP0x1x2

(x3 − x1)(x3 − x2)
.

Proof. We have that Binet’s formula can be represented as follows:

HPn = A(x1)
n +B(x2)

n + C(x3)
n.

For n = 0, we have: A+B+C = HP0, for n = 1, we have Ax1+Bx2+Cx3 =
HP1 and for n = 2, we have Ax21 +Bx22 + Cx23 = HP2.

We can build a system of linear equations as follows:
A+B + C = HP0,

Ax1 +Bx2 + Cx3 = HP1,

Ax21 +Bx22 + Cx23 = HP2.

Solving the linear system, we obtain the following formulas on A, B and C:

A =
HP2 −HP1x2 −HP1x3 +HP0x2x3

x21 − x1x2 − x1x3 + x2x3

=
HP2 −HP1x2 −HP1x3 +HP0x2x3

(x1 − x2)(x1 − x3)
,
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B =
HP2 −HP1x1 −HP1x3 +HP0x1x3

x22 − x1x2 − x1x3 + x2x3

=
HP2 −HP1x1 −HP1x3 +HP0x1x3

(x2 − x1)(x1 − x3)
,

C =
HP2 −HP1x1 −HP1x2 +HP0x1x2

x23 − x1x2 − x1x3 + x2x3

=
HP2 −HP1x1 −HP1x2 +HP0x1x2

(x3 − x1)(x3 − x2)
. �

Definition 3.8. Similar to the definition of Padovan hybrid sequence,
recurrence for the negative terms of this sequence can be given; with n > 1
and n ∈ N, we put:

HP−n = HP−n+3 −HP−n+1.

Thus, it is possible to calculate non-positive integer terms of the Padovan
hybrid sequence, e.g., HP−1 = i,HP−2 = 1 + h and HP−3 = ε− h.

4. Some identities of Padovan’s hybrid numbers

Here are some identities regarding Padovan’s hybrid numbers.
From the recurrence relationship on Padovan hybrid numbers given in (3.1),

it can be concluded that: HPn+1 = HPn−1+HPn−2 and HPn−2 = HPn+1−
HPn−1 allowing to write Padovan’s hybrid numbers as follows:

HP1 = HP4 −HP2,

HP2 = HP5 −HP3,

HP3 = HP6 −HP4,

HP4 = HP7 −HP5,

...
HP2n−1 = HP2n+2 −HP2n,

HP2n = HP2n+3 −HP2n+1,

HP2n+1 = HP2n+4 −HP2n+2.
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From now on some identities about this hybrid model of this sequence will
be discussed.

Identity 4.1. The following summation describes the sum of Padovan
hybrid numbers, up to the 2n, odd index order:

n∑
i=1

HP2i−1 = HP2n+2 −HP2.

Proof. Starting from the Padovan hybrid numbers described through the
notational definition and considering only the odd index terms, we have that:

n∑
i=1

HP2i−1 = HP1 +HP3 +HP5 + . . .+HP2n−1

= (HP4 −HP2) + (HP6 −HP4) + (HP8 −HP6)

+ . . .+ (HP2n+2 −HP2n)

= HP2n+2 −HP2. �

Identity 4.2. The sum of Padovan’s hybrid numbers, up to the 2n, even
index order can be described by:

n∑
i=1

HP2i = HP2n+3 −HP3.

Proof. Now, considering only the even index terms, we have:

n∑
i=1

HP2i = HP2 +HP4 +HP6 + . . .+HP2n

= (HP5 −HP3) + (HP7 −HP5) + (HP9 −HP7)

+ . . .+ (HP2n+3 −HP2n+1)

= HP2n+3 −HP3. �

Identity 4.3. The sum of the first Padovan hybrid numbers, up to n, of
index greater than zero can be obtained by developing:

n∑
i=1

HPi = HPn+5 −HP2 −HP3.
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Proof. We have:

n∑
i=1

HPi = HP1 +HP2 +HP3 +HP4 + . . .+HPn

= (HP4 −HP2) + (HP5 −HP3) + (HP6 −HP4)

+ (HP7 −HP5) + . . .+ (HPn+3 −HPn+1)

= HPn+2 +HPn+3 −HP2 −HP3. �

Identity 4.4. The sum of the three consecutive terms of Padovan hybrid
numbers results in another Padovan hybrid term, which is:

HPn +HPn+1 +HPn+2 = HPn+5.

Proof. Applying the recurrence of Padovan’s hybrid numbers, one has:

HPn +HPn+1 +HPn+2 = HPn+3 +HPn+2

= HPn+5. �

5. Conclusion

In this work it was possible to introduce and study a new type of numbers
Padovan hybrid numbers, being a combination of the complex, hyperbolic and
Padovan dual numbers. Via relation defined by Özdemir [7] which establishes
some relations fundamental to the development of this work, such as ih =
−hi = ε+ i between the units i, ε, h of these three number systems.

Some properties involving these sequences have been presented, including
the Binet formula, generating matrix, characteristic equation, norm, generat-
ing function, extension to the integer field and some identities.

For future work, it is important to investigate more properties around
these numbers, as well as their application in the area of nature and physics.
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