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INVARIANT MEANS ON BANACH SPACES

RADpOsSEAW L UKASIK

Abstract. In this paper we study some generalization of invariant means
on Banach spaces. We give some sufficient condition for the existence of the
invariant mean and some examples where we have not it.

1. Introduction

Invariant means on amenable groups are an important tool in many parts
of mathematics, especially in harmonic analysis (see [7, [§]). For basic proper-
ties of invariant means, we refer the reader to [7].

Invariant means and their generalizations for vector-valued functions play
also an important role in the stability of functional equations and selections
of set-valued functions (see [10} 3, [4, 1T} ).

The space of all bounded functions from a group (G,+) into a Banach
space X is denoted by B(G, X). Let us recall the definition of the amenable
group.
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DEFINITION 1.1. A semigroup (S,+) is called left [respectively right|
amenable if and only if there exists a linear map L: B(S,R) — R such that

inf f(S) < L(f) <sup f(S), f€B(S,R),
L(af):L(f)a a€ s, fGB(S,R)
[L(fa):L(f)7 a €S, fGB(S,R)],

where

of (@)= fla+2z), a,xzeS, feB(S,R)
[fa(z) = f(x+a), a,xe€S, feB(SR).

If both left and right invariant means exist, then S is called amenable.
REMARK 1.2. Every commutative semigroup is amenable.

Some generalization of invariant mean for vector-valued functions was in-
vestigated in [3] and [I2] where we can find the following definition.

DEFINITION 1.3. We say that a linear function m: B(G, X) — X is an
invariant mean if the following conditions hold:

(i) for every f € B(G,X) and a € G there is
m(f(a+-)) =m(f(- +a)) =m(f),
(ii) for every f € B(G,X) and closed convex bounded subset V' of X
(1.1) im(f) CV=m(f) eV.
There arises a natural question if for a given amenable group (G, +) and
a Banach space X, the space B(G,X) admits an invariant mean. Z. Gajda

showed (|3, Theorem 2.3]) that the answer is true if the space X is reflexive.

THEOREM 1.4. Let G be an amenable group, and let X be a reflexive
Banach space. Then B(G, X) admits an invariant mean.

Next, J. Tabor (|12l Theorem 1]) proves that invariant mean cannot be
constructed for functions with values in non-reflexive Banach spaces (it was
proved earlier by F. Bombal, G. Vera [2] in Spanish).

THEOREM 1.5. Let X be an arbitrary non-reflexive Banach space. Then
B(Z, X) does not admit an invariant mean.
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2. Notions

In this work (X, ||-||) is Banach space over the field R. The map x: X —
X** is given by

k(z)(x*) =a"z, v € X, ¥ € X~
We use some generalized definition of an invariant mean (see [4]).

DEFINITION 2.1. Let (S, +) be a left [right] amenable semigroup, (X, ||-||)
be a Banach space. A linear map M : B(S,X) — X is called a left [right]
invariant mean if

M| <1,
M(clg)=¢, c€X,
M(af)=M(f), a€S, feB(SX)
[M(fa) =M(f), a€S,feB(S X)),

where

of (@) = fla+2), axeS, feB(SX)
[fo(x)=f(x+a), a,x€S, feB(S X)]

If M is a left and right invariant mean, then M is called an invariant mean.

It is easily seen that if M: B(S, X) — X satisfies conditions of definition
then M satisfies conditions of definition

DEFINITION 2.2. A Banach space (X, ||-||) is said to have the invariant
mean property if and only if for every left [right] amenable semigroup (.S, +)
there exists a left [right| invariant mean M : B(S, X) — X.

We define some property which has been studied by Godefroy [5], Godefroy
and Kalton [6], Rao [9].

DEFINITION 2.3. A Banach space X is said to be constrained in its bidual

if X is the range of a norm one linear projection when canonically embedded
in its bidual X**.
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DEFINITION 2.4. A Banach space X has the finite-infinte intersection
property if for every collection {B(x¢,7¢) : t € T'} of closed balls in X

(IPf,00) (VJCT, <o [ Blae,me) # ®> = () Blxe, 1) # 0.

teJ teT

We use some part of a result from the work of Godefroy and Kalton [6]
Corollary 6.6].

THEOREM 2.5. Let X be a Banach space not containing £1. The following
conditions are equivalent:

(i) X is a dual space.

(ii) X satisfies (I Pf,oo)-

(iii) X is constrained in its bidual.

3. Main result

We start with some auxiliary theorem.

