
LUCAS AND FROBENIUS PSEUDOPRIMES 

A N D R Z E J R O T K I E W I C Z 

Abstract . We define several types of Lucas and Frobenius pseudoprimes and prove 
some theorems on these pseudoprimes. In particular: There exist infinitely many 
arithmetic progressions formed by three different Frobenius-Fibonacci pseudoprimes. 

There are composite numbers, which behave in certain situation as they 
would be primes. The classical examples are pseudoprimes, which satisfy 
Fermat's congruence o n _ 1 = 1 mod n, where (a,n) — 1. Such numbers n 
are called pseudoprimes to base a. 

The pseudoprimes are not just a curiosity, they are of considerable im
portance in factoring large integers and in deciding primality of large inte
gers. 

Applications of pseudoprimes to cryptography and computing have gi
ven pseudoprimes a more practical turn. 

Several tests for primality involve recurrence sequences. For example, if 
we define the Fibonacci numbers by Fo — 0, F\ = 1 and Fn = F n _ i 4- F n _ 2 , 
then ^- (s/p) = 0 mod p if p is a prime and (5/p) is the Legendre symbol. 

A composite n is called a Fibonacci pseudoprime if Fn_(s/n) = 0 mod n, 
where n is composite and (5/n) is the Jacobi symbol. 

One reason that pseudoprimes based on recurrence sequences have at
tracted interest is that the pseudoprime for these sequences are often different 
from ordinary pseudoprimes. 

In fact, nobody has applied for the $620 offered for a Fibonacci pseu
doprime n with (5/n) = —1, that is also a pseudoprime to the base 2 (Po-
merance, Selfridge, Wagstaff [14], Guy [11]). 

In 1909 Banachiewicz noted that all Fermat numbers 2 2" +1 are primes 
or pseudoprimes to base 2 (see also Kfiżek, Luca and Somer" [12]) and perhaps 
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this fact led Fermat to his false conjecture that all Fermat numbers are 
primes (Banachiewicz [2]). 

Banachiewicz has tabulated al l pseudoprimes below 2 0 0 0 : 3 4 1 = 1 1 - 3 1 , 
5 6 1 = 3 • 1 1 • 1 7 , 1 3 8 7 = 1 9 • 7 3 , 1 7 2 9 = 7 • 1 3 • 1 9 , 1 9 0 5 = 3 - 5 - 1 2 7 (see 

Dickson [5, p. 94]). 

P. Poulet [15] has tabulated all the odd pseudoprimes below 1 0 8 and C . 
Pomerance, J . L. Selfridge and S. S. Wagstaff J r [14] have found them below 
2 5 • 1 0 9 . 

In 2 0 0 0 R. P inch tabulated pseudoprimes to base 2 up to 1 0 1 3 . There 
are 3 8 9 7 5 such pseudoprimes up to 1 0 1 1 , 1 0 1 6 2 9 up to 1 0 1 2 and 2 6 4 2 3 9 up 

to 1 0 1 3 . 

The condit ion 2n~1 = 1 mod n implies that n is odd. 
If we replace this condition by the closely related 2 " = 2 mod n then it 

is possible for n to be even. Let us cal l such a number an even pseudoprime. 
The first even pseudoprime is 1 6 1 0 3 8 = 2 • 7 3 • 1 1 0 3 and it was found by 
D . H . Lehmer in 1950 (see Erdos [7]). 

In 1951 N . G . Beeger proved that there exist infinitely many even pseu
doprimes (see [3]). 

In 1995 Rotkiewicz and Ziemak found 24 even pseudoprimes with 3 , 4 , 5 , 
6 , 7 and 8 prime factors (see [25]). 

There are only 1 5 5 even pseudoprimes up to 1 0 1 2 and 40 less than 1 0 1 0 . 
These are listed in P inch 's paper in Table 9 of [13]. 

