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THE GROUP OF BALANCED AUTOMORPHISMS
OF A SPHERICALLY HOMOGENEOUS ROOTED TREE

ApAaM WORYNA

Abstract. Let X* be a tree of words over the changing alphabet (Xo, X1,...)
with X; = {0,1,...,m; — 1}, m; > 1. We consider the group Aut(X*) of
automorphisms of a tree X*. A cyclic automorphism of X* is called constant
if its root permutations at any two words from the same level of X™* coincide.
In this paper we introduce the notion of a balanced automorphism which is
obtained from a constant automorphism by changing root permutations at all
words ending with an odd letter for their inverses. We show that the set of all
balanced automorphisms forms a subgroup of Aut(X™*) if and only if 2 t m;
implies m;4+1 = 2 for ¢ = 0,1,.... We study, depending on a branch index of
a tree, the algebraic properties of this subgroup.

1. Introduction

Nowadays, the groups of automorphisms of a spherically, homogeneous
rooted tree are the subject of intensive investigations. In the majority of
cases these works are concentrated on groups of automorphisms of a regular
tree (see [2, 4, 5| for example) with their self-similar, branch and other ex-
otic subgroups with recursive properties ([1, 3, 4]). These constructions are
usually based on several important types of automorphisms like rooted auto-
morphisms, directed automorphisms or automorphisms defined by finite state
automata (see [3] for example).
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In this paper we introduce a new type of automorphisms of an arbitrary
spherically, homogeneous rooted tree X*, which we call as balanced auto-
morphisms. The original approach suggested in the paper does not use the
language of wreath products of groups or a wreath recursion, which is common
in describing groups of automorphisms of a spherically homogeneous rooted
tree. Nevertheless, ideas presented in the paper allows to study the structure
based on balanced automorphisms effectively. Among others, we provide gen-
eral condition on a branch index 7@ of the tree X* which yields the set Bz of
all balanced automorphisms of X* forms a subgroup of Aut(X™*). We describe,
depending on 7, the algebraic properties of the group Bm. In particular, this
construction provides a new concrete realization of an uncountable family of
uncountable metabelian groups.

The structure of the paper is the following. Section 2 recalls only necessary
definitions concerning automorphisms of a spherically, homogeneous rooted
tree, which will be used in our considerations. We define the notions of a tree
of words over the changing alphabet, a branch index and an automorphism of
such a tree, sections, root permutations and a portrait of an automorphism.
We recall some formulas useful in computations over automorphisms of a tree.

In Section 3 we provide the definition of a balanced automorphism as well
as we define the auxiliary group Z* useful in the computation over balanced
automorphisms. In Theorem 3.1 we characterize all branch indexes m which
yield the set By is a group and we present By as a quotient of Z%. We describe
the case in which B is an infinite cartesian product of finite dihedral groups
(Corollary 3.2). In particular, for suitable m the group Bz has the universal
embedding property for finite dihedral groups.

The last section contains our main Theorem 4.1 describing, depending on
mm, the algebraic properties of Bs. For instance we characterize the lower and
the upper central series of B, We show that Br is metabelian for each m.
Moreover, Bz is either of finite exponent or contains a free abelian group of
uncountable rank. We prove that B is a product of its abelian subgroups
but, in general, it is not a product of its abelian subgroups one of which is
normal.

In the text we denote by (n),, the rest from dividing of n by m. By =,
we denote the congruence relation modulo m.

2. Tree of words and its automorphisms

An infinite, spherically homogeneous one-rooted tree of finite valency may
be defined as a tree of words over the so-called changing alphabet, namely
over the infinite sequence
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X = (Xi)iEN()

of finite, nonempty sets X; (sets of letters) indexed by the set Ng = NU {0}
of nonnegative integers. A word over X is an empty (denoted by ¢) or a finite
sequence of letters zoxy ... x,, where x; € X; fori =0,1,...,n,n € Ng. Then
the set X™* of all words over X has the structure of a spherically homogeneous
rooted tree which we denote also by X*. Namely, the root of X* is the empty
word € and the children of any w € X™* constitute words of the form wz,
where x € X,, and n = |w| denotes the length of w. The set X™ of all words
of a given length n € Ny forms the n-th level of a tree X*. In particular, the
number of children of any vertex from the n-th level is equal to m,, = |X,,|.
The sequence M = (m;)en, is called the branch index of the tree X*.

We write Aut(X*) for the group of automorphisms of the tree X*. This
is the set of bijections

g: X" = X" w—w,
that fix the root vertex e and preserve the vertex-adjacency. For g € Aut(X™)
we have |w9| = |w| and, if v is a prefix of w, then v9 is a prefix of w9.

