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A STUDY ABOUT CERTAIN SUBCLASSES OF ANALYTIC
FUNCTIONS

Maslina Darus1, Imran Faisal

Abstract. In the present paper, we establish some results concerning the
quasi-Hadamard product for certain subclasses of analytic functions.

1. Introduction and preliminaries

The study of certain classes of analytic functions has been essential to
many researchers especially to complex analysts. Then the class of univalent
functions which is a subclass of analytic functions has been the prime interest
to many for several decades. Though the famous Bieberbach conjecture is
settled, yet many other new results are studied and solved in many ways (cf.,
[3, 4, 12]). In this article we study quasi-Hadamard product of finitely many
functions for the two classes denoted by SP (λ, α, β) and UCV (λ, α, β).
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Throughout this paper let

f(z) = a1z +

∞∑

k=2

akz
k, (a1 > 0, ak ≥ 0),(1)

fi(z) = a1,iz +

∞∑

k=2

ak,iz
k, (a1,i > 0, ak,i ≥ 0),(2)

g(z) = b1z +

∞∑

k=2

bkz
k, (b1 > 0, bk ≥ 0),(3)

gj(z) = b1,jz +

∞∑

k=2

bk,jz
k, (b1,i > 0, bk,j ≥ 0),(4)

be regular and univalent in the unit disc U = {z : |z| < 1}.
For 0 ≤ λ < 1, 0 ≤ α < 1 and β ≥ 0, let SP (λ, α, β) denote the class of

functions f(z) defined by (1)(considering a1 = 1) and satisfying the analytic
criterion

(5) <
{

zf ′(z)
(1− λ)f(z) + λzf ′(z)

−α
}
> β

∣∣∣∣
zf ′(z)

(1− λ)f(z) + λzf ′(z)
−1

∣∣∣∣, z ∈ U.

Also let UCV (λ, α, β) denote the class of functions f(z) defined by (1) (con-
sidering a1 = 1) and satisfying the analytic criterion

(6) <
{
f ′(z) + zf ′′(z)
f ′(z) + λzf ′′(z)

− α
}
> β

∣∣∣∣
f ′(z) + zf ′′(z)
f ′(z) + λzf ′′(z)

− 1

∣∣∣∣, z ∈ U.

Suitably specializing the parameters of the classes above we generalize the
classes defined by some well known authors, see [1, 2, 13–15].

Murugusundaramoorthy and Magesh [10] proved the following results that
f(z) ∈ SP (λ, α, β) (0 ≤ λ < 1, 0 ≤ α < 1, β ≥ 0) if and only if

(7)
∞∑

n=2

[n(1 + β)− (α+ β)(1 + nλ− λ)]|an| ≤ (1− α),

and f(z) ∈ UCV (λ, α, β) (0 ≤ λ < 1, 0 ≤ α < 1, β ≥ 0) if and only if

(8)
∞∑

n=2

n[n(1 + β)− (α+ β)(1 + nλ− λ)]|an| ≤ (1− α).

We now introduce the following class of analytic functions which plays an
important role in the discussion that follows.
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A function f which is analytic in U belongs to the class Sk(λ, α, β) if and
only if

∞∑

n=2

nk[n(1 + β)− (α+ β)(1 + nλ− λ)]|an| ≤ (1− α),(9)

where n(1 + β)− (α + β)(1 + nλ− λ) > 0, 0 ≤ λ < 1, 0 ≤ α < 1, β ≥ 0 and
k is any fixed nonnegative real number.

For k = 0 and k = 1, it is identical to SP (λ, α, β) and UCV (λ, α, β)
respectively (see [10]). Further, for any positive integer h > k+1 > k > · · · >
p, we get the following inclusion relation

Sh(λ, α, β) ⊆ Sk+1(λ, α, β) ⊆ · · · ⊆ S2(λ, α, β) ⊆ UCV (λ, α, β) ⊆ SP (λ, α, β).

The class Sk(λ, α, β) is nonempty for any nonnegative real number k as the
functions of the form

(10) f(z) = a1z +

∞∑

k=2

(1− α)

nk[n(1 + β)− (α+ β)(1 + nλ− λ)]
λkz

k,

where a1 > 0, λk ≥ 0 and Σ∞2 λk ≤ 1 satisfy the inequality given in (9).
Let us define the quasi-Hadamard product of the functions f and g by

(11) f ∗ g(z) = a1b1z +

∞∑

k=2

akbkz
k, (a1 > 0, b1 > 0, ak ≥ 0).

Similarly, we can define the quasi-Hadamard product of more than two func-
tions. The quasi-Hadamard product of two or more functions has recently
been defined and used by some well known authors see [5–9, 11]. In this work
we establish certain results concerning the quasi-Hadamard product of func-
tions in the classes SP (λ, α, β), UCV (λ, α, β) and Sk(λ, α, β) analogous to the
results due to V. Kumar [5] and [7] as well.

2. The main results

Theorem 2.1. Let the functions fi(z) defined by (2) be in UCV (λ, α, β)
for every i = 1, 2, . . . , r and let the functions gj(z) defined by (4) be in the
class SP (λ, α, β) for every j = 1, 2, . . . , q. Then the quasi-Hadamard product
f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq(z) belongs to the class S2r+q−1(λ, α, β).
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Proof. We denote the quasi-Hadamard product f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗
g2∗ · · · ∗gq(z) by the function G(z), for the sake of convenience. Clearly,

G(z) =

[ r∏

i=1

∣∣a1,i
∣∣
][ q∏

j=1

∣∣b1,j
∣∣
]
z +

∞∑

n=2

[ r∏

i=1

∣∣an,i
∣∣
][ q∏

j=1

∣∣bn,j
∣∣
]
z.