Recently Z. Zhang has tabulated a l l strong pseudoprimes ii < 1 0 2 4 to 
the first ten primes bases 2 , 3 , 5 , 7 , 1 1 , 1 3 , 1 7 , 1 9 , 2 3 , 2 9 , which have the form 
n = pq w i th p, q odd primes and q — 1 = k(p — 1 ) , k = 2 , 3 , 4 . There are in 
tota l 44 such numbers (Zhang [27]). 

G ran tham introduced the definition of Frobenius pseudoprime to arbi
trary monic polynomial in Z [a*] (Grantham [9, 10], Cranda l l and Pomerance W)-" 

We shall prove several theorems on Frobenius pseudoprimes for quadra
tic polynomials. 

Let P > 0 , Q be non-zero integers such that D = P2 - AQ ^ 0 , z2 — 
Pz + Q = (z- a)(z - /3), a = /3 = 

D E F I N I T I O N 1. The sequences un(a,(3) — a
aZp and vn(a,f3) = an+(3n 

are called Lucas sequences wi th parameters P and Q. 

The sequences un and vn are defined recursively by uo — 0 , u\ = 1, 
v0 = 2 , vi - P and uk = P « n - Qiik-2, = P^k-i - Qvk-2 for k ^ 2 . 

The sequences un and vn are called non-degenerate if |r is not a root of 

unity i.e. P2 ^ Q, 2Q, 3Q. Then |u n |, |u n | tend to infinity (as n tends to oo). 
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D E F I N I T I O N 2 (Rotkiewicz [18, 19]). A composite number n is a Lucas 
pseudoprime with parameters P and Q if (n, QD) = 1 and 

(1) un-(Dln) = 0 mod n> where {D/n) is the Jacobi symbol. 

D E F I N I T I O N 3 (Rotkiewicz [23], see also Ribenboim [16]). A composite 
number n is a Lucas pseudoprime of the second kind with parameters P and 
Q if (n, QD) = 1 and 

(2) un = (D/n) mod n. 

D E F I N I T I O N 4 (Rotkiewicz [23]). A composite number n is a Dickson 
pseudoprime wi th parameters P and Q if 

(3) vn = P mod n. 

D E F I N I T I O N 5 (Rotkiewicz [23]). A composite n is a Dickson pseudo-
prime of the second kind wi th parameters P and Q if (7?,, QD) = 1 and 

(4) vn-(D/n) = 2Q( 1 - ( °/ " ) ) / 2 mod n. 

In the special case P = 1, Q = — l w e call these numbers F ibonacc i or 
D ickson-F ibonacc i pseudoprimes. 

It is easy to prove (Rotkiewicz [23]) the following 

P R O P O S I T I O N P . The natural number n, where (n,2QD) = 1, satisfies 
(1), (2), (3) and (4) if and only if either 

(D/n) = 1, an = a mod ?i and /?" = /? mod n 

or 
(D/n) = - 1 , a " = /? mod n onri /?" = a mod n. 

Congruences (1), (2), (3) and (4) hold rarely when n is an odd composite 
number. Assuming (n,2PQD) = 1, any two of the congruences imply the 
other two (Bail l ie and Wagstaff [1]). 

B y Fermat 's theorem in Q(\/D): If p is an odd prime, (p,2QD) = 1 
then 

ap = a mod p, (Sv = 0 mod p if (D/p) = 1, 

ap = (3 mod p, /3P = a mod p if (D/p) = - 1 , 

2 * 
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where (D/p) is the Legendre symbol . 
If (p, 2QD) - 1, (D/p) = 1 then a " +/?" = a +/? mod p,vp = P mod p 

and ap — 0P — a- 0 mod p, = 1 = (£>/p) mod p, w p = (-D/p) mod p. 

For (D/p) = - 1 , (p, 2QD) = 1 we have ap + 0P = 0 + a mod p, u p = 
P mod p and ap - 0P = 0 - a mod p, hence ° a _ ^ = - 1 = (D/p) mod p, 
u p = (D/p) mod p. 

