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FIXED POINT RESULTS SATISFYING RATIONAL TYPE
CONTRACTIVE CONDITIONS IN COMPLEX VALUED
METRIC SPACES

Poom KuMAM*, MUHAMMAD SARWAR*, MIAN BAHADUR ZADA

Abstract. The aim of this manuscript is to establish fixed point results sat-
isfying contractive conditions of rational type in the setting of complex valued
metric spaces. The derived results generalize and extend some well known
results in the existing literature.

1. Introduction

The Banach contraction principle 2] is considered to be the pioneering re-
sult of the fixed point theory, and plays an important role for solving existence
problems in many branches of nonlinear analysis. This principle asserts that
every contraction in a complete metric space has a unique fixed point. Inspired
from the impact of this natural idea to functional analysis, several researchers
have been extended and generalized this principle for different kinds of con-
tractions in various spaces such as quasi-metric spaces, cone metric spaces,
G-metric spaces and vector valued metric spaces etc.

Recently, Azam et al. [I] introduced the notion of complex valued metric
space, which is one of the most attractive research topics in fixed point theory
and established the result for the existence and uniqueness of a fixed point in
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complex valued metrics. Though complex valued metric spaces form a special
class of cone metric space, yet this idea is intended to define rational expres-
sions which are not meaningful in cone metric spaces and thus many results
of analysis cannot be generalized to cone metric spaces. Indeed the defini-
tion of a cone metric space banks on the underlying Banach space which is
not a division Ring. However, in complex valued metric spaces, we can study
improvements of a host of results of analysis involving divisions. Rouzkard
and Imdad [5] studied some common fixed point theorems satisfying certain
rational expressions in complex valued metric spaces which generalizes the
results of [I]. Sintunavarat and Kumam [§] established common fixed point
theorems by replacing the constant of contractive condition to some control
functions and produced results for weakly compatible mappings in the context
of complex valued metric spaces. Sitthikul and Saejung [6] continue the study
of fixed point theorems in complex valued metric spaces and obtained results
which generalizes the results of ([8], [5]). Kumar and Hussain [4] extended the
results of [6] in the context of complex valued metric spaces.

The aim of this contribution is to investigate some fixed point results using
the concept of the contractive conditions of control functions in the set up of
complex valued metric spaces. Actually the derived results generalizes the
results of ([5], [4], [6], [8]) in complex valued metric spaces.

Now, we recollect some known definitions and results from the literature
which are helpful for proving our main result.

2. Preliminaries

DEFINITION 2.1 ([I]). Let C be the set of complex numbers and z,w € C.
Define a partial order =< on C as follows:

z 2w if and only if Re(z) < Re(w) and Im(z) < Im(w).
z < w if and only if Re(z) < Re(w) and Im(z) < Im(w).

Note that
i) k1,ke € (0,00) and k1 < ko = k12 3 koz, for all z € C;
i) 0 32 2 w=|z] < |wl|, for all z,w € C;
iii) 2z 3w and w < w* = z < w*, for all z,w,w* € C.

DEFINITION 2.2 ([I]). Let X be a nonempty set. Suppose that the mapping
d: X x X — C satisfy the following axioms:

1) 0 3 d(z1,22), for all 21,20 € X and d(z1, 2z2) = 0 if and only if z; = 29;
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2) d(z1,22) = d(z2,21), for all 21,29 € X
3) d(z1,22) S d(z1,23) + d(z3,22), for all zq, 29,23 € X.
Then the pair (X, d) is called a complex valued metric space.

EXAMPLE 2.3. Let 21, 20 € C and define the mapping d: C x C — C by

i, if z1 # 2s.

o) = { 42T

Then (C,d) is a complex valued metric space.

DEFINITION 2.4. [I] Let {z.} be a sequence in complex valued metric
(X,d) and z € X. Then

i) z is called the limit of {z,} if for every w € C, with 0 < w there is rg € N,

such that d(z,, z) < w for all » > ry and we write lim, , 2z, = 2.
ii) {2} is called a Cauchy sequence if for every w € C with 0 < w there is
ro € N, such that d(z,, z,4s) < w for all r > rg.
iii) (X, d) is a complete complex valued metric space if every Cauchy sequence
is convergent in (X, d).

LeMmMA 2.5 ([1]). Let (X,d) be a complex valued metric space. Then a se-
quence {z,} in X converges to z if and only if |d(z,,z)| = 0 as r — 0.

LEMMA 2.6 ([1]). Let (X,d) be a complex valued metric space. Then a se-
quence {z.} in X is a Cauchy sequence if and only if |d(z,, zr4+s)] — 0 as
r — 00, where s € N.

DEFINITION 2.7 ([7]). Let K and L be two self-maps on a non-empty
set X. Then

i) z € X is called a fized point of L if Lz = z.
i) z € X is called a coincidence point of K and L if Kz = Lz.
iii) z € X is called a common fized point of K and L if Kz = Lz = z.

PRrROPOSITION 2.8 ([6]). Let (X,d) be a complete complex valued metric
space and K, L: X — X. Let zo € X and define the sequence {z,} by

Kzoy = 2zon41 and Lzopi1 = 29p42, n=0,1,2,...
Let there exists a mapping A: X x X — [0,1) satisfying

MLEKz,w) < Az,w) and Mz, KLw) < A(z,w) for all z,w € X.