From an arbitrary changing alphabet X = (X;);en, we may build for any
n € Ny the changing alphabet X(,), where

X(n) = (Xn+i)ien,-

By X(*n) we denote a tree of words over X(,) and by X(mn) - the m-th level of
X(*n), m € Ng. Let g € Aut(X*) and n € Ny. For any w € X™ the mapping

Glw: Xy = Xy ur ulv,
defined by the equality
(wu)?9 = wIuIlw
is called a section of g at w or simply a w-section of g. It is worth to see
that g|, € Aut(XEkn)) and glyly = glwe for any v € X(*n). Let 7y, be the
restriction of g, to the set of one letter words. We may treat m,, as an

element of the symmetric group S(X,,) of the set X,

Tgw: Xn = Xn, Tgw(T) = 29w,
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The permutation 7y, is called a root permutation of g at w. Let us put the
set X* in a lexicographical order

X" = {IUO :€,w1,w2,...}.

The sequence (7g.,;)icn, of root permutations of ¢ € Aut(X*) is called
a portrait of g. The automorphism g is characterized by its portrait. Namely,
if w=z0x1...2z, then

w9 =7y (T0) g0 (T1) - - Tg 2.y (Tn)-

In reverse, any sequence (7y,)ieN, € S(Xjuwy) X S(Xjw,|) X ... constitutes
a portrait of a unique automorphism g € Aut(X™).

If g,/ € Aut(X*) and w € X* then one may verify (see for example [3])
the following equalities
'l

_ —1
(1) ggl‘w = g‘wg/‘wg’ g |w= (g|wg*1) .

In particular for the root permutation of the product g¢’ and the root per-
mutation of the inverse g~! at w we obtain formulas

-1
(2) Tgg'w = MgwTg' woy  Tg=law = (Wg,wg*) .

3. The group B of balanced automorphisms

From now we will consider the changing alphabet X = (X;);en, in which
(3) Xi:{O,l,...,mi—l},

where m; > 1 for every ¢ € Ny. Further we will consider the so called cyclic
automorphisms of a tree X*. An automorphism g € Aut(X™) is called cyclic
if for every ¢ € Ny all its root permutations at words from the i-th level of X*
are powers of the cycle

ai:(O,l,...,mi—l).

By formulas (2) we see that the product of cyclic automorphisms as well as an
inverse to a cyclic automorphism is cyclic. Thus the set C'Aut(X™) of cyclic
automorphisms is a subgroup of the group Aut(X*). Obviously, this subgroup
is proper and uncountable. In the subgroup C' Aut(X™*) we consider the set of
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constant automorphisms; namely g € CAut(X*) is constant if 7y, = 7g
for any w, w’ from the same level of X*. Thus for every i € Ny the restriction
of the portrait of any constant automorphism g to the i-th level of X* is
uniquely defined by a number o; € {0,1,...,m; — 1} for which we have
Tgw = 05 for every w € X*. One easily checks that the set of constant
automorphisms is a proper, uncountable subgroup of C' Aut(X*) isomorphic,
via g — (ap, a1, 2,...), to the infinite cartesian product [] Z,,, of cyclic
groups. reto

The main idea of this paper is based on the following generalization of the
above concept of a constant automorphism.

DEFINITION 3.1. An automorphism g € C'Aut(X™*) is called balanced if the
root permutations of g at any words w, w’ from the same level of X* depend
merely on the parity of last letters of w and w’ in the following way: if the
last letters of w and w’ are of the same parity then 7y, = 7,4, and if these
letters are of different parity then 7y .y =7,

In other ways every balanced automorphism may be obtained from the
corresponding constant automorphism by replacing all its root permutations
at words ending with an odd letter with their inverses.

The set of all balanced automorphisms of a tree X* is defined uniquely by
the branch index m = (m;);en, of X*. We denote this set by Bg.

Let ZNo be the set of all mappings a: Ny — Z. According to the above
definition ¢ € B if and only if there exists o € ZMNo such that the root
permutation of g at any w € X* (i € Np) is equal to

o oo if i =0,
R U R A TR 1}

where z € X;_; is the last letter of w. We denote by g, the balanced auto-
morphism defined by a € ZNo.
For any o, 8 € ZNo we define a product af € ZMNo as follows

(4) (aB)(i) = a(i) + B(i) - (~1)*7Y, i eN.
In the above formula we assume a(—1) = 0.