It is easy to see that 

( 5 ) 2 Q { l H D / p ) ) / 2 v p - { D / p ) = Pvp - (D/p)Dup, 

where p is a prime and (p, 2QD) = 1. 
F rom the identity (5) and vp = P mod p, up = (D/p) mod p we get 

2 Q ( l + ( D / p ) ) / 2 l v _ ( D / p ) ^ p 2 _ ( D / p ) 2 ( p 2 _ 4 g ) ^ 4 Q m o d p j 

hence 

i , p _ ( D / p ) = 2Q( 1 - ( D /") )/ 2 mod p. 

Similarly, from the identity 

( 6 ) 2<3< 1 +<D/"»/V<D/P) = F U P - ( D/PK> 

where p is an odd prime and (p,2QD) = 1 and from M P = (D/p) mod p, 
vp = P mod p we get 

2 g ( 1 + ( 0 / p ) ) / 2 U p _ ( D / p ) ^ p ( £ ) / p ) _ p { D / p ) _ o m o d p j 

hence «. p_( D/ p) = 0 mod p. 
Thus if p is a prime and (p,2QD) = 1 then all congruences ( 1 ) , ( 2 ) , 

(3 ) and (4 ) hold. Gran tham [9, 10] gives the following proof of the congru
ence up-(D/p) = 0 mod p using the Frobenius automorphism which takes an 
element to i ts p-th power. 

If (D/p) = 1 then f(x) = x2 — Px + Q factors mod p, and a and 0 are 
in a finite field F p w i th p elements. Thus ap~1 = 0P~X = 1 mod p. So u p _ ! = 
( 1 — l)/(ct — 0) = 0 mod p. If (D/p) = — 1, then /(x) does not factor, and 
the roots of f(x) lie in F p2 wi th p 2 elements. The Frobenius automorphism 
permutes the roots of f(x)t so ap = 0 mod p and 0P = a mod p. Thus 
u p + i = (a/? - 0a)/(a - 0) = 0 mod p. • 

D E F I N I T I O N 6 (Crandal l and Pomerance [4, p. 1 3 3 ] ) . Let P,Q be inte
gers wi th D = P2 -4Q not a square. We say that a composite number n wi th 
(??, 2QD) = 1 is a Frobenius pseudoprime wi th respect to f(x) = x2 — Px+Q 
if 

n _ f P ~ armod (/(.T), n) i f (D/n) = - 1 
* ~ \ asmod (f(x), n) if (D/n) = 1. 
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It is easy to give a criterion for a Frobenius pseudoprime wi th respect to 
a quadratic polynomial , in terms of the Lucas pseudoprimes and the Dickson 
pseudoprimes of the second k ind. 

T H E O R E M 0 (Crandal l and Pomerance [4, p. 1 3 4 ] ) . Let P,Q be integers 
with D — P2 — 4Q not a square and let n be a composite number with 
(n, 2QD) = 1. Then n is a Frobenius pseudoprime with respect to x2 — Px-\-Q 
(or Frobenius pseudoprime with parameters P and Q) if and only if 

, , [ 20 mod n, when (D/n) = —l 
n [ L , / a > n { U , n > [ 2 mod n , when (D/n) = 1. 

In other words: 
A composite n is a Frobenius pseudoprime with respect to x2 — Px + Q 

if and only if n is a Lucas pseudoprime with parameters P and Q and a 
Dickson pseudoprime of the second kind with parameters P and Q. 

D E F I N I T I O N 7 (Rotkiewicz [19]). A n odd composite n is an Euler-Lucas 
pseudoprime with parameters P and Q if and only if (n, QD) = 1 and 

« ( n - ( D / n ) ) / 2 = 0 mod n if (Q/n) = 1, 

or 
V(n-(D/n))/2 = 0 mod U if (Q/ 1l) = - 1 . 

D E F I N I T I O N 8 . A Frobenius pseudoprime with parameters P = 1, 
Q = — 1 is called a Frobenius-Fibonacci pseudoprime. 

