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LIMITS OF SEQUENCES OF FEEBLY-TYPE
CONTINUOUS FUNCTIONS

MAREK BALCERZAKY, TOMASZ NATKANIEC, MALGORZATA TEREPETA

Dedicated to Professor Zygfryd Kominek on his 75th birthday

Abstract. We consider the following families of real-valued functions defined
on R?: feebly continuous functions (FC), very feebly continuous functions
(VFQC), and two-feebly continuous functions (TFC). It is known that the in-
clusions FC C VFC C TFC are proper. We study pointwise and uniform limits
of sequences with terms taken from these families.

1. Introduction

In the paper, we continue our former investigations from [I] on various
classes of feebly-like continuous real-valued functions in two variables. Let us
recall basic definitions.

According to 3], we say that a function f: R? — R is feebly continuous at
a point (x,y) € R? if there exist sequences x,, \, z and ¥,, \, ¥ such that

(1) lim lim f(xn7ym) = f(may)

n—o0 MmMm—r0o0

Received: 14.10.2019. Accepted: 03.06.2020. Published online: 09.07.2020.

(2010) Mathematics Subject Classification: 26B05, 54C05, 54C30, 15A03.

Key words and phrases: functions in two variables, feebly continuity, very feebly con-
tinuity, two-feebly continuity, pointwise limit, topology of uniform convergence.

(©2020 The Author(s).
This is an Open Access article distributed under the terms of the Creative Commons Attribution License
CC BY (http://creativecommons.org/licenses/by/4.0/).


https://orcid.org/0000-0003-3808-7706
http://creativecommons.org/licenses/by/4.0/

28 Marek Balcerzak, Tomasz Natkaniec, Malgorzata Terepeta

Here the symbol z,, \,  means that the sequence (z,,) is strictly decreas-
ing and convergent to x. The equality means that, for every n, a limit
limy, o0 f(Zny Ym) = ayn exists and lim, o an, = f(2,9).

In [3], Leader considered also another notion which is weaker than feebly
continuity. Namely, f: R? — R is called very feebly continuous at a point (z,y)
if there exist a sequence x, \,  and, for each n € N, a sequence yﬁ,? ) N Y
such that

lim lim f(zn,y™) = f(z,y).

n—00 M—00
In [I], we proposed a related notion. We say that f: R? — R is two-feebly
continuous at (x,y) if there exist sequences z,, \,  and y, \, y such that
We say that f: R?> — R is feebly (very feebly, two-feebly) continuous
whenever it has this property at every point of R%2. The families of feebly

(very feebly, two-feebly) continuous functions will be denoted by FC (VFC,
TFC). It follows that

C c FC c VFC c TFC

and the inclusions are proper; see [I]. Here C denotes, as usual, the family
of all continuous functions. Note that Leader in [3] constructed, under the
Continuum Hypothesis, a function which is nowhere feebly continuous. How-
ever, such functions are neither measurable nor with Baire property, see [I
Theorem 1].

Our purpose in this paper is to study pointwise and uniform limits of
sequences with terms taken from the classes FC, VFC and TFC.

2. Pointwise limits

Given functions f and f,,, n € N, from R? to R, the symbol f, — f will
stand for the pointwise convergence of a sequence (f,) to f.

PROPOSITION 1. Ewvery function f: R?> — R is a pointwise limit of se-
quences (fx), (gx) and (hy) with terms taken from FC, VFC \ FC, and
TFC \ VFC, respectively. If, moreover, f is Borel (Lebesgue, Baire) measur-
able, then all functions fi, gi, hi have the same property. Consequently, each
of the sets FC, VFC \ FC, or TFC \ VFC is dense in the space RE* with the
topology of pointwise convergence.
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Proor. Fix f: R? — R.

I. First, we will construct a sequence (fx), with terms in FC, and such
that f, — f. Write Q = {¢,: n € N}. Let {Ay ,,: k,n € N} be a family of
pairwise disjoint countable subsets of R, each dense in R. Define f;: R? — R
by the formula

qn iftereAy,, neN,

fk(x7y) = {

f(xz,y) otherwise.

Clearly, each fy is feebly continuous, fr — f, and the functions fj are
measurable whenever f has this property.

IT. We will define a sequence (gi), with terms in VFC \ FC, pointwise
convergent to f. We use some ideas from [I] (cf. Lemma 16 and Theorem 17).
Choose distinct reals v¥, for k,n € N, such that each set {v*: n € N}, k € N, is
dense in R. Let {Dﬁ7m: k,n,m € N} be a family of pairwise disjoint countable
dense subsets of R\ N.