PROPOSITION 3.1. The set ZNo with the product (4) forms a group, which
we denote by Z*. The zero-mapping 0(i) = 0 is a neutral element in Z* and
for the inverse to o we have

(i) = —afi) - (—=1)*07Y, i eN,.
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ProOOF. We directly verify that af = a = o and a~'a = @ for any
a € ZNo. Moreover, for any «, 3,7 € ZYo and any i € Ny we have

((@B))(@) = (a(B7))()
o) + (=10 B(0) + (1) (i),

Thus (af)y = a(By) and ZYe forms a group with the product (4). O

THEOREM 3.1. The set B of all balanced automorphisms forms a sub-
group in Aut(X™*) if and only if the branch index T satisfies

(5) 2Tmi71:>mi:2 fO’I"i>0.
In case of (5) the following equalities hold for any o, B € Z*

(6) 9a 98 = Gas, (ga)_l = ga-1-

PROOF. Suppose that B is a group and 2 { m;_; for some fixed i > 0.
Let o, 8 € ZF be such that (i — 1) = 1, (i) = 0, B(i) = 1. Let g = g, and
g =gp. Let w e X% and let x € X;_; be the last letter of w. Then the root
permutations of g and ¢’ at w are equal to

g =08 = 1dg

i)

_ O _ g

Ty’ w
Thus from the equality T 0/ w = Tg.wTe’ ws WE Obtain
99’ ,w gwTg’ w

_ (=17
Tgg',w = 05 )

where z is the last letter of w9. But w = vz for some v € X*~! and thus
w9 = vzl = vI7, ,(2). Hence 2z = m, , (). For 7, we have two possibilities

_ a(i-1) _ _ —a(i-1) 1
MTgw =01 ~ =0i—1 O Tgo»=0;_1 =0, 1-

In consequence z = (x + 1),,, , or z = (x — 1),,, ,. Thus

. (_1)<I+1)77Li_1 (_1)(171%”72—1

Tgg'w = 05 or Tgg',w = 0;
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Since By is a group there is v € Z* defining gg’. Hence 7y, = Jg(i)'(_l)w.

Since w was chosen arbitrarily and the order of o; € S(X;) is m; we obtain

Y(@) - (=1)" =g, (—1)(96“)"”*1 forall z € X;_1
or

(i) - (1) =, (—1)(9571)’”1‘*1 for all z € X;_;.

In the first case by substitution z = 0 and x = m;_1 — 1 we have respectively
v(i) =m, —1 and (i) =,,,, 1. In the second case by substitution z = 0 and
x = m;_1 — 1 we have respectively v(i) =, 1 and 7(7) =,,, —1. Thus in each
case we obtain 0 =,,, 2. In consequence m; = 2.
Now, we show that the condition (5) implies the equalities (6). In con-
sequence we obtain that By is a group. So, let o, 8 € Z% and let g = ga,
"=g3, 9" = g, where v = a3. Let w be any word of the length i > 0 and
let = be the last letter of w. Then the root permutations of g, ¢’ and ¢’ at w
are equal to

_ J?(i)'(—1)$7 _ Jiﬁ(i)(—l)’” ’Y(i)‘(—l)$7

Tg,w g’ w y  Tgw = 0;
where (i) = (aB)(i) = a(i) + B(i) - (=1)*¢=Y. As before, we compute the
root permutation of gg’ at w

Togt = g wyrans = 000 (D7 BT _ (a@-(-D7+56)(-1)°

where z is the last letter of the word w9. As before, we obtain z = Uiial(ifl) (z).

Hence, if m;_; is even we have z =9 x + (i — 1). In consequence in this case
— U?(i)-(—l)“rﬁ(i)-(—l)z — U?(i)-(—l)m

Tgg',w = Mg w-

If m;_1 is odd then m; = 2 and o; = (0,1). From the congruence

a(@) - (=1)" + B(1) - (=1)" =2 7() - (=1)",

i i I {ORC
we have in this case 744/ = 0}

= Ty w- The root permutations of
g" and gg’ at the empty word coincide and are equal to oy O+5O)  Thus the
portraits of ¢” and gg’ coincide and ¢”" = gg’. Now, since g9 = Idx~ we have

Jda9a-1 = Jaa—1t = 9o = Idx-. 0
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Since m; is the order of the cycle o; € S(X;) we obtain for any «, 3 € Z*
9o = 9gp iff a(i) =, B(i) for i e Ny.
In particular,
o = Idx- iff «a(i) =, 0 forie Ny.

The following statement is a direct consequence of Theorem 3.1 and the
above observation.

COROLLARY 3.1. If the branch index ™ = (m;);en, satisfies (5) then the
function

¢ 25 = B, ¥(a) = ga
s a group epimorphism with the kernel
ker(y) = {a € Z%: a(i) =, 0 for i € Ng}.

If G; (i € Ny) is a group then by [[ G; we will denote the infinite cartesian
product of G;’s
HGi:GOXGl XG2 X oo,

COROLLARY 3.2. Ifm = (2,m1,2,m3,2,ms,...) then B is isomorphic
to the product 1] Day, of finite dihedral groups Da,,., where n; = mg;t1 for

(]
i € Ng. In particular, for the branch index of the form m = (2,3,2,4,2,5,...)
the group B has the universal embedding property for finite dihedral groups.

PROOF. The finite dihedral group Ds,, is a group of all symmetries of a
regular polygon with n sides. It is known that Ds,, is isomorphic to the semi-
direct product Z, x Zs with the action of Zs by inverting elements. For any
a € Z* let us denote A, = (Ay(4))sen,, where

Aa(d) = ((a(2i + 1), (@(20))2), i € No.