92 Poom Kumam, Muhammad Sarwar, Mian Bahadur Zada

Then
AMzon, w) < A(zo,w) and Az, zan+1) < Az, 21)
forall z,w e X andn=0,1,2,....

LEMMA 2.9 ([6]). Let (X,d) be a complex valued metric space and A1, Aa: X X
X —[0,1). If for all z,w € X, the mappings K and L satisfy the following
d(z, K2)d(Kz, LKz)
14+d(z, Kz) ’
d(Lw, K Lw)d(w, Lw)
1+ d(Lw,w) ’

d(Kz,LKz) 2 M (2, K2)d(z,Kz) 4+ Xa(z, Kz)

d(K Lw, Lw) 2 A\ (Lw, w)d(Lw,w) + Ao (Lw,w)

then
|d(Kz, LK2)| < M(z, Kz)|d(z, Kz)| + A2(2, Kz)|d(K z, LK z)|,
|d(K Lw, Lw)| < A (Lw, w)|d(Lw, w)| + Ao(Lw, w)|d(Lw, K Lw)|,

respectively.

In 2012, Sitthikul and Saejung [6] generalized the result of Rouzkard and
Imdad [5] and proved the following fixed point theorem.

THEOREM 2.10 ([6]). Let (X,d) be a complete complex valued metric space
and L: X — X be self-map. Suppose that there exist mappings Ay, Ag: X X
X — [0,1) such that for all x,y € X
(a) Al(vay) < Al(mvy) and )‘1(1’7Ly) < Al(xvy)’

Ao(Lx,y) < Xo(z,y) and Ao(x, Ly) < Ao(x,y);

(b) /\1(1‘73/) + /\2(1',3/) <1

d(y, Ly)[1 + d(x, Lx)] '

() d(La, Ly) 3 (@, y)de,y) + dolw,y) == o=

Then L has a unique fized point in X.

In 2012, Sitthikul and Saejung [6] generalized the result of Sintunavarat
and Kumam [8] and established common fixed point result as follows:

THEOREM 2.11 ([6]). Let (X,d) be a complete complex valued metric space
and K, L: X — X be two self-mappings. Suppose that there exist mappings
A, y: X x X —[0,1) such that for all z,y € X :
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(a)

(LKz,y) < Mx,y) and Az, KLy) < Xz,y),
(LKz,y) < p(z,y) and p(z, K Ly) < p(z,y),
(LKz,y) <v(z,y) and v(x, KLy) < y(z,y);
(

A
7!
v
Mz, y) 4+ p(z,y) +v(z,y) <1

(b)

(c) d(K e, Ly) 3 M, y)d(r,y) + ple,y) W B0 Ly)

1+d(z,y)
d(y, Kz)d(x, Ly)
1+d(z,y)

+7(z,y)

Then K and L have a unique common fized point in X.
Kumar and Hussain [4] improved Theorem of [6] in the following way:

THEOREM 2.12 ([4]). Let (X,d) be a complete complex valued metric space
and K, L: X — X be two self-mappings. Suppose that there exist mappings
A sy, 0: X X X —[0,1) such that for all z,y € X:

(a) MLKz,y) < Aax,y) and XNz, KLy) < Xx,y),

LKz, y) < p(z,y) and p(x, KLy) < p(z,y),

VLK, y) <v(z,y) and y(z, KLy) < ~(x,y),

6(LKwz,y) < 6(x,y) and 6(z, KLy) < 6(x,y),

n(LKz,y) <n(z,y) and n(z, KLy) <n(z,y);

(b) Az, y) + p(x, y) + (2, y) +200(z, y) + nlz,y)] < L

d(z, Kz)d(y, Ly)

(c) d(Kz, Ly) 2 Mz, y)d(z,y) + p(z,y)

1+d(z,y)
d(y, Kz)d(z, Ly) d(z, Kx)d(x, Ly)
+(.9) 1+d(z,y) +0(@,y) 1+d(x,y)
d(y, Kz)d(y, Ly)
+n(z.y) 1+d(z,y)

Then K and L have a unique common fized point in X.

3. Main Results

In this section we present the main results.
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THEOREM 3.1. Let (X,d) be a complete complex valued metric space and
Ai: X x X —[0,1),i=1,...,8. Suppose that L: X — X 1is a self-map such
that for all z,w € X the following conditions are satisfied:

(i) Ni(Lz,w) < X\i(z,w) and A\;(z, Lw) < X\;i(z,w);

(ii) d(Lz, Lw) = A (z,w)d(z,w) + Aa2(z,w)d(z, Lw)

+ A3(z,w)d(w, Lz) + Ay(z,w)d(z, Lz)

d(w, Lw)[1 + d(z, Lz)]
1+d(z,w)

+ A5(2, w)d(w, Lw) + Xg(z,w)
d(z, Lw)[1 + d(z, Lz)]
1+d(z,w)

d(z, Lw)[1 + d(w, Lz)]
1+ d(z,w)d(w, Lz) ’

+ A'?(Zv w)

+ A23('2:7'U~))

where

6
Az w) + D Xz, w) + 2o (2, w) + A (z,w) + As(z,w)] < 1.
i=3
Then the mapping L has a unique fized point in X.
PROOF. Let zg € X and construct a sequence {z,} by the rule
(3.1) Lzp = 2zp11, n=0,1,2,....