In [4, p. 1 3 4 ] , [ 10 , p. 22 ] and [ 1 1 , p. 8 8 5 ] it is written that the first 
Frobenius-F ibonacc i pseudoprime is 5777 = 53 • 109. It is not true, because 
the first Frobenius-F ibonacc i pseudoprime is n = 4181 = 37 • 113. 

Let un be a non-degenarate Lucas sequence with parameters P and Q. 
The following theorems are known. 

T H E O R E M 1 (Rotkiewicz [18 , Theorem 1 ] ) . LetQ = ± 1 . There exist in
finitely many composite numbers n = pq, where p and q are different primes, 
which are Frobenius pseudoprimes with parameters P and Q = ± 1 . 

T H E O R E M 2 (Rotkiewicz [18 , Theorem 2 ] ) . Every arithmetical progres
sion ax+b, where (a,b) = 1 contains infinitely many Frobenius pseudoprimes 
with parameters P and Q = ± 1 . 
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T H E O R E M 3 (Rotkiewicz [17, Theorem 3]). For every prime p > n0, 
there exist infinitely many Lucas pseudoprimes with parameters P and Q 
which are divisible by p. 

Let un denote the n-th term of F ibonacc i sequence, Yor inaga published 
in [26] a table of all 1 0 9 composite numbers n up to 7 0 7 0 0 0 such that un = 
(n/5) mod n. He called such numbers "converse numbers" . F rom the table 
of Yor inaga we get 8 0 F ibonacc i pseudoprimes of the second kind and 2 9 
even converse numbers. 

The table of F ibonacc i pseudoprimes suggest the following questions: 

1. Is it true that every square of a prime ^ 2,5 is a D ickson-F ibonacc i 
pseudoprime of the second kind? (Jerzy Browkin) 

2. Is it true that every composite squarefree D ickson-F ibonacc i pseudo-
prime of the second kind is a Frobenius pseudoprime? (Jerzy Browkin) 

3. Do there exist infinitely many arithmetic progressions formed by three 
Frobenius-F ibonacc i pseudoprimes? 

4. Do there exist infinitely many Fibonacci pseudoprimes which are not 
Frobenius-F ibonacc i pseudoprimes? 
The least such pseudoprime is 3 2 3 = 1 7 • 1 9 . 

5. Do there exist infinitely many Dickson-F ibonacc i pseudoprimes of the 
second kind which are not Frobenius-F ibonacc i pseudoprimes? 
The first such number is n = 9 . 

6. Do there exist infinitely many Dickson-F ibonacc i pseudoprimes not d i 
visible by 5 which are not Frobenius-Fibonacc i pseudoprimes? 
The least such pseudoprime is 2 7 3 7 = 7 • 1 3 • 2 3 . 

7. Do there exist infinitely many F ibonacc i pseudoprimes of the second 
kind which are not Frobenius-F ibonacc i pseudoprimes? 
The least such pseudoprime is 6 4 7 9 = 1 1 • 1 9 • 3 1 . 

Now we shall prove that the answer for the first five questions is affir
mative. 

T H E O R E M 4. The square of every prime p ^ 2 , 5 and the square of every 
Fibonacci pseudoprime are Dickson-Fibonacci pseudoprimes of the second 
kind. 

P R O O F . Let n = p 2 , where p is a prime ^ 2 , 5 . F rom the formula 

(7 ) vin - 2 = 5 (u2n)2 

we get 
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F rom p - (h/p) | ( P 1 H P + 1 ) w e g e t p2 | ^ M ( p _ 1 H p + 1 ) j and from (8) it 

follows that vp2_1 = 2 = 2(5/p2) mod p 2 and p2 is a D ickson-F ibonacc i 
pseudoprime of the second kind. 