We have A, (i) € Da,, and A, € HDQni. Moreover, g, = gg iff A, = Ag.
Thus '
le Bﬁ — HD2nia ¢(ga) = Aa
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is a well defined, one-to-one mapping. Obviously, ¢ is onto. Moreover, for
any a, 8 € Z* and any i € Ny we compute

Aa(D)Ap(0) = (20 + 1))n,, ((20))2) - ((B(20 + 1))m,, (B(21))2)

= (a2 +1) + (=1)* - 5(2i + 1))n,, (a(20) + B(21))2)
= ((@B(2i + 1)), (B(20))2) = Nap(i)-

In consequence AqAg = Ayp and ¢ is an isomorphism by Theorem 3.1. O

4. Algebraic properties of B

The lower central series of any group G we define in a standard way
I'y(G) =G, Ts41(G) = [I's(G), G| for s € Ng. We also denote

I'(G)= ) T.(G).

s€Np

It is known that G is residually nilpotent if and only if I'(G) = {1¢}. The
upper central series of G is defined as follows. Z%(G) = {1g} and Z5T1(G) is
the unique subgroup of G such that

75TH@) ) 2°(G) = Z(G/ZH(@)),

where Z(G) denotes the center of G. For any group G the following equalities
hold: Z1(G) = Z(G) and

(7) ZtHG) ={x € G: [z,y] € Z°(G) for y € G}, s € Ny.

The subgroup Z°(G) is called the s-th center of G. One can continue the

upper central series (7) to infinite ordinal numbers via transfinite recursion;

for a limit ordinal X, define Z)(G) = |J Z°(G). The limit of this process
I<A

(the union of the higher centers) is called the hypercenter of the group. If the
transfinite upper central series stabilizes at the whole group, then the group
is called hypercentral. Hypercentral groups have many properties of nilpo-
tent groups, such as the normalizer condition (the normalizer of a proper
subgroup properly contains the subgroup), elements of coprime orders com-
mute, and periodic hypercentral groups are the direct product of their Sylow
p-subgroups.
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ProrosITION 4.1. For s > 0 we have
(i) Ts(2%) ={a € Z2%: a(0) =0 and a € (2°Z)No},
(i) Z%(2%) = Z(2%) = {a € Z*: a(0) € 2Z and a(i) = 0 for i > 0}.
In particular T'(2%) = {0} and thus Z% is residually nilpotent.

PROOF. (i) Let A, be the right side of (i). Directly by definition of Z*
we see that A, is a subgroup of Z*. For any «, f € Z* we have

(i) (~1)°0 (1 = (~1)76D)

(8) [a, B](i) = —a(i) -

+6(0) - (DD (1= (=1)*071), i e N,

In particular [a, 8](0) = 0 and [, 8] € (2Z)No. Thus [o, 8] € Aj. Since Aq
is a subgroup of Z* we obtain I';(Z%) C A;. Conversely, for any v € A,
we easily verify that [a, 8] = 7, where o, 3 € Z% are defined as follows.
B(i) = 1 for i € Ny and « is defined recursively by a(0) = 0 and a(i) =
(1/2) - (1 — (1 +~(3)) - (=1)*C=Y). In consequence A; = I';(Z*). Let us
assume that I'y(Z%) = A, for some s > 1. Then for any a € A, and any
B € Z* we have

[, B1(0) = —a(i) - (1 = (=1)70) € 2H1Z,

Thus [a, ] € Asq1 and in consequence I'y11(Z%) C A,;;. Conversely, for
any v € Ayq1 we have [a, 5] = v, where o € A, and 3 € Z* are defined as
follows: (i) = —v(i)/2 and B(i) = 1 for i € Ny. Hence Ay C gy 1(Z27)
and finally A,y = I's;1(Z%). The inductive argument finishes the proof.

(ii) Let a € Z'(2%*) and let i > 0. Let 8 € Z% be such that 8(i) = 0 and
B(i —1) = 1. From

(9) af(i) = fa(i)

we obtain a(i) = 0. For 8 € Z%* such that 3(i) = 1 and B(i — 1) = 0 we
have (—1)*¢=1 =1, by (9). Hence a(i — 1) € 2Z. In consequence «(0) € 27Z
and (i) = 0 for i > 0. Conversely, let o € ZF be such that a(0) € 2Z and
a(i) = 0 for i > 0. We easily verify that (9) holds for any € Z* and any
i € Ng. Thus a € Z'(Z%). Let us assume that the thesis holds for some
s> 1. Let a € Z5TY(Z%). Thus for any f € Z% we have [a, 8] € Z5(Z%).
In particular, by induction assumption [c, ](i) = 0 for any ¢ > 0. Let ¢ > 0
and let 3 € Z* be such that 3(i) = 0 and B(i — 1) = 1. By (8) we obtain