THEOREM 3.1. Let (S,+) be a left [right] amenable semigroup and let
L: B(S,R) — R be a left [right] invariant mean. The map A: B(S, X) — X**
defined by the formula

A(f)(z") :=L(z" o f), "€ X", feB(SX),
is linear, continuous and
Al <1,
A(clg) = k(e), ce X,
A(af):A(f)7 aES,fEB(S,X)
[A(fa) =A(f), a€S, feB(S X).

PROOF. Assume that (S,+) is a left amenable semigroup. Let f,g €
B(S,X), a,f € R, z*,y* € X*. First we show that A is well defined. In-
deed, we have

A(f)(ax™ + By*) = L((ax™ + By*) o f) = L(ax™ o f + By" o f)
= aL(z”o )+ BL(y" o f) = aA(f)(z") + BA(f)(y"),
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and

AN = sup{A(F)(2") : 27| <1} = sup{L(z" o f) : [lz7[| <1} <[]

The function A is linear:

Aaf +B9)(*) = L(z* o (af + B9)) = L{ax" o f + Bz o g)
= aL(z” o f) + BL(x" 0 g) = aA(f)(x") + BA(g)(a").

We have also
Alcls)(z") = L(z" o (clg)) = L(z"cls) = 2"c = K(c)(z7), c€ X,
and
A(af) (") = L(z" 04 f) = L(a(z" 0 f)) = L(z" o f) = A(f)(z"), a€S.
The proof is analogous when (S, +) is a right amenable semigroup. O

Now we have a result which gives us a sufficient condition for the invariant
mean property.

THEOREM 3.2. If X is constrained in its bidual then the space X has the
imvariant mean property.

PROOF. Let (S, +) be a left amenable semigroup, ¢: X** — X be a norm
one linear projection such that ¢ o k = idx. Let further A: B(S, X) — X**
be a function from Theorem We define the function M: B(S, X) — X by
the formula M = ¢ o A. It is easily seen that M is linear and its norm is not
great then 1. We have also

M(cls) = ¢(A(cls)) = ¢(r(c)) =c, c€X,
and
M(af) = o(Aaf)) = ¢(A(f)) = M(f), a€S, feB(S X).
The proof is analogous when (S, +) is a right amenable semigroup. O

COROLLARY 3.3. If X is a reflexive space or has the Hahn-Banach exten-
ston property, then X has the invartant mean property.
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PROOF. If X is a reflexive space then we take ¢ = £~! in Theorem
If X has the Hahn-Banach extension property then we take ¢ in Theorem
as an extension of x~!: k[X] — X to the linear and continuous map on
X O

COROLLARY 3.4. If (X, ||-||) is a normed space then the dual space X* has
the invariant mean property.

PROOF. Let k*: X* — X*** ¢: X*** — X* be functions given by formu-
las

o™ (x) == " k(x), =€ X, x™ e X,

It is easy to see that ¢ is well defined, it is linear and has norm not greater
than 1. We have also

(k" (")) (z) = k" (") (k(x)) = k(z)(z") = 2"x, z€ X,z2" € X",
In view of Theorem [3.2] the space X* has the invariant mean property. [
LEMMA 3.5. Let I be an infinite set, S be a set defined by
(3.1) S={f:1—{0,1}: the set f~*({1}) is finite}

with the operation +: S x S — S given by the formula

L)L f)=1vg@l)=1, .
(f‘f’g)(z)—{o’ (i) = gli) = 0, 1el, f,ges.

Then (S,4) is an abelian semigroup and |S| = |I|.

PROOF. It is easy to see that the operation + is commutative. If we have
f,g,h €5, then

(f + (g + W) = {é J0 = Ll 1 =
=((f+9)+n@), iel
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We have also

<8< |
neN

= |Nx I| = 1. O

It is known that if X is constrained in its bidual, then X satisfies
and an inverse implication is an open problem. Theorem [3.2] and the corollary
from the following theorem give us implications:

X is constrained in its bidual = X has the invariant mean property = X

satisfies ([ Pr o).

THEOREM 3.6. Let X be a Banach space, {B(z;,7;): i € I} be a family
of closed ball in X such that

Vicr, |7]<oo ﬂ B(xi,ri) # 0.

ieJ

Let further (S, +) be a semigroup from Lemma . If there exists an invariant
mean M: B(S,X) — X, then

() B(airi) # 0.

iel
PROOF. Fix iy € I. For every J C I, |J| < oo we take

Yj € ﬂ B(Cl?i,Ti) N B(x,—o,rio).
icJ

We define f: S — X by the formula
flo)=yr=J={jel: g(j)=1}, geS
Since y; € B(wi,,1i,) for every J C I, |J| < 0o, f is bounded.