First we show that {z,} is a Cauchy sequence in X. For this, consider

d(zns1, 2nt2) = d(Lzy, Lzpy1),
by using condition (ii) of Theorem with z = z, and w = 2,41, we have
d(zn+1; Znt2) T M(2n, 2n41)d(2n, 2n41) + A2 (20, 2n41)d(2n, Lznt)
+ A3(2n, 2n+1)d(zn+1, Lzn) + Aa(Zn, 2nt1)d(2n, Lzy)
+ A5(2ns 2n41)d(2n41, Lzns1)

d(zn+1, Lzn+1)[1 + d(zn, Lzy,)]
1+ d(zn, 2nt1)

+ )\6(271,7 Zn+1)
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d(zn, Lznt1)[1 + d(zn, Lzy))
1+ d(zn, 2ns1)

d(2n, Lzn+1)[1 + d(2n+1, Lz
1+ d(Zn, Zn—i—l)d(zn-i-l’ LG)

+ )\7(,2”, ZnJrl)

+ A8(Zna Zn+1)

using (3.1)), we get
|d(2n+15 Znt2)| < Ai(2n, 2n01)|d(Zn, 2n11)| + A2(2ns 2n41)[d (20, 2n42)|
+ )\3(271,7 Zn+1)‘d(zn+17 Zn+1)‘ + )\4(271,7 Zn+1)‘d(zn7 Zn+1)‘

+ A5 (2ns 2nt1)|d(2ny1s 2ny2)|

d(2n+17 Zn+2)[]- + d(znv Zn+1)] ‘

+ X6 (2n, 2nt1) 14+ d(zn, 2nt1)

d(2n, Znt2)[1 + (20, 2041)] }

+ A7 (2n, Znt1) 1+ d(zn, 2nt1)

d(zn, Zny2)[1 + d(2nt1, Zny1)]

+ Ag(2n, 2n
8( +1) 1+ d(zna Zn+1>d(zn+1v ZnJrl)

)

with the help of condition (i) of Theorem (3.1 we get

|d(zn+lazn+2)| < )‘1(20,21)|d(zn72n+1)| + >\2(Zo,21)|d(zmzn+1)|
+ A2(20, 20)|d(2n11, Zni2)| + Aa(20, 21)|d(2n; 2n11)]
+ A5(20, 21)|d(2n+1, 2nt2)| + A6(20, 21)|d(2n+1, Znt2)|

+ A7(20, 21)|d(2n, 2nt2)| + As(20, 21)|d(2n, Znt2)]s

which implies that

|d(2n+1, 2n+2)| < A1(20, 20)|d(2n, 2n+1)] + A2(20, 21) (20, 2n41))
+ A2(20, 21)|d(2n+1, 2n42)| + Aa(20, 21)|d(2n, 2n11)]
+ A5(20, 21)|d(2n+1, Zn42)| + A6(20, 21)|[d(2n 41, Zn2)]|
+ A7(20, 21)|d(2n, 2nt1)] + A7(20, 21)|d(2n41, Zn12)]
(20, 21)

+ )\8 20, 21 |d(zna Zn+1)| + A8(’2:()> Zl)|d(zn+17zn+2)|‘
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Finally, we get

|d(zn+1, 2n+2)| < hld(zn, 2n11)],
where

A (20, 21) + A2(20, 21) + Aa(20, 21) + A7(20, 21) + As(20, 21)

h = .
1 — (A2(20, 21) + As5(20, 21) + X6(20, 21) + A7(20, 21) + As(20, 21))

Similarly, we get
|d(zn, 2n41)| < hld(zn-1, 25)|-
Consequently,

|d(zn+252n+1)| < h|d(zn+1yzn)| < h2|d(znyzn—1)| <...< hn+1|d(21320)|'

Now, for m > n, we have

d(zny 2m) S d(2n, 2n+1) + d(Znt1, 2na2) + -+ d(Zm—1, 2m),
|d(zn, 2m)| < d(zn, 2n41)| + [d(2n11, 2ng2)| + - -+ |d(Zm—1, 2m)];
< h"d(z21, 20)] + K" d(z1, 20)| + -+ BT d (21, 20))|
< (B" 4+ A"+ AT d (21, 20)|

e
1—h

IN

|d(z1,20)|-

Therefore lim,, o |d(2n, 2m)| = 0. Hence, {z,} is a Cauchy sequence. But X
is complete, so there exists ¢t € X such that z, — t as n — oo.

Next, we show that ¢ is a fixed point of L. For this, assume that Lt # t.
Now

(3.2) d(t,Lt) 2 d(t, Lzy,) + d(Lzy, Lt).
By applying condition (ii) of Theorem equation ([3.2)) become
d(t,Lt) 2 d(t, Lzy) + M (20, t)d(2n, t) + Aa(2n, t)d(2n, Lt)

+ A3(zn, t)d(t, Lzy,) + Aa(2n, t)d(2n, Lzy)
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d(t, Lt)[1 4 d(zn, Lzy,)]

+ )\5(,2”, t)d(t, Lt) + )\G(Zn, t) 1 n d(z t)

d(2p, Lt)[1 + d(zn, Lzy)]
1+ d(zn,t)

d(zn, Lt)[1 4+ d(t, Lzy,))
1+ d(zn,t)d(t, Lz,,)

+ A?(Zn’ t)

