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Abstract. Given a continuous strictly monotonic real-valued function «, de-
fined on an interval I, and a function w: I — (0,+00) we denote by BS the
Bajraktarevi¢ mean generated by a and weighted by w:
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We find a necessary integral formula for all possible three times differentiable
solutions (¢, 1) of the functional equation

r(z)BE (z,y) + (y) BY (z,9) = r(z)z + r(y)y,

where r, s,t: I — (0,+00) are three times differentiable functions and the first
derivatives of ¢, and r do not vanish. However, we show that not every pair
(¢,%) given by the found formula actually satisfies the above equation.
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1. Introduction

Given an interval I, a continuous strictly monotonic function a: I — R,
and any x: I?2 — (0,1) we define the quasi-arithmetic mean A%: I? — I
generated by o and wetighted by k:

A% (z,y) = o~ (k(z, y)a(z) + (1 — k(z,y))a(y)) .

In [9] the first author of the present paper studied the functional equation
(1) Ma, AL (zy) + (1= Mz,9) AV (2,y) = Mz, y)z + (1= Nz, y)) y

with given (0, 1)-valued functions \, u and v defined on I?, and unknown in-
creasing continuous functions ¢ and v defined on I.

Let us note that is the invariance equation of A, := AiAd with respect
to the pair (Ajf, Al“f’) expressed as

(2) Axo (A%, AY) = A,

In the case of scalars A, u, v equation (2)) was investigated by several authors
(cf. [13], [4], [5], [6]). The final solution was found by the first author (see [8];
cf. also [12] and [2]).

In this note we exploit the results of [9]—[11] for considering the special case
of equation concerned with the so-called fraction weights, i.e. functions of
the form like

r(z)

Mew) = T T )

where 7: T — (0, 400) is said to be the generator of the weight X\. Assuming
that \, u, v are generated by functions r, s,t: I — (0, +00), respectively. Then
the functional equation can be rewritten as
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Given a continuous strictly monotonic function a: I — R and any function
w: I — (0,+00) we define the Bajraktarevi¢ mean B: I? — I by

o] T — afl W(ilI) alz O.)(y) a
Bow.y) <w<x>+w<y) @)+ 2 + o) “”)

(see [1] and [3]; also [I1]). Finally equation takes the form

(3) r(z)BE (2,y) + r(y) By (,y) = r(@)x + r(y)y.

A special case of equation (3), namely if I C (0,+00), r is constant and
s =t = id|s, was considered in [7]. Another case, when s = t and s satisfies
the harmonic oscillator equation, was considered by the first present author
in [I0]. Recently Bajraktarevi¢ means and their generalizations are again ex-
tensively investigated. This concerns both the comparison problem (see [16])
and various invariance problems (see [14], [15] and [I7]).

2. Main result

In what follows we need the below technical lemma which can be easily
derived from [I0, Remark 1] and [9, Lemmas 1 and 3]. Making this remember
that every mean is reflexive, that is takes the value z at diagonal points (z, x).

LEMMA 1. Let X\: I? — (0,1) be a fraction weight generated by a function
w: I — (0,400) and let a: I — R be a continuous strictly monotonic function.
If w and « are differentiable and o/ (x) # 0 for each x € I, then

(4) N (z, ) = Z;((”;))
and

1
() HBS(z,x) = Nz, z) = 3

for all x € I. Moreover, if w and a are twice differentiable, then

_ W (@w(x) - w'(2)?

(6) 8%,1)\(17’1") - 4w(x)2
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and

i o= S5+ 55

for all x € I. If, in addition, w and a are three times differentiable, then

3w’ (x)? — 6w (z)w' (z)w(z) + 20" (2)w(x)?

8?,1,1/\(95795) =

8w(x)3
and
o 3" (x)d () — () Bw(z)w(z) — w(x)?
(8) 0{’,17le($,$) -3 o (z)2 + 4 w(x)?
forallxz € 1.

The next fact follows immediately from [J, Lemma 2].

LEMMA 2. Let r,s,t: I — (0,1) be twice differentiable functions. If
p: I =R andy: I — R are twice differentiable functions with non-vanishing
first derivatives and the pair (@,) satisfies equation , then

S @) ) 8@
J@) e e s i)

forallx € 1.
The following result will play a fundamental role in next considerations.

