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ON INVERTIBLE PRESERVERS OF SINGULARITY
AND NONSINGULARITY OF MATRICES OVER A FIELD

JOZEF KALINOWSKI

Abstract. Invertible operators preserving singularity of matrices were studied
in [3] and [4] under assumption that operators are linear. In the present paper
the linearity of operators is not assumed: we assume only that operators are of
the form F' = (f; ;), where f; j: F — F and F is a field, 4,5 € {1,2,...,n}.
If n > 3, then in the matrix space My (F) operators preserving singularity of
matrices must be as in [1]. If n < 2, then operators may be nonlinear. In this
case the forms of the operators are presented.

Let R,C,N denote the set of real numbers, complex numbers or positive
integer numbers, respectively. Let M, (F) be the set of n x n matrices over
a field F, i.e. M, (F)=F"*", where n € N.

First of all let us introduce

DEFINITION 1. An operator F' from M, (F) into itself is an operator pre-
serving singularity of matrices from M, (F) if and only if for every singular
matrix A € M,,(F) the matrix F(A) is singular.

DEFINITION 2. An operator F' from M, (F) into itself is an operator pre-
serving nonsingularity of matrices from M, (F) if and only if for every non-
singular matrix A € M, (F) the matrix F'(A) is nonsingular.

Let S, NS denote the set of singular or nonsingular matrices from M, (F),
respectively.
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In the paper we consider the operators F' from M, (F) into itself of the
form

(1) F = (fi;), where fi;:F—F, i,j=12,...,n,

where the matrix F(A) := (f; (a;;)) for i,j = 1,2,...,n, for any matrix
A e M, (F).

REMARK 1. In case of n = 1 an invertible operator F' of the form (1) is
an operator preserving singularity of matrices from M;(F) if and only if for
x € F the equivalence x = 0 <= f; 1(x) = 0 holds.

LEMMA 1. If an operator F of the form (1), from M, (F) into itself for
n > 2, where F is a field, is an invertible operator, then all functions f; ; for
i,7 €4{1,2,...,n} are injective.

PROOF. Let us assume that n > 2. We denote the matrix whose i, j entry
is 1 and the remaining entries of which are 0 by Fj; ;. Let us consider the
matrices F(xE; ;). If F is an invertible operator, then the function f; ; is
injective, which completes the proof. [l

LEMMA 2. If an invertible operator F of the form (1), from M, (F) into
itself for n > 2, where F is a field, preserves singularity of matrices in the
space M, (F), then the equivalence

(2) r=0 <= fi’j(l') =0
holds for all x € F, i,j € {1,2,...,n}.

PROOF. Let us assume that n > 2. Let F be an operator preserving
singularity of matrices. Let indices i,j € {1,2,...,n} be arbitrary and fixed.
We would like to prove that f; ;(0) = 0.

Let us consider the matrix By = (bg;), k,l =1,2,...,n, such that b;; =0
fori =1,2,...,n. When we exchange the first row with the i-th row and next
exchange first column with the j-th column, we obtain the matrix By € S.
Then also F(By) € S and with f; ;(0) in the left-upper corner.

Therefore without the loss of generality we may prove that f;1(0) = 0.
Let us consider the matrix Bs with all elements in the first row being equal
to zero. Then F(B3) € S. Denote yi; = fi(br,;) for k,1 =1,2,...,n.

We contradictory assume that fq,1(0) # 0.

We build singular matrices BY and Y* obtained from the singular matrix
F(B§), for k =1,2,...,n, by operations do not changing the determinant of
F(BE).
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As a first step we define the matrix B := Bs. We construct V! with
entries y,i)l. We obtain the matrix F'(Bs) with y1 1 = f1,1(0) # 0. Multiplying
the first column of this matrix by yl_j “Y1,2, yf& CYL3y ey yl_& - Y1,n and
subsrtacting from the second, third, ..., n-th column, respectively, we obtain
the first row with entries equals to y; 1,0,...,0. Next, multiplying the first
row by y,iyl Yy, } and substracting from the second, third, ..., n-th row we
obtain that y, 1 = 0 for k = 2,3...,n. Then in the k-th row, k =2,3,...,n
the obtained entries are:

0, Y2 — yl,Z?Jl_&yk,la Yk,3 — y1,3y1_&yk,la <oy Ykn — yl,n(y}J)ilyk,L

The obtained matrix we denote by Y and its entries by y; ;.