Fix k € N. List DfM = {d’;7m: m € N} and put D¥ := Um{d’fbm} X Dflym,

DF .=/, DE. Then define functions f* and gy from R? to R by the formulas

f*e= Z UﬁXD;cL,
neN
F*@,y) for (z,y) € D",
ge(z,y) =4 k+1 for (x,y) = (k, k),
max(min(f(x,y),k), —k) otherwise.

Note that g is well-defined because (k, k) ¢ D*. It follows from [, Lemma 16]
that every extension of f¥|D* to the whole plane is very feebly continuous.
Hence gi|D* = f*|D¥ implies that g, € VFC. Clearly, g, — f.

Now, observe that g is not feebly continuous at the point (k, k). This is
a consequence of the fact that gp(k,k) # 0 while the sets A, := {y > k :
gr(z,y) # 0} € D¥  where x = d¥ . and the sets D¥  are pairwise

n,m? mn,m? n,m
disjoint.
Finally, assume that the function f is measurable. Then the function
fr = max(min(f(z,y), k), —k) is measurable, too. Since g = fr on a co-

countable set, g is measurable, too.

III. Finally, we construct a sequence (hy), with terms in TFC \ VFC,
pointwise convergent to f. By the first assertion, f is the pointwise limit
of a sequence (f) with terms in FC. For k € N, set Sy = [k — 1,k + 1)
x [k — 1,k + 1) and define hy: R? = R as
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fk(x7y) if <x,y) ERZ\SIW
hi(z,y) =< = if (z,y) € Sk and © =y,
0 if (x,y) € S and = # y.

Then limg hy, = limg fr = f. Moreover, each hy is in TFC and it is not very
feebly continuous at the point (k, k). Finally, it is easy to observe that hy, is
measurable whenever f has this property. O

REMARK 2. It is easy to observe that sequences (f,,), (g») and (h,,) defined
in the proof of Proposition [I| converge discretely to the function f. Recall that
(fn) is discretely convergent to a function f: X — R if for every x € X there
is N with f,(z) = f(z) for n > N. This notion was introduced by Cséaszar
and Laczkovich [2]. It is much stronger than pointwise convergence.

3. Uniform limits

Recall that the topology of uniform convergence in the space RE” of all
functions from R? into R is metrizable by the metric

dl5.9) = min (1, sup [(a) = 9(0)]).

PRroPoOSITION 3. The families VFC and TFC are closed in the topology of
2
uniform convergence in RE .

PROOF. Suppose f: R? — R is the uniform limit of a sequence (f,,) with
terms in VFC. We may assume that d(f,, f) < % for each n € N. Fix
(x,y) € R%2. We will show that f is very feebly continuous at (x,y). For
a given n € N, since f,, is very feebly continuous at (x,y), there are: z,, € R
and yfﬁ ) \, vy such that

() fe — 2] < L

(ii) [limy, fn(xmygg)) — falz,y)| < %
The condition (ii) implies that the sequence ( fr(@n, yﬁg )))m is bounded, hence
(f(:cn,ygf)))m is bounded too. Let k,,, /' co be such that (f(xn,y,izl)))m is
convergent to some \,. Then |\, — f(z,9)| < %, and for 2 .= y,(;n)

2 N ¥. We may assume that x,, \, . Then lim,, lim,, f(z,, 27(1?)) = f(z,y),
so f is very feebly continuous at (z,y).

we have
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The argument for TFC is similar. Suppose that f: R? — R is the uniform
limit of a sequence (f,) with terms in TFC, and assume that d(f,, f) < %
for each n € N. Fix (x,y) € R2 For a given n € N, since f, is two-
feebly continuous at (z,y), pick sequences x,(g ) N\, ¢ and yS,rf ) N\, ¥ such that
lim,, fn(ng ),y,(,? )) = fn(z,y). Then choose inductively a sequence m,, * oo
such that for every n € N,

1
(@) ylm) — fo(z, )] < -~

This implies that ]f(x%?,y%?) — f(z,y)| < % for every n which shows that

f € TFC. O

In the sequel, we will use the following notation. We will write p € FC(f)
whenever f: R? — R is feebly continuous at a point p € R? (similarly, for
very feebly continuity and two-feebly continuity).

We need the following lemma which results directly from the definition of
very feebly continuity.

LEMMA 4 ([T, Lemma 3]). Let f: R? — R. A point z = (x,y) belongs to
R2\V EC(f) if and only if there exist an interval (p,q) containing f(z), a real
t > 0 and real numbers rs > 0, chosen for every s € (0,t), such that f does
not attain values in (p,q) at any point of the set

Gz)={{z+a,y+b):0<a<t, 0<b<ry}.