+ )\8(ZTL7 t)

with the help of equation (3.1]) and condition (i) of Theorem [3.1] we can write
d(t7 Lt) j d(t7 Zn+1) + A1 (207 t)d(zna t) + A2 (20, t)d(znv Lt)
+ A3(20, 1) d(t, zn41) + Aa(20, 1)d(2n, 2nt1)

d(t, Lt)[1 4 d(2n, 2n11)]
1+ d(zn,t)

d(zn, Lt)[1 + d(zn, 2n+1)]
1+ d(zn,t)
d(zn, Lt)[1 + d(t, zn41)]
1+ d(zn, t)d(t, znt1)

+ As(20,t)d(t, Lt) + X6(20,t)

+ )\7(207 t)

+ As(20,1)

Taking limit as n — oo, we get
d(t, Lt) = Aa(z0,t)d(t, Lt) + A5(z0,t)d(t, Lt) + N¢(20,t)d(t, Lt)
+ A7(z0, t)d(t, Lt) + As(z0,t)d(t, Lt).
Consequently,
(3.3) d(t, Lt) 3 [A2(20,t) + As5(20,t) + A6 (20, t) + A7(20, t) + As(20, )]d(t, Lt).

The above inequality contradicts the fact that d(t, Lt) # 0. Thus Lt = ¢.
Hence t is a fixed point of L.

Finally, we have to show that t is a unique fixed point of L. For this, let
t* # t be another fixed point of L. Then on putting z = ¢t and w = t* in
condition (ii) of Theorem (3.1 we get

d(t,t°) = d(Lt, Lt*) = Ay (£, t9)d(t, £°) + Aa(t, t7)d(t, Lt*)
+ As(t, t*)d(t*, Lt) + Ay(t,t*)d(t, Lt)
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d(t*, Lt*)[1 + d(t, Lt)]
1+ d(t,t*)

+ A5 (£, £9)d(t*, Lt*) + Ag(t, 1)
d(t, Lt)[1 + d(t, Lt)]
1+ d(t,t*)

d(t, Lt)[1 + d(t*, Lt)]
1+ d(t, t*)d(t*, Lt)

+ A7(155 t*)

+ As(t, ")

Thus

|d(t, )] < Aa(t, £)]d(E,£7)] + Ao (8, £7)|d(E, £7)] + As(t, £)[d(E", 1))

d(t, t*)
1+ d(t, t)

d(t, t*)
1+ d(t, t*)d(t*,t) |’

+ Az (t, t7)

+ As(t, t")

and consequently,
[t )] < [ (6 ) + Aot ) + A (8, 87) + Ae(t,£) + st £9)]d (1, £7)],

which is a contradiction because Aq(£,t*) + \a(t, %) + As(t, t*) + A7 (¢, t°) +
As(t,t*) < 1. Hence t is a unique fixed point of L. O

From Theorem [3.1] we can easily derive the following corollaries and the
proofs of which are simple, so we omit it.

COROLLARY 3.2. If A\s = 0 and all other conditions of Theorem are
satisfied, then L has a unique fized point in X.

COROLLARY 3.3. If A7 = A\s = 0 and all other conditions of Theorem [3.]]
are satisfied, then L has a unique fixed point in X.

COROLLARY 3.4. If Ay = A3 = Ay = A5 = 0 and all other conditions of
Theorem [3.1] are satisfied, then L has a unique fized point in X .

COROLLARY 3.5. If \¢ = Ay = Ag = 0 and all other conditions of Theorem
[5-1) are satisfied, then L has a unique fized point in X .

REMARK 3.6.
1. In Theorem B.1]if A\; = 0 for i = 2,3,4,5,7,8, we get Theorem 2.8 of [6].
2. In Theorem if \; =0 for i =2,3,4,56,7,8, and A\;(-) = A1, we get
complex valued metric version of Banach Theorem [2].
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THEOREM 3.7. Let (X,d) be a complete complex valued metric space and
Ai: X x X = [0,1), i =1,...,9. Suppose that K,L: X — X are two self-
mappings such that for all z,w € X the following conditions are satisfied:

(i) Mi(LKz,w) < A\i(z,w) and \i(z, K Lw) < \i(z,w);
d(z, Kz)d(w, Lw)

(i) d(Kz, Lw) 3 Ai(z,w)d(z,w) + A2(z,w)

14 d(z,w)
d(w, Kz)d(z, Lw) d(z, Kz)d(z, Lw)
+ As(z,w) = Az w0) + Aa(z, w) i)
d(w, Kz)d(w, Lw)
+ A5 (2, w) T d(ew)
+ A6 (2, w)d(w’ Lw)ld(z, Kz) + d(w, Kz)]

1+d(z,w) + d(Kz, Lw)
d(z, Lw)[d(z, Kz) + d(w, Kz)]
1+d(z,w) + d(Kz, Lw)
d(z, Kz)[d(z, Lw) + d(w, Lw)]
1+d(z,w) + d(Kz, Lw)
d(w, Kz)[d(z, Lw) + d(w, Lw)]
14+d(z,w) +d(Kz,Lw)

+ A7 (z,w)

+ As(z,w)