[, B(3) = —2- ad) - (—1)2ED.
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Hence a(i) = 0. In consequence, for 8 € Z% with B(i) = 1 and B(i — 1) = 0
we have

[, B)(i) = 1 — (=1)*G=D),

Hence a(i — 1) € 2Z. In consequence «(0) € 2Z and a(i) = 0 for i > 0.
Conversely, let @ € Z* be such that a(0) € 2Z and «a(i) = 0 for i > 0.
Then, as we have shown above a € Z'(Z%). In consequence o € Z5+1(Z%+).
The inductive argument finishes the proof. ([l

Let us fix the branch index m = (m;);en,, which satisfies condition (5), so
that the set

B = B

is a group. For each s € N we consider the sequence n(s) = (n;(s))ien,, where

no(s) =1, mni(s) =m;/ged(2°,m;) fori> 0.
As well as we consider the set

Js ={i e N:m; {2°}.

We also consider the sequence n = (n;);en,, where

no =1, n;=m;/ max{2': 2" | m;} fori> 0.
In other words n; for i > 0 constitutes the “odd factor” of m;.

PROPOSITION 4.2. For a € Z* and s > 0 we have
(1) 9o € I's(B) if and only if (i) =, /n,(s) 0 for i € No.
(ii) ga € I'(B) if and only if a(i) =, /n, 0 for i € No.
(i) ga € Z%(B) if and only if a(i — 1) =2 0 and 2° - a(i) =, 0 fori € Js.

PRrOOF. (i) By Corollary 3.1 for any a € Z* and any s € N we have
Jo € Ts(B) if and only if a(i) =,,, (i) for some v € T';(Z¥) and any i € Nj.
Now, the assertion follows from Proposition 4.1.

(ii) By (i) we have g, € I'(B) if and only if for each s € N the congruence
(%) =, /n,(s) 0 holds for any i € Ny. Simple calculations give the assertion.

(iii) We use the induction on s. So, let g, € Z*(B) = Z(B) and let i € J;.
Then for any 8 € Z* we have

(10) af(i) =m, Bali).
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Let B € Z* be such that B(i) = 1 and B(i — 1) = 0. From (10) we have
(=1)*G=1 =, 1. Since m; { 2 we have in consequence a(i — 1) =5 0. Let
B € Z* be such that B(i) = 0 and B(i — 1) = 1. From (10) we obtain
2 - afi) =,, 0. Conversely, let a € Z* be such that a(i — 1) =5 0 and
2 - i) =p, 0 for all i € J;. Then (—1)*C~D =1 and 2 - a(i) =,,, 0 for
all i € Ny. In consequence (10) holds for any f € Z% and any i € Nj.
Thus g, € Z'(B) and the thesis of the point (iii) is true for s = 1. Let us
assume that the thesis holds fore some s > 1. Let g, € Z*1(B). Then
[9as 98] = Gla,p) € Z°(B) for any § € Z+. By inductive assumption we have
for any 8 € Z* and any i € J,

2 o, B)(3) =, 0.
Let i € Joy1 and let 3 € Z* be such that 8(i — 1) = 0 and 8(i) = 1. Then
2° - o, B](0) = 2° - (1 — (=1)*07Y).
Since J,41 C J, we have 2° - (1 — (=1)*(=1D) =, 0. Since m; 1 25! we have
in consequence (i — 1) =5 0. Now, let 3 € Z% be such that 3(i — 1) = 1.
Then we compute

25 o, B(i) = =251 - a(i).

In consequence 257! . a(i) =,,, 0. Conversely, let @ € Z* be such that
a(i —1) =2 0 and 25! - a(i) =,,, 0 for any i € J,41. Let B € ZF. Then

(11) [, B](i —1) =20 and 2°-[«a,p](i) =m, 0 forie Js.

The first congruence is obvious. For the second one note that if ¢ € Js11 then
from a(i — 1) =5 0 we obtain

. ' 0, if f(i—1)=20,
2° - [ov, B(4) :{ —ost (i), if 5§i_1§ =, 1.

Thus 2° - [a, B](i) =m, 0. If i ¢ Jeiq then m; | 2T and from [« 8](i) =2 0

we have
2 [, B](i) =31 0.
Thus 2° - [, 5](i) =m, 0. By inductive assumption we have from (11)
(90> 98] = jar) € Z°(B)

for B € Z*. In consequence g, € Z5+1(B). O
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PROPOSITION 4.3. If N is a normal, abelian subgroup of B and g, € N
then for each i € Ny we have a(i — 1) =2 0 or m; € {2,4}. In particular,
if m; > 4 for each i € Ny then the commutator subgroup B’ = T'1(B) is
the greatest normal abelian subgroup of B as well as B’ is a maximal abelian
subgroup of B.