PROPOSITION 5. The family TFC\ VFC is uniformly dense in TFC. Con-
sequently, VFC is nowhere dense in TFC with the topology of uniform con-
vergence.

Proor. Let f € TFC. For a given ¢ > 0, we will find a function
g € TFC\VFC with d(f, g) < 2e. Since f € TFC, there are sequences Z,, ~\, 0,
Un \¢ 0 with lim,, f(Z,,9n) = f(0,0). For any n € N, let L,, denote the closed
segment with end-points (T, Jn), (Tn+1,Yn+1), and let L := {(0,0)} UlJ,, L.
Then define

T := {(x,y> ceR*: 2¢(0,2) &yc [o,éL(x)H,

where L(z) denotes the unique y with (x,y) € L. For every k € N, put

W= {<$,y> eT: |f(i17,y) _f(070)| <€}7
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W= {(z,y) € W: f(0,0) < f(z,y) < f(0,0) +¢},
W= ={(z,y) e W: f(0,0) > f(z,y) > f(0,0) —}.

Moreover, decompose the set V := W N f~1[{£(0,0)}] into two parts. Let VT
be the set of all (z,y) € V for which there are sequences x, \, z, yn \ ¥
with f(zp,yn) > £(0,0) and lim, f(zn,yn) = f(x,y), and set V= =V \ V.
Note that for any (x,y) € V~, there are z,, \, x, ¥y, \( y such that f(x,,yn)
< £(0,0) and lim,, f(xn,yn) = f(z,y).

Now, define g: R? — R by the formula

f(0,0) +e for (z,y) e WHUVT,
g(z,y) =< f(0,0)—¢ for (x,y) e W~ UV,
f(z,y) for (z,y) € R*\ W.

Then obviously, d(g, f) < 2e.

Let us verify that ¢ € TFC. Since ¢(Zn,Un) = f(&n,yn) for all n € N,
we have (0,0) € TFC(g). For every point (z,y) ¢ Z := {(0,0)} UT there is
a right-hand open square S centered at (x,y) and disjoint with Z, so from
g= fonR?\ Z and f € TFC it follows that R?\ Z C TFC(g). Now, assume
that (x,y) € T. Since (x,y) € TFC(f), there are x,, \( x, y, \; y with
lim,, f(zn,yn) = f(x,y). We consider a few cases.

1. First, suppose that |f(z,y) — f(0,0)| > €. Then | f(zn,yn) — f(0,0)] > ¢
for almost all n, hence g(z,, yn) = f(Zn, yn), so lim,, g(xy,, y,) = lim, f(zn, yn)
= f(z,y) = g(z,y) and therefore, (z,y) € TFC(g).

2. Suppose that (x,y) € WT. Then (z,,y,) € W7 for almost all n, and
we have lim,, (2, yn) = f(0,0) + ¢ = g(z,y). Similarly, if (z,y) € W~.

3. Now, let f(z,y) = f(0,0) 4+ €. Then there is a sequence i,, /* oo such
that either f(z;,,v:,) > f(0,0) 4 ¢ for every n, or f(x;, ,vi,) = f(0,0) +¢
for all n, or (z;, ,y; ) € WT for each n. In each of such cases lim,, g(z;,,¥;,)
= f(0,0) + ¢ = g(x,y). Similarly, if f(z,y) = f(0,0) —e.

4. Finally, suppose that (z,y) € V. We may assume that (z,,y,) €
WHUVT for all n. Then lim,, g(zn,y,) = f(0,0) +¢& = g(z,y), hence (x,y) €
TFC(g). Similarly, if (x,y) € V.

Also, g is not very feebly continuous at the point (0,0) by Lemma

Thus the above argument leads to the first assertion stating that
TFC \ VFC is uniformly dense in TFC. Now, the second assertion follows
since VFC is closed by Proposition [3] ([

PRrROPOSITION 6. The family FC is not closed in the space RE* with the
topology of uniform convergence.
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PROOF. Let {py: k € N} be the set of all prime numbers in N. For any
triple (k,4,j) € N3, let S (k:, i,j) denote a right-hand open square in R? cen-
tered at the point ( T LY S(k,i,5) == I(k,i,5) x J(k,i,j), where I(k,i,j)

k

and J(k,i,j) are mtervals of the form [a,b) with a,b € R, a < b. We may
require that the closures of different intervals J(k,4,j) and J(k' 4, ;') are
disjoint.
For k € N, define a function f: R? — R as follows
_% for (a:,y) € {<070>}UUn>k UiJeNS(nviaj)a
fk(xay) = - % fOI‘ <x7y> € Ui,jeN S(nvivj)7 n S kv

0 otherwise.