+ /\9(va>

where

Z iz, w) 4 2[Aa(z,w) + A5 (2, w) + A7z, w) + Ag(z, w)]

i=1

+ 3[X6(z, w) + As(z,w)] < 1.
Then K and L have a unique common fized point in X.
PROOF. Let zp € X and construct a sequence {z,} by the rule
(3.4) Kzop = zopy1 and  Lzopi1 = 2on10, n=0,1,2,...
First we show that {z,} is a Cauchy sequence in X. For this, consider

d(zak+1, 22k) = d(K Lzog—1, Lzog—1).
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By using condition (ii) of Theorem with 2 = Lzop_1 and w = zo5_1, We
have
d(zor41, 22k) T M (Lzog—1, zok—1)d(L2zog—1, 22k —1)

d(Lzog—1, KLzog—1)d(225 -1, Lzog—1)
1+ d(Lzok—1, z2k—1)

d(zok—1, KLzop—1)d(Lzok—1, Lzog—1)
1+ d(Lzok—1, z2k—1)

d(Lzop—1, KLzap—1)d(Lzog—1, Lzag—1)

1+ d(Lzok—1, 22k—1)

d(zok—1, KLzok—1)d(225—1, Lzok—1)

1+ d(Lzok—1,%2—1)

+ Ao(L2zok—1,22k—1)

+ A3(Lzok—1, 22k—1)

+ Aa(Lzok—1, 22k—1)

+ A5 (Lzok—1, 22k—1)

(zok—1,Lzok—1)[d(Lzok—1,KLzok_1)+d(z2p—1,KLz25—1)]
1+ d(Lzak—1,22k-1)

d(Lzag—1,Lzon—1)[d(L2ak—1, KLzop—1 1+ d(zon-1, KL 201-1)]

+A7(Lzok—1,226-1)

7(L22k—1,22k-1) 1+ d(Lzok—1, %2k—1)

d(Lzak—1,KL22k—1)[d(Lz2k—1,L225—1) +d(225—1,L22k-1)]
1+ d(Lzog—1, 226—1)

(zok—1,KLzog—1)[d(Lzog—1,L2zok—1)+d(22k—-1,L225-1)]
1+ d(Lzog—1, z2k-1)

d
+X6(Lzak—1, 226—1)

+As(Lzak—1, 226—1)

d
+Xo(Lzog—1, 22—1)

)

which implies that

|d(22k+1, 228)| < M (L2og—1, 225—1)|d(Lzok—1, 22k—1)|

d(Lzag—1, KLzog—1)d(22k—1, Lzok—1)

+ Aa(Lzog—1, 22k—1)

+ As(Lzog—1, Z2k—1)

+ Xo(Lz2k—1, 22k—-1)

+ Xo(Lzok—1, 22k—1)

1+ d(Lzak—1,22k-1)

d(zop—1, K Lzok—1)d(2z2k—1, Lzok—1)
1+ d(Lzak—1, 22k—1)

d(zak—1, Lzog—1)d(Lzog—1, K Lzok_1)
1 +d(Lzog—1,22k-1)

d(zak—1, Lzag—1)d(22k—1, K Lzog_1)
1+ d(Lzok—1, 22k—1)
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d(Lzgp—1, K Lzop_1)d(22k—1, Lzag—1)
1+ d(Lzok—1, 22k—1)

d(zak—1, K Lzog_1)d(22k—1, Lzog—1)
1+ d(Lzok—1, 22k—1) ‘

+As(L2zok—1, 22k—1)

+Xg(Lzog—1, 22k—1)

By Lemma and equation , we get
|d(22k+1, 22k)| < A1 (228, 22k—1)|d(22k, 22k—1)| + A2(22k, 226 —1) |d(22k, 22641
+ As(22k, z2k-1) |d(22k-1, 225611)|
+ o (22, 22k—1) |d(228, 22k41) + d(22k-1, 22k41)]
+ As(22k; 22k—1)|d(22k, 22541)]
+ Ao (22K, 226—1)|d(226—1, 22k +1) |-

From Proposition and triangular inequality, we can write

|d(22k 11, 221)| < A1(20, 21)|d(22k, 22k-1)] + A2(20, 21) [d(22k, 228641
+ As(20, 21) |d(z2—1, 221)| + A5 (20, 21) |d(22k, 22841)|

+ A6 (20, 21)|d(22k; 22641)| + A6 (20, 21)|d(228—1, 221) |
+ X6(20, 21)|d(22k, 22k+1)| + As(20, 21)|d(22k, 22k41)]
(20, 21)

+ o (20, 21)|d(226—1, 221) | + Ao (20, 21)|d( 22k, 22k+1)]-
Finally one can get
(3.5) |d(z2k+1, 228)| < hild(22k, 226—1)]

where

A (20, 21) + As(20, 21) + A6(20, 21) + Ao(20, 21)

hy = .
! 1-— (/\2(2’0, 21) + )\5(2’0, Zl) + 2)\6(2’0, zl) + /\S(ZQ, Z1) + )\9(20, Zl))
Similarly,
(3.6) |d(z2r—1, 22k—2)| < h1|d(22k—2, 22k—3)|-

On the other hand, consider

(3.7) d(zgk_l,ZQk;) = d(KZQk_Q,LKZ2k_2).
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By applying condition (ii) of Theorem with 2z = 2959 and w = Kz9_»
to equation ({3.7)), we get
d(zak—1, 22k) 3 M (z2k—2, Kzop—2)d(z25—2, K z25—2)
d(zok—2, Kzok—2)d(K z95—2, LK 231,_2)
1+ d(zok—2, Kzop—2)
d(Kzop—2, Kzok—2)d(225—2, LK 22,_2)
1+ d(zok—2, Kzop—2)
d(zok—2, Kzok—2)d(225—2, LK 29, _2)
1+ d(z2k—2, Kzok—2)
d(K zop—2, Kzop—2)d(K zop—2, LK z31,—2)
1+ d(z2k—2, Kza2r—2)