Also it is easy to see that n = / 2 , where / denotes a F ibonacci pseudo-
prime is a D ickson-F ibonacc i pseudoprime of the second k ind . We have 

vf2-(s/f2) ~ 2 = v2 + - 2 = 5 + ^ 

and 

/|w/-(5//)| (/-D(/+i), u/2_ ! - 2 = 2(5/f) mod / 2 , 

and / 2 is a D ickson-F ibonacc i pseudoprime of the second k ind. • 

R E M A R K . Since there is no prime number p < 1 0 1 3 such that M P _ ( 5 / P ) = 
0 mod p2 (Dilcher [6]), there does not exist a Frobenius-Fibonacci pseudo-
prime of the form p2 for p < 1 0 1 3 . 

T H E O R E M 5 . If n is a square-free Fibonacci-Dickson pseudoprime of 
the second kind then n is a Frobenius-Fibonacci pseudoprime. 

P R O O F . B y Theorem 3 from [23] if a square-free number n is a Dickson 
pseudoprime of the second kind wi th parameters P and Q and n is an Euler 
pseudoprime to base Q (that is Q ( n _ i ) / 2 = (Q/n) mod n) then n is an 
Euler -Lucas pseudoprime with parameters P and Q. 

In our case n is an Euler -F ibonacc i pseudoprime and by Theorem 1 
from [23] n is a Frobenius-Fibonacci pseudoprime. (If n is an Eu le r -Lucas 
pseudoprime with parameters P and Q and n is an Euler pseudoprime to base 
Q, (n, P) = 1, then n is a Frobenius-Lucas pseudoprime with parameters P 
and Q). • 

T H E O R E M 6. If p and 2p- 1 are primes of the form 30/ +1, a = 1+
2

V^) 

a ( 2 P - l ) p m _ p(2p-l)P
m 

(5 — 1 ^ , then the numbers 

( 9 ) 

ai 

Cl2 

a 3 = 
a ( 2p - i ) p m

 + /g(2p-i)pT' 

a p m +(3Pm 

http://pseudoprim.es
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for m = 1 ,2 , . . . form an arithmetic progression consisting of three Frobe
nius-Fibonacci pseudoprimes with Jacobi symbol (5/a;) — 1 for i = 1,2, 3. 

Since for example 3 1 and 6 1 are primes of the form 30/ + 1, from The
orem 6 it follows that: 

There exist infinitely many arithmetic progressions formed by three 
different Frobenius-Fibonacci pseudoprimes: a1,a2,«3 with Jacobi symbol 
(5/ai) = 1 for i = 1,2,3. 

P R O O F O F T H E O R E M 6 . F i rs t we shall prove that if p = 6A; + 1 then 
a.i ~ 1 mod 4 for i = 1, 2, 3. 

We have un = 0 , 1 , 1 , 2 , 3 , 1 mod 4 for n = 0 , 1 , 2 , 3 , 4 , 5 and the sequence 
un mod 4 has the period (0 ,1 ,1 ,2 ,3 ,1 ) . 

A lso , we have vn = 2 , 1 , 3 , 0 , 3 , 3 mod 4 for n = 0 , 1 , 2 , 3 , 4 , 5 and the 
sequence vn mod 4 has the period (2 ,1 ,3 ,0 ,3 ,3 ) , hence un,vn =. 1 mod 4 
for p = 6k + 1 and 

( l l — _ u — = 1 mod 4, a 2 = — • — = 1 mod 4, 

«3 = — — — = 1 mod 4. 
Vpm 

B y formula (7 ) from [21] we have 

2 ( 2 p - l ) p m I a,- - (5/a ; ), where (5/a;) = 1, f = 1,2,3. 

Thus 

(11) 4(2p - l ) p m + 1 I aj - 1 for * = 1, 2, 3 

and 

a 3 - (5/a 3 ) 2 ( 2 p - l ) p " a i ~ ( 5 / a i ) ; 2 p m + i 2 ( 2 P - l ) p « 

hence by Theorem 1 from [23], ai,a.2,a$ for m — 1 , 2 , 3 , . . . form an ar i th
metic progression consisting of three Frobenius-Fibonacc i pseudoprimes. 

Let k denotes the square-free kernel of k, that is k divided by its greatest 
square. 