Since fi(z) ∈ UCV (λ, α, β), it implies

(12)
∞∑

n=2

n
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,i| ≤ (1− α)|a1,i|,

for every i = 1, 2, . . . , r. Therefore

|an,i| ≤
(1− α)

n
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] |a1,i|,

for every i = 1, 2, . . . , r, which implies

(13) |an,i| ≤ n−2|a1,i|,

for every i = 1, 2, . . . r. Similarly gj(z) ∈ Sp(λ, α, β), it implies

(14)
∞∑

n=2

[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|bn,j | ≤ (1− α)|b1,j |,

for every i = 1, 2, . . . , q. It implies

(15) |bn,j | ≤ n−1|b1,j |,

for every j = 1, 2, . . . q.
Using (13), (14) and (15) for i = 1, 2, . . . , r, j = q and j = 1, 2, . . . , q − 1

respectively, we have

∞∑

n=2

n2r+q−1[n(1 + β)− (α+ β)(1 + nλ− λ)
] r∏

i=1

|an,i|
q∏

j=1

|bn,j |

≤
∞∑

n=2

n2r+q−1[n(1+β)−(α+β)(1+nλ−λ)
]
n−2rn−q+1|bn,q|

r∏

i=1

|a1,i|
q−1∏

j=1

|b1,j |
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=

∞∑

n=2

[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|bn,q|

r∏

i=1

|a1,i|
q−1∏

j=1

|b1,j |

≤ (1− α)

r∏

i=1

|a1,i|
q∏

j=1

|b1,j |.

Therefore we have

∞∑

n=2

n2r+q−1[n(1 + β)− (α+ β)(1 + nλ− λ)
] r∏

i=1

|an,i|
q∏

j=1

|bn,j |

≤ (1− α)

r∏

i=1

|a1,i|
q∏

j=1

|b1,j |.

Hence f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq(z) ∈ S2r+q−1(λ, α, β). �

Theorem 2.2. Let the functions fi(z) defined by (2) be in UCV (λ, α, β)
for every i = 1, 2, . . . , r. Then the Hadamard product f1(z) ∗ f2(z) ∗ · · · ∗ fr(z)
belongs to the class S2r−1(λ, α, β).

Proof. To prove the theorem, we need to show that

∞∑

n=2

n2r−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] r∏

i=1

|an,i| ≤ (1− α)

r∏

i=1

|a1,i|.

Since fi(z) ∈ UCV (λ, α, β), therefore

(16)
∞∑

n=2

n
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,i| ≤ (1− α)|a1,i|,

for every i = 1, 2, . . . r. It implies

|an,i| ≤
(1− α)

n
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] |a1,i|,

for every i = 1, 2, . . . , r, which implies

(17) |an,i| ≤ n−2|a1,i|,

for every i = 1, 2, . . . , r.
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Applying simultaneously (16) as well as (17) for i = r and i = 1, 2, . . . , r−1
respectively, we get

∞∑

n=2

n2r−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] r∏

i=1

|an,i|

≤
∞∑

n=2

n2r−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,r|n−2r+2

r−1∏

i=1

|a1,i|

=

∞∑

n=2

n
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,r|

r−1∏

i=1

|a1,i| = (1− α)

r∏

i=1

|a1,i|.

Hence f1(z) ∗ f2(z) ∗ · · · ∗ fr(z) ∈ S2r−1(λ, α, β). �

Theorem 2.3. Let the functions fi(z) defined by (2) be in the class SP (λ, α, β)
for every i = 1, 2, . . . , r. Then the Hadamard product f1(z) ∗ f2(z) ∗ · · · ∗ fr(z)
belongs to the class Sr−1(λ, α, β)·.

Proof. Since fi(z) ∈ Sp(λ, α, β), it implies

(18)
∞∑

n=2

[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,i| ≤ (1− α)|a1,i|,

for every i = 1, 2, . . . , r. Therefore
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,i| ≤ (1− α)|a1,i|,

or

|an,i| ≤
(1− α)

n(1 + β)− (α+ β)(1 + nλ− λ)
|a1,i|,

for every i = 1, 2, . . . , r, which implies

(19) |an,i| ≤ n−1|a1,i|,

for every i = 1, 2, . . . , r.
To prove that f1(z)∗f2(z)∗· · ·∗fr(z) ∈ Sr−1(λ, α, β), it is enough to show

that

(20)
∞∑

n=2

nr−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] r∏

i=1

|an,i| ≤ (1− α)
r∏

i=1

|a1,i|.
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Using (18) and (19) for i = r and i = 1, 2, . . . , r−1 respectively, then we have

∞∑

n=2

nr−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

] r∏

i=1

|an,i|

≤
∞∑

n=2

nr−1
[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,r|n−r+1

r−1∏

i=1

|a1,i|

=

∞∑

n=2

[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,r|

r−1∏

i=1

|a1,i|.

Using (18) we get

∞∑

n=2

[
n(1 + β)− (α+ β)(1 + nλ− λ)

]
|an,r|

r−1∏

i=1

|a1,i| = (1− α)

r∏

i=1

|a1,i|.

Hence f1(z) ∗ f2(z) ∗ · · · ∗ fr(z) ∈ Sr−1(λ, α, β). �
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