PROPOSITION 3. Letr,s,t: I — (0,400) be three times differentiable func-
tions. If p: I — R and ¥: I — R are three times differentiable functions with
non-vanishing first derivatives and the pair (¢, ) is a solution of equation ,
then the equality

L) P s
©) ”"”’(Mm 2r<x>“s<x>> 0

holds for all x € 1.
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PROOF. Keep in mind that each mean equals x at the diagonal points (z, x).
Let A be a fraction weight with a generator r. According to equalities

1
&1 Bf (z,2) = O BY (z,2) = 5 TEL

so, taking into account the second formula of the proof of [9, Theorem 2|, we
see that

300\ (w, ) (03, B (w,2) — 0}, B (2,2))
1
T3 (8?11Bf(x,x) + 6?113;/)(%33)) = 307 A\(z, x)

for all x € I. Hence, making use of and @f and multiplying the
obtained equality by 16, we get

/ 12 / 1" !
GO (20) 0 i)yt

r(@) \¢'(@)  Ts(z) W) i)

(28 4222 + (512 +2 () =)

for every x € I. Using Lemma |2 we eliminate the term v (z)/¢’(x) and for
all x € I we obtain

S | @@) ) 5@ | P )
@ 50 Vo e T T 2t<x>>

s(Gm) v (i) 2 (5m) 2 ()
(;ff))) ‘6<i/<(f>)> *6@/((5))) :126/((5)) /

which is @D O

V)

-6

In what follows we consider the case when the equation r'(z) = 0 has no
roots, postponing the research in the remaining case to another paper.

The following theorem provides some necessary conditions on the generat-
ing functions ¢ and 3 and the weights r, s, ¢ under three times differentiability
assumptions with non-vanishing first derivatives of the functions ¢, and r.
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THEOREM 4. Let r,s,t: I — (0,400) be three times differentiable func-
tions and assume that the equation r'(x) = 0 has no roots. If ¢: I — R and
¥: I — R are three times differentiable functions with non-vanishing first
derivatives and the pair (v, 1) satisfies equation , then there exist numbers
c,d € R\ {0} such that

(10) gp’(m):c(iggy, zel,

and

(11) V() =d (Z((g)z zel

Proor. By Propositionwe claim that ¢ satisfies equation @ Therefore,
since r’(x) # 0 for all x € I we have

Zo - ) een

hence

(log|¢/()])" = (log r(2)*)" — (log s(x)*)", w e,

and, consequently,

with some nonzero cg. Thus, since ¢’ is continuous and does not vanish, we
come to ([10)) either with ¢ = |co|, or with ¢ = — |¢o|. Using Lemma/[2] we obtain

W@ () P )
W@)_2<d@ um)’ €l

Repeating the argument used to ¢’ we come to with some nonzero d. [

The opposite implication in general is not true, that is unfortunately not

every pair (¢, 1) with ¢ and v satisfying and (1)), respectively, is a so-
lution of equation . This can be observed in the example below.
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EXAMPLE 5. Put I = R and define functions r,s,t: I — (0,+00) by
r(x) =e", s(z) =t(x) =1,

and functions ¢, ¥ : I — R by the equalities

Then and are satisfied with ¢ = d = 2. If (¢,%) were a solution of
equation , then we would have

1 1 1 1 1 1
§ex log <2e2m + 2e2y> + §ey log <2€2w + 2e2y> =e"r + ey,

hence

e?* 4 e

(e” 4+ €Y) log 5

=2(e"z + ey)

for all z,y € R. Tending here with y to —oo and dividing both sides of the
equality by e* we get

eQ:c
logT =2z, x€eR,
that is
2x 5
— =%, x€eR,
2

which is impossible.

Example 5] shows that we are still far from sufficient conditions for the pair
(¢,1) to be a solution of equation (3). Theorem [4] provides the form of its
derivative (¢’,4’). Having it we can find the forms of ¢ and v containing, in
general, the integral operator. Consequently, it is usually hard to determine
the exact form of the inverses ¢!, ¥~! and to verify if equality holds true
everywhere in I.

OPEN PROBLEM. Find further necessary conditions for the pair (p,1) to
satisfy equation under higher differentiability conditions.
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