Let M: B(S,X) — X be an invariant mean. Fix k € I. Let h = 1.
Then h € S and

(h+g)k)=1, ge€S&.
Hence

ke{iel: (h+g)(x)=1}, geS,
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and

nf(9) = f(h+9) = Yuer: (htg)@)=1} € Bk, k), gE€S.

We obtain

M(f) = M(hf) S B(.l‘k,T‘k),

which means that

M(f) € () Blax,rx)

kel

showing that ﬂ B(xg, i) # 0. O
kel

COROLLARY 3.7. If the Banach space X has the invariant mean property

then X satisfies ([ Py o).

Now, in the view of Theorem we can write the following result.

THEOREM 3.8. Let X be a Banach space not containing £1. The following
conditions are equivalent:

(i) X is a dual space.
(ii) X is constrained in its bidual.
(iii) X has the invariant mean property.
)

(iv) X satisfies (I Pf,oo)-

LEMMA 3.9. For every cardinal number v > 1 there exists a commutative
group (G,+) such that |G| = .

PrROOF. If v is finite and v = n then we take G = Z,,. If v is infinite and
A is a set of cardinality -, then we define the set

G := {Zéil{ai}: ElyevsEn ELy Q1,... 0y € A, TLEN} CB(A,R)
=1

Observe that (G, +) is a commutative group and

<ie < |J@xayr| = a

neN neN

< |AxN| = A O
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LEmMMA 3.10. Let (G,+) be an uncountable group and ~ be a cardinal
number such that Xg < v < |G|. There exists a subgroup Go of the group G
such that |Go| = 7.

PROOF. Let v be a cardinal number such that Xy < v < |G|. Let further
A C G be a set such that |A| = . We define

G0:<A>:{iai: a; € A, nGN}: UA—i—...—i—fl,

i=1 neN n

where A = AU —A. Hence

Gol = ‘U A+ g +[1‘ = LLGJNA”

neN

= N x A| = |A] = 1. O

REMARK 3.11. We have the same result for the semigroup: If (S, +) is an
uncountable semigroup and + is a cardinal number such that Xy < v < |S],
then there exists a subsemigroup Sy of the semigroup S such that |Sy| = .

The next theorem shows that if an invariant mean exists for some abelian
group, then an invariant mean exists on each subgroup of this group.

THEOREM 3.12. Let (G, +) be a group, (X, ||-||) be a Banach space. Assume
that there exists a left [right] invariant mean M: B(G,X) — X. Then, for
every subgroup Gy of the group G, there exists a left [right] invariant mean
M: B(Go, X) — X.

PROOF. Assume that there exists a left invariant mean M: B(G, X) — X
(for a right invariant mean the proof is similar). Let Gy be a subgroup of the
group G. We have the right coset of Gy in G:

G\Go ={Go+ 9o : 9o € G, € A},

where a # 8 = go + Go # g + Go. We define My: B(Go, X) — X by the
formula

Mo(fo) = M(¢(fo)), fo € B(Go, X),
where ¢: B(Gy, X) — B(G, X) is given by

Y(fo)(g90 + 9a) = folg0), fo € B(Go, X), g0 € Go,x € A.
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We notice that ¥(,f0)) = ¥ (f0)), a € Go, fo € B(Go, X). Indeed we have

Y(afo)(go + ga) = afo(go) = fola + go) = ¥(fo)(a+ go + ga)
= a¥(fo)(90 + ga), fo € B(Go, X), a,g0 € Go,a € A.

We will show that Mj is an invariant mean. The linearity of My follows from
the linearity of M and . Since |[¢|| = 1, we obtain that || M| < |M] = 1.
We have also

My(clg,) = M(clg) =¢, c€X,

Mo(afo) = M(¥(afo)) = M(at0(fo)) = M(¢(fo))
:MO(fU)a fOGB(GO,X),CLEGo. O
Now we prove that if we have an invariant mean on some semigroup, then

sets of cardinality less than cardinality of this semigroup do not change the
value of this mean.

LEMMA 3.13. Let (S, +) be an infinite right cancellative semigroup, (X, ||-||)
be a normed space, and pi: 2° — X be a mapping such that

lwD)|| <1, DcCS,
w(AUB) = u(A)+u(B), A,BCS,ANB=10,
p(D) = p(D), teS,DCS,

where
D:={seS: t+seD}, teS, DCS.
Then, for every set D C S such that |D| < |S|, we have u(D) = 0.
PROOF. Let D C S be such that |D| < |S|. Suppose that
ViesD Ny D # ().