As a second step let us consider the element yiz = y272*y1_&y2’1. If y%z #0
then B3 := Bi. If y%’z = 0 then B2 is the matrix obtained from Bi with
replaced element bj , by b} , € F, by 5 # by 5. Let us define y3 , = f22(b3 ,).
As fy 9 is an injective function, then y%Q # 0. Using this element we bring to
zero the elements of the second row and next the second column. We denote
the obtained matrix in this way by Y?; it is a singular matrix. We can see
that yl%,l = yli,l - yllc,Q(y%,Q)_ly%,l for k,1=3,4,...,n

In the r-th step for r = 3,4,...,n — 1 we consider the element y’;;l =
Yoo — (yia")tys !t It = 0 then B := By~'. If yi 7t = 0, then Bj is
the matrix obtained from Bj ! with replace the element byt by b brole F,
br br1 £ b7t We define Yr, = f,«r(ﬁ) As f,, is an injective functlon7 then
yma # 0. USlng this element we bring to zero the elements of the second row
and next the second column. The obtained matrix in this way we denote by
Y'"; it is a singular matrix. We can see that y;,; = y£71 — yi,z(yiz)’lygjl for
kil=r+1,r+2,...,n

In the last n-th step we consider the element g, 1 =y % — (y?] ) lys L
If yn l #0 then By := By ' and Y™ := Y"1 If yn ! = 0 then we replace
b a by bpot € F, b bn-l £ by 1. Then the matrix Y™ is obtained from the
matrix Y~ i replacmg the element Ynn DY Ui = fn n(b” oh).

The Y™ is a diagonal matrix Y = diag(f1,1(0), 32,933, - -
Y, #0forr=23,....n

Now, taking instead of the matrix B3 the singular matrix B3 and carry-
ing out similar operations on matrices, we obtain the same singular diagonal
matrix Y with the determinant det (Y;,) = f1,1(0) - 455 -y33- - Ynm = 0.
Asy;,. #0for r=2,3,...,n, then f1,(0) = 0. It is contradictory with the
assumption.

By Lemma 1 f;; is an injective function and therefore f; ;(z) # 0 for
x # 0, which completes the proof. ([l

n
’ yn,n)7 where
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An important role in determining preservers of matrices is played by the
functions satisfying simultaneously the multiplicative and additive Cauchy
functional equations. In particular cases (F = C or F = R) the following
holds true.

REMARK 2 (see [6], Chapter XIV, §4, 5 and 6). In the case F = C there are
infinitely many functions ¢ fulfilling simultaneuosly the multiplicative Cauchy
functional equation g(zy) = g(x)g(y) also the additive Cauchy functional
equation g(z +y) = g(x) + g(y). In the case F = R there are two solutions:
g=id and g = 0.

We prove the main result of the paper

THEOREM. (a) Ifn = 2, then an invertible operator F preserves the singu-
larity of matrices on M, (F) if and only if there exist nonzero uy, us, vy,vy € F
and an injective function g: F — F satisfying g(0) = 0 and g(xy) =
9(z)g(y) for all x,y € F such that f; j(x) = uvjg(z) for all z € F.

(b) If n > 3, then an invertible operator F preserves the singularity of matri-
ces on My (F) if and only if there are nonzero uy,us, ..., Uy, V1,02, ..., 0, €
F and an injective function g: F — F satisfying g(xy) = g(x)g(y) and
g(z +y) = g(x) + g(y) for all z,y € F such that f; j(x) = uvjg(z) for all
reF.

Thus, for n > 3 the singularity preserving maps F on M, (F) may be
written in the form of F(A) = Ulg(ai ;)]V, where U = diag(u1,us, ..., Un)
and V = diag(vy,vs,...,v,) are invertible diagonal matrices and ¢ is an
injective endomorphism of F. For n = 2, the additivity of g may even be
relaxed to the sole requirement that g(0) = 0. Note that the maps of part (a)

may be nonlinear: for example, one can take g(z) = 3.

ProOF. Let n > 2 and suppose F' is an operator preserving singularity on
M, (F). By Lemma 2 f; ;(0) = 0 and f; j(z) # 0 for all 4,5 and all = # 0.
Denote ¢; j = f; ;(1). Because f; j(1) # 0, we obtain that ¢; ; # 0 for all 4, j.
Put g; ;(z) = Cijjlfi,j(l'). Clearly, ¢; ;(0) = 0 and g¢; (1) = 1 for all 4,j. Let
us define the matrix C' = (¢; ;). By Lemma 2, the rank C' > 1. We prove that
rank C' = 1.