PROOF. Let us fix i € Ny and let 3 € Z* be such that 3(i — 1) = 0 and

B(i) = 1. Since N is normal, we have gg,5-1 = gsgags ' € N. Since N is
abelian, we have

Ja-18ap-1 = go ' (9pap-1) = (Jpap-1) " Ga ™' = Gpap-1a-1-
In particular (o= 'BaB~1) (i) =m, (Baf~ta"1)(i). We compute

(@™ BaB™h)(i) = ()21 —1
and

(Bapta™H(E) =1 - (71)0&(1'71).

Hence (—1)*0=D —1 =, 1 — (=1)*=D. In consequence a(i — 1) =5 0 or
m; € {2,4}. 0

REMARK 4.1. If m; = 4 for any i € Ny then the set {go: a € {0,2}0} U
{ga: a € {1,3}0} is a normal, abelian subgroup of B which contains the
commutator subgroup B’ = {g,: o € {0,2}o} properly.

For € € {0,1} let us consider the following set

Ke={ga: a(2Ng+¢€) ={0}}.

PROPOSITION 4.4. I, is a subgroup of B, which is isomorphic to [ Zm, ,
i T

where 1; = 2i + (e + 1)a.
PROOF. Let g4, 98 € Ke. Then a(2i+¢€) = 3(2i +¢€) =0 and
(aB™1)(2i 4+ €) = a(2i +€) — B(2i +¢) - (—1)*EHeDHBCiHe—) _

for i € Ny. In consequence g,(gg) ™" = gap-1 € Ke. Hence K, is a subgroup
of B. Moreover, go = gp iff a(t;) =pm,, B(u;) for i € No. Thus

6: Ke = T Zmys 990) = (@), Dicrss € No,
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defines a bijection. Moreover, since o(t; — 1) = a(2i — €) = 0, we have for the
i-th coordinate of ¢(g.gs)

$(9098) (1) = (9ap) (i) = (aB(ti))m,,
= (a(es) + B(t:))m,,
= 0(9a)(1)9(95) (D).

Thus ¢ is an isomorphism. O

THEOREM 4.1. (i) Fors > 0 the group I's(B) is isomorphic to [] Zy,(s)-
>0

The group I'(B) is isomorphic to [[ Zy,.
i>0

(ii) B is nilpotent of a class s if and only if m; is a power of two for i > 0

(iii)

(iv)

(v)
(vi)

(vii)

(viii)

(ix)

and max{m;: i € N} = 2°; B is residually nilpotent if and only if m; is
a power of two for any i > 0.

The center Z(B) is trivial if and only if the following conditions hold:
(a) mo =2,

(b) m; =2 = 24m;_y fori>0,

(¢) 41m; fori> 0.

The hypercenter of B is equal to Z*(B) = U Z°(B). Moreover, B is
s€Ng

hypercentral if and only if it is a nilpotent group.

B is metabelian with a semigroup law x%y? = y?x>.

The abelianization B/B' is isomorphic to Zp, X [] Zgi), where Zéz) is
il

an isomorphic copy of Zo and I = {i € N: 2 | m;}.

B=KoKi and Ko N K1 = {Idx*}.

If there is s > 0 such that mgs,ms1 ¢ {2,4} and 4 | ms then B is not a

product of its abelian subgroups of which one is normal; in particular B

is not a semidirect product of its abelian subgroups.

Let M = supm. If M < oo then B is of finite exponent. If M = oo

then B contains a free abelian group of an uncountable rank.

PROOF. (i) From the point (i) of Proposition 4.2 for any g¢.,gs € I's(B)
we obtain by easy calculations g, = gs iff

a(i) B()

=y —2 fori > 0.
mifna(s) " mifng(s) T

Thus ¢: T's(B) — [ Zny,(s), where

i>0

¢s(ga) = ((Tr?%)ni(s)>i>0
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is a well defined, one to one mapping. Moreover, ¢, is onto. Indeed, since

for ¢ > 0 the numbers n;(s) and t;(s) = 2° - n;(s)/m; are coprime, there are

integers a;, b; such that a;-n;(s)+b;-t;(s) = 1. Forany k = (k;)is0 € [ Zn,(s)
i>0

we define o € ZF as follows a(0) = 0 and (i) = 2° - b; - k; for i > 0. Then
Jgo € T's(B) and ¢4(g9o) = k. To show ¢y is a homomorphism we consider
for any i > 0 two cases: 24 m;_1 and 2 | m;_1. In the first case m; = 2 by
condition (5) and thus n;(s) = 1. In consequence the i-th coordinate ¢4(gq)(7)
of ¢s(ga) is equal to 0 for any g, € I's(B). In consequence for any gz € I's(B)
we have

¢8(ga95)(i) = ¢s(ga)(i>¢s(gﬁ)(i) =0.