+ Ao (22k—2, K2op—2)

+ A3(22—2, K2o—2)

+ A (22—2, K2op—2)

+ A5 (226—2, Kzo—2)

(Kzop—2,LKzo—2)[d(22k—2,Kz0—2) +d(Kzop—2,Kzo1_2)]
1+ d(z2k—2, Kzok—2)
(zok—2,LEKzok—2)[d(22—2,Kz0k—2) +d(Kzop—2,Kz25—2)]
1+ d(z2k—2, Kzop—2)
d(zo—2,Kzo1—2)[d(22k—2,L Kzop—2) +d(Kzop o, LKZok_2)]
1+ d(z2k—2, Kzop—2)

d(Kzo—o,Kzop_2)|d(225— 2, LKzok o Hd(Kzo—o, LI zok
+)‘9(22k72aKZ2k72)( A 2)[1(—|—2§(2’22k—2 2122213—2)( . 2)]'

d
+X6(z2k—2,Kz21—2)

d
+A7(z2k—2,Kza1—2)

+As(z2k—2,Kza1—2)

Using equation (3.4) and Proposition one can get

|d(z2k—1, z21)| < M (20, 21)|d(226—2, 22k—1)]

d(zak—2, 2ok—1)d(22K—1, 22k)
1+ d(z2k—2, 226—1)

+ A2(20, 21)

d(zak—2, 2ok—1)d(22K—2, Z2k)
1+ d(22—2, 22k—1)

+ A4 (20, 21)

d(zak—1, 22k—1)d(22K—1, Z2k)
1+ d(z2—2, 22K—1)

+ A5(20, 21)

d(za—1, z2)[d(22k—2, 22k—1) +d(22k-1, 22K —1)]
1+ d(z2k—2, 22k—1)

+ X6 (20, 21)
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+ A7 (20, 21)

d(zok—2, zo1)[d( 22k —2, 22k—1) + d(22K—1, 22—-1)] '
1+ d(z2k—2, 226—1)

d(zak—2, 2ak—1)[d(22k—2, 22k) + d(22k—1, 22k )]
1+ d(z2k—2, z26—-1)

+ As(20, 21)

Y

with the help of Lemma [2.9] we can write

|d(z2x—1, 221)| < A1(20, 21)|d(226—2, 226 1)

+ A2(20, 21) [d(22k—1, 22k )| + Aa(20, 21) |d(22k—2, 221) |
+ X6(20, 21) |d(22x—1, 221)| + A7(20, 21) |d(22k—2, 221
+ As(20, 21) |d(22k—2, 221) + d(2286—1, 22k -

Hence

|d(z2k—1, 221)| < M1 (20, 21)|d(226—2, 22k—1)| + A2(20, 21) |d(22k—1, 221)|

+ Aa(20, 21) |d(z2r—2, 228-1)| + Aa(20, 21) |d(22p—1, 22
+ X6(20, 21) |d(22—1, 221)| + A7(20, 21) |d(22k—2, Z28—1)|
+ A7 (20, 21) |d(22k—1, 22k)| + As(20, 21) |d(226—2, 225—1)]
+ As(20, 21) |d(22r—1, 221) | + As(20, 21) |d(228—1, 22k)| -

Finally, we obtain

(3.8) |d(22k—1, 22k)| < ha2|d(22k—2, 226—1)],

where

A (20, 21) + Aa(20, 21) + A7(20, 21) + Ag(22k, 22k+1)

ho = .
2T 1- (A2(20, 21) + Aa(20, 21) + A6 (20, 21) + M7(20, 21) + 2A8(22k, 22k+1))

Similarly,

(3.9) |d(z2—3, 22k—2)| < ho|d(22k—4, 22k—3)|-

Let h = max{hy, ho}, then from equations (3.5) and (3.8)), we have

|d(22k+1, 221)| < h|d(22k, 22k—1)| and  |d(zak—1, z21)| < h|d(22k—2, 22K—1)|.
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Which implies that

|d(226+1, 22k)| < hld(22k, 226—1)] < h?|d(220-1, 220—2)].

Consequently, we can write

|d(Zns1, 2n)| < hld(2n, 2n—1)| < B3|d(2n-1, 2n—2)| < ... < h™|d(z1, 20)|.