Then for every t € S there exist some s; € D such that ¢t +s; € D. We

define sets A, :={t € S: s; = s}. Observe that S = J A;. Thus there exists
seD
so € D such that |D| < |A,,|. Let ¢: As, — D be the map given by

o(t) =t+sg, te As,.
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Since (5, +) is a right cancellative semigroup, we obtain that ¢ is one-to-one
and we have |Ag,| < |D|, which is a contradiction. Thus there exist ¢ € S such
that D N D = (. Since |D U ¢D| = |D|, it follows from above consideration
that there exists a sequence (t,)nen of elements S such that

(DUUtkD>ﬂtn+1D:®, n € N.
k=1

Hence we have

k=1

which implies that p(D) = 0. O

Since each normed space is isometrically isomorphic to some subspaces of
the space B(£2, R) with the supremum norm (we can take as {2 a subset of all
norm one vectors of X* and it is easy to check that ¢ given by the formula
o(x)(z*) = x*z, x € X, z* € Q, is an isometric isomorphism of X onto
©(X)), we may restrict our investigation to such subspaces.

THEOREM 3.14. Let Q be an infinite set, (X,||-||) be a subspace of space
B(Q,R) such that

Ly €X, weq,
Ifl = sup [f(w)], feX.
we

Let further (G,4+) be a group. If there exists a left (or right) invariant mean
M:B(G,X)— X, then 14 € X for all A C Q such that |A| <|G].
In particular, if the space (X, ||-||) has the invariant mean property then

X = B(Q,R).

PROOF. Let (G,+) be a group. Suppose that there exists Z C Q, |Z] <
|G|, such that 1z ¢ X. Since every bounded function from © to R is the
uniformly limit of simple functions, there exists A C Z such that 14 ¢ X and

VBCQ(|B| < |A| =1l € X)

Since 1¢,) € X, w € ), we obtain that 15 € X for all B C , |B| < Yo, so we
may assume that (G, +) is infinite. Let M : B(G, X) — X be a left (or right)
invariant mean. In view of Lemma [3.10] and Theorem [3.12] we may assume
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that |G| = |A|. Let further (P, <) be a set of all ordinal numbers less then
|Al, ¢: A — P, 1: G — P be bijections. We define sets

Byi={weA: p(w) <y(s)}, seG.
Observe that
1B, < 9(s) < |G| = |4].
We define the function f: G — B(2,R) by the formula
f(s):=1p, seq.

Notice that f € B(G, X). We define sets

Co:={s€G: we B}, weA
Hence we have

IG\Cul={s€G: w¢ B} =[{s€G: ¥(s) < p(w)}
<o) +1<|A =G|, weA.

In view of Lemma [3.13] we obtain
M(1gnlane,) =0, weA,
and thus
M(1gyle,) = M(1gyle) = 1y, w€ A.
For w € 2\ A we have

[M(f) = Ly || = [|M(f = Ly le)|| < [|f = Ly 16| = 1,
[M(f) + Ly || = [[M(f + 1y le)|| < [[f + i 1a]| = 1,

hence

M(f)w) =0, weQ\ A
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For w € A we have

IM(HI<Ifll =1,
[M(f) =2 1| = [M(F) = 2M(Lpple,)| = |M(f =2 Lyl
SHf—Q'HwﬂaJ@H=§gﬁﬂBs—2'Hwﬂaﬂ

=supsup|lp,(a) —2- 1 (a)le, (s)] =1,

s€G a€A
hence
M(f)(w)=1, we A
Finally we have M (f) =14 ¢ X, which is an obvious contradiction. U

COROLLARY 3.15. The spaces ¢ and cy do not have the invariant mean
property.

EXAMPLE 3.16. The space C(R) does not have the invariant mean prop-
erty.

To prove the claim let X = Cp(R) and suppose that there exists an
invariant mean M: B(N, X) — X. First we show that if f € B(N, X) and
fn)(x) >0, x € R, then M(f)(z) >0, x € R. Indeed, we have

IM(F) = I Tell = IM(f = [LF]] - el
<= I Trdnll < A1

and consequently

M(f)(@) = IfIl = =Ifll, =R

For n € N we define functions:

0, <0, 0, < —1,
fa(x):=< nz, ze€(0, %), gn(x) =< 14+nz, x€ (—%,O),
1 x>1L 1, x> 0.

) — n?

Let f(n) := fn, n € N. Then f € B(N, X). Observe that

filr) < f(n)(z) < gi(x), i, k,neNi<nzeR.
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Hence

and thus

M(f)(@) =0, <0,
M(f)(@) =1, & >0,

which contradicts the continuity of M(f).
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