In the second case g, € I's(B) implies a(i — 1) =2 0 by the point (i) of Propo-
sition 4.2. Thus (—1)*(=Y =1 and for any gs € I's(B) the i-th coordinate of
#s(9a98) is equal to
N oB()
¢s (gag)(z) - (ml/nl(s))m(s)
(a8
mi/ni(s)  mi/ni(s)/ nis)

= s (ga) (Z)d)s (g,@)(l)

In consequence dy(gags) = d(6a)s(gs) for any ga,gs € Ts(B). Thus 6, is
an isomorphism. In the similar way for any g, gg € I'(3) we obtain g, = gg iff

a@ _ B .
i =, i for 7 > 0.

Thus ¢: I'(B) — [[ Z,,, where
>0
6(90) = <(7§(/2L))

is a well defined, one to one mapping. Since for ¢ > 0 the numbers n; and
t; = m;/n; are coprime, there are integers c;, d; such that ¢; -n; +d; - t; = 1.

Then for any k = (k;)i>0 € [[ Zn, we take a € Z* such that «(0) = 0 and
i>0
a(i) =k;-d; - t; for i > 0. Then g, € I'(B) and ¢(go) = k. In consequence ¢

is bijective. As before we show that ¢ is a homomorphism.

(ii) By (i) the group B is nilpotent of a class s > 0 iff n;(s) = 1 for each
i > 0 and there is i¢ such that n; (s — 1) # 1. Equivalently, m; | 2° for i > 0
and m;, 1 25~1 for some ig > 0. That is to say m; is a power of two for
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any ¢ > 0 and max{m;: i € N} = 2°. Next, by (i) the group B is residually
nilpotent iff n, = 1 for ¢ > 0. Equivalently, m; is a power of two for each ¢ > 0.

(iii) If mo # 2 then Z(B) is not trivial. Indeed, for a € Z* such that
a(0) = 2 and a(i) = 0 for ¢ > 0 we have g, # Idx-. Moreover, by the
point (iii) of Proposition 4.2 we have g, € Z(B). Similarly, if m; = 2 and
2 | m;_; for some i > 0 then g, # Idx~ and g, € Z(B) for any o € Z* such
that a(i — 1) = m;—1/2 and a(j) =0 for j # i — 1. If 4 | m; for some ¢ € Ny
then for the element g, with a € Z* such that a(i) = m;/2 and a(j) = 0
for j # i we have: g, € Z(B) and g, # Idx~. Thus if Z(B) is trivial then
the conditions (a)-(c) hold. Conversely, let us assume that (a)-(c) hold. Let
Jo € Z(B) for some o € Z*. We must show that a(i) =,,, 0 for all i € Nj.
It follows by (a) and (b) that 1 € J;. Thus «(0) =3 0 by the point (iii) of
Proposition 4.2. Since mg = 2 we have a(0) =,,, 0. Let i > 0. We distinguish
the following cases.

Case 1: 2t m;. Thus i € J; and by the point (iii) of Proposition 4.2
we have 2 - a(i) =,,, 0. Since the numbers 2 and m, are coprime we obtain
a(i) =, 0.

Case 2: m; = 2. Thusi+1 € J; by (b). By the point (iii) of Proposition 4.2
we have a(i) =2 0 and since m; = 2 we have (i) =,,, 0.

Case 3: m; # 2 and 2 | m;. Thus ¢ € J; and by the point (iii) of
Proposition 4.2 we have 2 - a(i) =,,, 0. Since ged(2, m;) = 2, we obtain from
the last congruence a(i) =,,, /2 0. Moreover, i+1 € J; by (b). Thus a(i) =2 0
by the point (iii) of Proposition 4.2. By condition (c¢) the numbers m;/2 and
2 are coprime. Thus «(i) =,,, 0.

(iv) Let go € B be such that [g4,95] = gja,5 € Z%(B) for any gs € B.
Since Z“(B) is a normal subgroup of B, it is sufficient to prove g, € Z“(B).
By the point (iii) of Proposition 4.2, for each 8 € Z* there is s € N such that

2° o, Bl(i) =, 0 fori € J;.

Let 3 € Z* be such that 3(i) = 2 for any i € Ny and let so € N be the
corresponding number. Then we have

2% . [, B] (1) = 25°H . (1 — (—=1)*C"Y)y =, 0 forie J,,.
Since Jy, 1o C Js, We obtain a(i — 1) =5 0 for any i € J,, 1o. Let ' € Z* be
such that /(i) = 1 for any ¢ € Ny and let s; be the corresponding number for
B3’. Then we have
25 . o, B')(3) = 251 - (=)D . (1-2-a(i)) —1) =, 0 forieJy,.