Now, for m > n, we have

d(zn, 2m) 3 d(zny 2nt1) + d(Zn+1, 2nt2) + oo+ d(Zm-1, Zm),
|d(2n; 2m)| < [d(zn, 2n41)] + |d(znt1, 2na2)| + -+ |d(2Zm-1, 2m)]
< h™d(z1,20)| + A" Hd (21, 20)| + -+ AT d (21, 20))]

<{R"+ R+ R (2, 20)|

hn
1—h

IN

|d(z1, 20)|-

Therefore lim,,_,o |d(2n, 2m)| = 0. Hence, {z,} is a Cauchy sequence. But X
is complete, so there exists ¢t € X such that z,, — ¢t as n — oo.
Next, to show that ¢ is a fixed point of K. For this, consider

d(t, Kt) j d(t, L22n+1) + d(L22n+1, Kt)
Using condition (ii) of Theorem with 2 =t and y = 22,11, we have

d(t, Kt) 3 d(t, Lzant1) + A1t z2n41)d(t, 22n41)
d(t, Kt)d(22n+1, LZQn_H)
1 +d(t, z2n41)
d(22n+1, Kt)d(t, L22n+1)
1 + d(tv z2n+1)

d(t, Kt)d(t, L22n+1)
1+ d(t, zant1)

d(zon+1, Kt)d(22n41, Lzan+1)
1 + d(tv 22n+1)

d(22n+1, L22n+1)[d(t, Kt) + d(Zzn_H, Kt)]
1+ d(t, zon+1)

+ Ao (t, 22n41)

+ A3(t, z2n41)

+ A (t, 22n41)

+ A5 (t, 22n41)

+ A6(t, 22n41)
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d(t, L22n+1)[d(t7 Kt) + d(22n+17 Kt)]
1 +d(t, z2n41)

d(t, Kt)[d(t, Lzop4+1) + d(22n+1, L2zan11)]
1+ d(t, z2n+1)

d(zon+1, Kt)[d(t, Lzan41) + d(22n+1, Lzon+1)]
1 + d(t, Z2n+1)
Using equation (3.4) and Proposition we get
d(t, Kt) 3 d(t, 22n42) + A1(t, 21)d(t, 22n41)

d(t, Kt)d(22n+1, 22n+2)
1 +d(t, z2on11)

d(zon 11, Kt)d(t, 22n42)
14 d(t, zon41)
d(t, Kt)d(t, Z2n+2)
1 + d(t7 22n+1)

+ A7(t, 22n41)

+ As(t, 22n+1)

+ Ao (t, 22n41)

+ )\2 (t, Zl)

+ A3 (t) Zl)

+ A4(t, 21)

d(zon+1, Kt)d(22n+1, Z2n42)
14 d(t, zon41)

d(22n+1, 22n+2)[d(t, Kt) + d(22n41, Kt)]
1 + d(t, 22n+1)
d(t, zony2)[d(t, Kt) + d(22n41, K1)]
14+ d(t, z2n+1)

d(t, Kt)[d(t, zany2) + d(22n11, 22n42)]
1+ d(t, Z2n+1)

d(zant1, Kt)[d(t, z2n+2) + d(z2n+1, 22n+2)]
14 d(t, z2n+41)

+ /\5 (tv Zl)

+ Xe(t, 21)

+ A7(t, 21)

+ As(t, 21)

+ Ao(t, 21)

Taking limit as n — oo, we get d(Kt,t) 3 0. Thus d(Kt,t) = 0 implies that
Kt =t. Hence t is a fixed point of K.

Analogously, using condition (ii) of Theorem [3.7| with z = 25, and w =t
one can show that ¢ is a fixed point of L. Therefore Kt = Lt = t, that is t is
a common fixed point of K and L.

Finally, we prove that ¢ is a unique common fixed point of K and L. For
this, suppose that ¢* # ¢ be another fixed point of K and L. Then putting
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x =t and y = t* in condition (ii) of Theorem we have
d(t, Kt)d(t*, Lt*)
1+ d(t, t)

d(t, K)d(t, Lt*)
1+ d(t,t)

A(Kt, Lt*) Z A (t, t9)d(t, t%) + Ao (t, t7)

d(t*, Kt)d(t, Lt*)
1+ d(t, t*)
d(t*, Kt)d(t*, Lt*)
1+ d(t, %)

d(t*, Lt)[d(t, Kt) + d(t*, Kt)]
1+d(t, t%)

d(t, Lt)[d(t, Kt) + d(t*, Kt)]
1+ d(t,t*)

d(t, Kt)[d(t, Lt*) + d(t*, Lt*)]
14d(t,t*)

d(t*, Kt)[d(t, Lt*) + d(t*, Lt*))]
14d(t,t*) ’

+)\3(t7t*) +)‘4(t7t*)

+ As(t, t7)

+ Ao(t, t7)

+ )\7(t7 t*)

+ >\8(t7 t*)

+ )\Q(tv t*)

which implies that

d(t, t*)] < A (6, £)|d(t, t%)] + A3 (¢, t*) d@t*, t)d(t, ¢°)

1+ d(t, %)
oy 1)@ )| d(t*,t)d(t,t*)
et 1+ d(t, t*) 1+ d(t, t*)

Consequently,
|d(t, )] < Mt 87) + As(t, 1) 4+ A7 (2, £7) 4+ Ao (2, 27)]|d(E", 1)].
Which is a contradiction because A1 (¢, t*) 4+ A3(t, t*) + A7 (¢, %) + Ao (¢, t*) < 1,

thus |d(t*,t)] = 0 and hence t* = t. Therefore ¢ is a unique common fixed
point of K and L. O

From Theorem we can derive the following corollaries and the proof of
which is simple, so we omit it.

COROLLARY 3.8. If K = L and all other conditions of Theorem are
satisfied, then L has a unique fized point in X.
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COROLLARY 3.9. Let \g = 0 and K,L: X — X be two self-mappings
satisfying all other conditions of Theorem[3.7. Then K and L have a unique
common fixed point in X.