In the case n = 2 the matrix whose all entries are 1 is singular, then rank
C=1.

In the case n > 3 we suppose contradictory that rank C' = k > 1. Without
any loss of generality we may assume that the determinant of the upper-left
submatrix of C of the order k is not equal to zero. Let us consider the matrix
B =YY", Z§:1 E;j + > 141 i1 Note that the matrix By € S. Then the
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matrix F(B;) = Y8, Z§:1 Eijcij+ > i1 ciFry. From the properties of
determinants det F'(B;) # 0 and F(B;) € S. Then the rank C' can not be
greater than 1, it must be equal to one.
Then in cases n = 2 and n > 3 the equality rank C' = 1 holds. This implies
that there are u;,v; € F such that f; ;(1) = u;v; for all ¢, 5.
Forl1<i#r<nandl<k#I[<n,let Bp=FE;,+zE;;+E,,+zE,;.
Matrices Bs, F(B) € S and therefore

0= fir(D)fri(x) = fra(l)fii(z) = uivrpurvigr(z) — upvruvrg (),

as gri(x) = giy(x) for all x € F. Consequently, the matrix G = (g;,;) is
constant along its column. Analogously one can show that G is constant
along the rows. This implies that all g; ; are one and the same function g and
that therefore f; ;(z) = u;v;g(x) for all ¢, j and all . Note that ¢g(0) = 0 and
g(1) =1.

By Lemma 1 we obtain that g is an injective function.

To show that g(zy) = g(2)g(y), take By = E1 1+ xF1 2+ yEa1 + 2yEa .
Since Bs, F(B3) € S, we obtain that

0= f1,1(1)f2,2(56’y) - f1,2(5!7)f2,1(y) = U1’U1U2?J29(35y> - U1U2U2U19(33)g(y)7

that is, we arrive at the equality g(xy) = g(x)g(y) for all z,y € F.

At this point we have proved the necessary condition on F' part of (a).
To obtain the necessary condition on F' part of (b), we assume n > 3 and
consider

By=zE11+Ei2+yEs1+Ess+ (v +y)Es1 + Es o+ Es 3.

As B4 € S, we conclude that the determinant of the upper-left 3 x 3 submatrix
of F(B4) must be zero, which means that

0 = urupuzv1v203(—g(x) — 9(y) + g(zy)).

Thus, g(z+vy) = g(x) + g(y). The proof of the necessary condition on F' part
of (b) is also complete.

We now prove the sufficient condition on the F' parts (a) and (b). By
Lemma 2 F maps the zero matrix to itself. By Theorem from [5] it follows
that F' is an operator preserving rank of matrices from M, (F) in parts (a)
and (b). Then it also preserves the singularity of matrices from M, (F), which
completes the proof. O

An analogous theorem for invertible operators of the form (1) preserving
nonsingularity of matrices is not true. Let us consider the following example.
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EXAMPLE. In particular case F = R let us consider the operator H =
(h; ;) of the form (1) from M, (R) into itself with functions

7 1
n! (4 + Py arctan(m)) for i = 7,

hij(z) =

1/3 1 . .
~ (4 + 3 arctan(:r)) for i # j

for x € R. The functions h; ; are injective on R.

Let us consider a matrix X € M, (R) with entries z; ;. We prove that H
maps every matrix from M, (R) to N.S. We prove that the determinant of the
matrix H(X) is positive.

From the definition of the determinant

n n

det H(X) = H hii(zii) + Z H (=1 hi o) (Tio (i)

=1 =1 o(1)

where o is a permutation of the set {1,2,...,n}, I; denotes the number of
inverses in the permutation o ().
Let us observe that 5 < h () < - fori # j and n! < h;;(2;;) < 2nl.

2n!
From the above inequalities []}"_; h; i(x;;) > (n!)™ and

1 n— n— n—
H hi o i) (Zio()) < il (2n!)"~t =2n=b. (p)n—2,
o (i) :

Using these inequalities we obtain

det H(X) > (n!)" + (’;' - 1) . (;m>n _ (7;') (ntyr—2 . gn-1

> (n))" — (n))"" 1. 2772 = (n))" " (n! — 2"72).

Asn! —2""2 > ( for n € N, then det H(X) > 0, i.e. H(X) € NS.
The operator H is invertible and preserves the nonsingularity of matrices
from M, (R).
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