For s = max(sg + 2,51 + 1) we have J; C Js, and J; C J,,12. Hence from
the last congruence we obtain 251+1 . a(i) =,,. 0 for i € J,. In consequence
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a(t —1) =9 0 and 2° - a(i) =, 0 for i € J,. Thus g, € Z*(B) by the
point (iii) of Proposition 4.2. In consequence g, € Z“(B). To prove the
second part of (iv) let us assume that Z¢(B) = B. Let a € Z% be such that
a(i) = 1 for any i € Ny. There is s € N such that g, € Z°(B). By the
point (iii) of Proposition 4.2 we have in particular 2° - a(i) =,,,, 0 for any
i € Js. Since a(i) = 1 the set J; must be empty. In consequence Z*(B) = B
and B is nilpotent.

(v) For any a, B € Z% we have [, 8] € (2Z)No. Hence for any «, 3,7,d €
Z* we have

[, B][,01(2) = [, dl[ev, B1(2) = [ev, B1() + [, 8](4)-

In consequence Z+" = [2+' 2+ = {#}. Moreover, a? € (2Z)N for any
a € Z*. Thus a?5? = B2a? for any a, 3 € Z*. Now, the assertion follows
from Corollary 3.1.

(vi) By the point (i) of Proposition 4.2 we have g,B' = ggB8’ iff

(12) Oéﬂ_l(i) =i /n(1) 0 for ¢ € Np.

Since no(1) = 1, n;(1) = m;/2 for i € I and n;(1) = m; for i ¢ I U {0} we
obtain that (12) is equivalent to the following set of congruences

a(0) =, B(0), «fi) =4 B(i) foriel.
Thus

(@(0))m,, fori=0,

¢: B/B — Ly % HZS), P(gaB') (i) = { ((i))s, foriel

il
is a well defined bijection. Moreover, for any i € I U {0} one easily verifies
$(9agpB') (i) = ¢(gapB') (i) = ¢(9aB') (1) d(g5B")(3).

Thus ¢ is an isomorphism.
(vii) Obviously Ko N K1 = {gs} = {Idx~}. Now, for any a € Z* and
e € {0,1} we define the element o € ZF as follows

ae(i) = a(i) - ((i)2 —e)*Y, i e Ng.

In the right side of the above formula we assume 0° = 1. Then g,, € K. and
o = agag. Thus g4 = gag9a, and B = KoK;.

(viii) Suppose not and let B = N K, where N and K are abelian subgroups
and N is normal. For each v € Z%* there are g, € N, gs € K such that
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Gy = 9a9s = gap- In particular y(s—1) =,,, _, afB(s—1) and y(s) =, aB(s).
Thus

(13) Y(s—=1) =, , a(s—1)+B(s —1) - (1)
and
(14) 7(8) Zm. als) + Bs) - (—1)*CV,

Both ms_1 and m; are even (otherwise mg = 2 or mg41 = 2 by Theorem 3.1).
Moreover, by Proposition 4.3 we have a(s — 1) =2 a(s) =2 0. Thus from (13)
and (14) we obtain (s — 1) =5 B(s — 1) and ¥(s) =2 B(s). Now, let y € Z*
be such that y(s — 1) = 0 and y(s) = 1. Then there is gg € K such that

(15) 0=2 f(s —1),

Similarly, let v € Z% be such that 4/(s — 1) = 1. Then there is gsr € K
such that

(17) =, B'(s—1).

Since K is abelian we have ggg = gsgs = 993 = gp'g. In particular,
BB (s) =m. B'B(s) or equivalently

B(s) + (1) B(s) =, B'(s) + (=1)7 7V B(s).
By using (15) and (17) the last congruence we may rewrite as
B(s) + B'(s) Zm, B'(s) — B(s).
Thus 283(s) =, 0. Since 4 | ms we obtain 3(s) = 0 contrary to (16).

(ix) For any integer n and any a € Z% the n-th power of « is equal to

(@™) (i) = (i) - (n+ [g} : ((—1)a<i—1> — 1)) , i€ Ng.

The proof of the above formula is straightforward or by induction on n. Now,
if M < oo then for the M!-th power of o we have

(1L (=1)26)

(@) (@) = M!- a(i) :

=m, 0 forie Ng.
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Thus (go)™' = Idx-. On the other hand, if M = oo then for any s > 0 the
sequence n(s) = (n;(s))ien, is unbounded. It is known that in this case the
product [] Zy, () contains a free abelian group of an uncountable rank. Thus

i>0
by (i) the subgroup I's(B) and in consequence the whole group B contains
such a free abelian group. O

COROLLARY 4.1. There are uncountable many pairwise non-isomorphic
groups in the set {Bm: m € (2N)No},

PROOF. Let P = {p1,p2,...} and P’ = {p}, ph, ...} be two infinite subsets
of the set of all primes such that P # P’. Let us consider the following branch
indexes

mp = (2,2])1,2})2, .. .), mpr = (2’2p/1’2p/27 . )

As a direct consequence of the point (i) of Theorem 4.1 we obtain that the
groups I'y (B, ) and I'1 (B, ) are not isomorphic. In consequence By, and
B, are not isomorphic. O
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