COROLLARY 3.10. Let A\g = 0 and K,L: X — X be two self-mappings
satisfying all other conditions of Theorem[3.7. Then K and L have a unique
common fixed point in X .

COROLLARY 3.11. Let A\gy = A9 = 0 and K,L: X — X be two self-
mappings satisfying all other conditions of Theorem[3.7. Then K and L have
a unique common fized point in X.

COROLLARY 3.12. Let A7 = 0 and K,L: X — X be two self-mappings
satisfying all other conditions of Theorem[3.7] Then K and L have a unique
common fixed point in X.

COROLLARY 3.13. Let A\ = Ag =X =0 and K,L: X — X be two self-
mappings satisfying all other conditions of Theorem[3.7 Then K and L have
a unique common fized point in X.

COROLLARY 3.14. Let A\¢ = 0 and K,L: X — X be two self-mappings
satisfying all other conditions of Theorem[3.7. Then K and L have a unique
common fixed point in X.

COROLLARY 3.15. Let A\¢ = Ag = Ag =0 and K,L: X — X be two self-
mappings satisfying all other conditions of Theorem[3.7. Then K and L have
a unique common fixed point in X.

COROLLARY 3.16. Let Ao = X g = A7 =0 and K,L: X — X be two self-
mappings satisfying all other conditions of Theorem[3.7. Then K and L have
a unique common fized point in X.

COROLLARY 3.17. Let Ao = dg = Ay =g =X =0and K,L: X - X
be two self-mappings satisfying all other conditions of Theorem[3.7]. Then K
and L have a unique common fixed point in X.

COROLLARY 3.18. Let A3 =X =Xy =0 and K,L: X — X be two self-
mappings satisfying all other conditions of Theorem[3.7 Then K and L have
a unique common fized point in X.

COROLLARY 3.19. Let \3 = dg =AMy = A3 =X =0and K,L: X — X
be two self-mappings satisfying all other conditions of Theorem [3.7. Then K
and L have a unique common fized point in X.



108 Poom Kumam, Muhammad Sarwar, Mian Bahadur Zada

REMARK 3.20. In the above Theorem

If \; =0 fori=4,56,7,8,9, we get Theorem 2.4 of [6].

If \; =0 fori=3,4,5,6,7,8,9, we get Corollary 2.6 of [0].

If \;, =0 for i =2,4,5,6,7,8,9, we get Corollary 2.7 of [6].

If \;, =0 fori=6,7,8,9, we get Theorem 2.2 of [4].

If \; =0 fori=6,7,8,9, and K = L, we get Corollary 2.3 of [4].

If \;, =0 fori=6,7,8,9 and \;(-) = \;, we get Theorem 10 of [3].

If\; =0, fori=6,7,89, K =L and \;(-) = \;, we get Corollary 11 of [3].

RN

To state the next result we need the following Lemma the proof of which
easily follows from Proposition

LEMMA 3.21. Let (X,d) be a complete complex valued metric space and
K,L: X - X. Let zo € X and define the sequence {z,} by

Kzon = 2op41 and Lzopy1 = 2opte forn=0,1,2,....
Assume that there exists a mapping X\: X — [0,1) satisfying
MLKz) < Az) and MNKLz) < X(z) forallzeX.
Then
AMzan) < AMzo) and AN zopnt1) < A(z1) foralln=0,1,2,....

PROOF. The proof follows from the proof of Proposition 2.8 Let z,y € X
and n=0,1,2,3,... Then, we have

AMzon) = MLKxp—2) < Mx2n—2) = A(LKx2,_4)
< Mxgn—a) < ... < A(zo).
Similarly,
Mzont1) = MLKzo,—1) < Maop—1) = M(LKx2,—3)

S )\(.’Egn,g) S . S )\(xl) O

THEOREM 3.22. Let (X,d) be a complete complex valued metric space and
Ai: X = [0,1),i=1,...,9. Suppose that K, L: X — X are two self-mappings
such that for all z,w € X the following conditions are satisfied:

(i) Mi(LKz) < Xi(2) and N\i(KLz) < \i(2);
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d(z, Kz)d(w, Lw)

(i)  d(Kz, Lw) 2 A\1(2)d(z,w) + A2(2)

1+ d(z,w)
T e
i+ 35(z) AL KL L)
+ () d(w, Lw) [Cf(i ;i j) UT) d(w, Kz)]
() 2 L . 2 I)d(w’ K2)
+s(2) d(z, K2) [Ci(i I;(zz) :Ur)d(w, Lw))
+ag(r) A, K2) [cll(i 5(1;1’) ;r) d(w, Lw)]

where

Then the mappings K and L have a unique common fixed point in X.

PROOF. By using Lemma[3.:2T]and following the same steps as in Theorem
[3.7 one can easily prove the theorem. O

One can deduce corollaries from Theorem [3.22]in the same way as derived
from Theorem

REMARK 3.23. In Theorem [3.22

1. If \; =0 for i =4,5,6,7,8,9, we get Corollary 3.2 of [6].

2. If )\z =0fori= 4, 5,6, 7,8,9 and )\1() = Al, )\2() = )\2, )\3() = )\3, we get
Theorem 2.1 of [5].

3. If \; =0 fori=3,4,5,6,7,8,9, we get Theorem 3.1 of [§].

4. If \; =0 fori=3,4,5,6,7,8,9 and A\1(-) = A1, A2(:) = A2, we get Theorem
4 of [1].
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