It is easy to see that each fj, is feebly continuous. In fact we only need to check
that (0,0) € FC(f) but this can be provided by the sequences (z,,) := (%)

Py
and (Y, ) := (ﬁ)
Moreover, the sequence (f) is uniformly convergent to the function

1 for (z,y) = (0,0),
f(x7y> = 1_% fOl“ <$,y> eUi,jeNS(nvivj)a nGN,
0 otherwise,
which is not feebly continuous at the point (0, 0). O

PROPOSITION 7. The family FC is not uniformly dense in the class VFC.

PRroOF. Choose reals r,, for n € N, with the following properties:
e 0 <r, <1/nforevery n € N;
o = ZQ forn#m.
(n)

For all n,m € N, define z, := g and ym° = 7=, and let S(n,m) b
a right-hand open square centered at the point (z,, yﬁn)>, S(n, m) = I(n, m)
x J(n,m), where cl(J(n,m)) Ncl(J(i,7)) = 0 whenever (n,m) # (i, ). Let

f: R2 — R be the following modification of the function f: R? — R from [T}
Example 8|:

f=xp, where B:={{(0,00}uU ] |J S, m).

neNmeN

Observe that the function fis very feebly continuous, while there is no g € FC
with d(g, f) < 1. O
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PROPOSITION 8. The family VEC \ FC is uniformly dense in VFC.

PRrROOF. For given f € FC and ¢ > 0, we will construct ¢ € VFC \ FC
with d(f,g) < e. Clearly, we may assume that f(0,0) = 0. Since f is feebly
continuous at the point (0,0), there are sequences z, \, 0, ¥, \ 0 with
lim,, lim,, f(z,,ym) = 0. Divide the set N into infinitely many sets which
are ordered as increasing sequences (i¥ )., k € N. Let yﬁf ) = Yin . For any
n,m € N, let S(n,m) := I(n,m)xJ(n,m) be aright-side open square centered
at the point (xn,yf,?)>. We may assume that, for all pairs (i,j), (n,m) of
natural numbers, the following conditions hold:

(1) if i < n then sup I(i, ) < inf I(n,m);

(2) if j < m then sup J(n,m) < inf J(n,j).

Let S :={(0,0)} Ul,,,, S(n,m). Decompose the set Z := R?\ S into three
parts Ay, A_, and Ao,’ where

Ay =20 f7H(0,400)),
A =20 f7((~00,0)),
Ag:=Z\ (AL UA_).

Moreover, divide the set A into two subsets A and A; where A7 is the
set of all points (x,y) € Ay for which there are s, \, x, t,, N\, y such that
f(Sn,tm) > 0 and lim, lim,, f(sp,t,) =0, and let Ay := AO\ASL. Note that,
if (x,y) € Ay, then there are s, \, z, t,,, \, y such that f(s,,tn) € Ay and
lim,, lim,y, f(Sp, tm) = 0.

Now, we are ready to define the function g: R? — R. Set

f(@,y) for (z,y) € S,
g(x7y) = f(xvy)+€ for <$7y> €A+UA6F7
flz,y) —e for (z,y) € A_UA,.

Then g is as we need. Indeed, it is clear that d(f, g) < e. To see that g is very

feebly continuous at the point (0,0), consider the sequences (z,), (yﬁf} ))m,

For every n, (y,(g))m is a subsequence of (y,,), therefore lim,, g(z,,ym")

= lim,,, f(2zn, Ym). Hence lim,, lim,, g(x,,, yfff)) = lim,, lim,,, f(xn,ym) =f(0,0)
=¢(0,0).

Now, we will verify that (0,0) ¢ FC(g). Suppose to the contrary that
exist s, N\, 0, t,, N\ 0 such that lim, lim,, g(sn,tmn) = ¢(0,0) = 0. We can
assume that [lim,, g(sn,tm)| < §. This means that (s, tn) € U, ; S(i,j),
so t,, belongs to infinitely many intervals J(4, j) which is impossible. Finally,
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similarly as in the proof of Proposition [5] one can check that g is feebly
continuous at each point (z,y) # (0,0). O

PROBLEM.

1. Is the set VFC\ FC residual (non-meager, or Borel) in the space VFC with
the topology of uniform convergence?

2. Can every Borel (Lebesgue, or Baire) measurable function f € VFC be
a uniform limit of a sequence of Borel (Lebesgue, or Baire) measurable
functions from the class VFC \ FC?
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