T H E O R E M 7 . If P = 1 mod 4, a - E ± ^ - , (3 = D = P 2 - 4 Q , 

Q = ± 1 , D denotes the square-free kernel of D% (P, Q) = 1, p > 3 and 2p— 1 
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are primes of the form 6Dp{D)x +1, (p{2p - 1), PD) = 1, iAen the numbers 

a ( 2 p - l ) p m _ /3(2P-1)P*" 
«1 = 

a 2 p " + 1 - /?2P" 

Q , 2 p m _ ^2p" 

«3 = 

«2 

a ( 2 p - l ) p m + / 3 ( 2 p - 1 ) ' ' " 

Q'Pm + /3Pm 

/or m = 1 ,2 , . . . /orm an arithmetical progression consisting of three Frobe
nius pseudoprimes with the Jacobi symbol (D/ai) — 1, and the numbers a\ 
and a3 have at least (m + 1) distinct prime factors, and the number a 2 h(is 
at least two distinct prime factors. 

P R O O F . In the same way as in the proof of Theorem 6 we check that 
a, = 1 mod 4 and by the formula (8 ) from [22] we have 

4 p m + 1 ( 2 p - l)\ai - (D/ai) = a{ - 1 for i = 1,2,3, 

hence 2pm(2p- 1) 2±ziEhA, hence by Theorem 1 from [23] « i , a 2 , a 3 for 
777. = 1 , 2 , 3 , . . . form an arithmetic progression consisting of three Frobenius 
pseudoprimes wi th parameters P and Q = ± 1 , such that a\ and a 3 have at 
least m + 1 dist inct prime factors a\ and «2 lias at least two dist inct prime 
factors. • 

T H E O R E M 8 . There exist infinitely many Fibonacci pseudoprimes which 
are Frobenius-Fibonacci pseudoprimes. 

1. If p - 1 mod 6 one/ p = ± 1 mod 5 £/7.e77 t i2 P «s a Fibonacci pseudoprime 
which is a Frobenius-Fibonacci pseudoprime. 

2 . If p = 5 mod 6 and p > 5 f/jen 7t2p « Fibonacci pseudoprime which, is 
not a Frobenius-Fibonacci pseudoprime. 

P R O O F . Let p = 1 mod 6, p = ± 1 mod 5. We have « 2 P = « p • Vp ^ 
u 7 • v7 = 13 • 29 = 377. 

If n = «2p) P > 5 then «2p = 1 mod 2, n = tt2p — ^p * fp = mod p, 
(5/ti 2 p ) = (5/p), n — (5/77) = 0 mod 2p, hence n = 772p| un-(5/n) a n < J n is a 

Fibonacc i pseudoprime. 

1. If p = 1 mod 6 then 2p = 2 mod 6, hence n = ii2P, U2P = 1 mod 4. 
For p = ± 1 mod 5, (5/n) = 1, rc|w(n-(5/n))/2> ( ~ V n ) = 1 a n < i n is 

an Eu le r -F ibonacc i pseudoprime, hence «2p is a Frobenius-Fibonacc i 
pseudoprime. For p = 19 we have u2p = w 3 8 = 39088169 = 37-113-9349 
which is a Frobenius-Fibonacc i pseudoprime. 
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2. If p = 5 mod 6 and p > 5 then 2p = 4 mod 6, hence u 2 p = 3 mod 4. 
If n = u 2 p is a D ickson-F ibonacc i pseudoprime then by the formula 
v„ + ( — = D»-i • Vi+i we have «Jit2» = n\vn — 1 = v,,-i • t u + i . 

V 2 2 2 2 ' 
which is impossible since (u p,Ufc) = 1 for p ^ 5. Thus u 2 p is not a 
Frobenius-F ibonacc i pseudoprime. For p = 17 we get i t 3 4 = 57 0 2 8 87 = 
1597 • 3571 which is not a Frobenius-F ibonacc i pseudoprime. • 

T H E O R E M 9. There exist infinitely many Dickson-Fibonacci pseudopri
mes of the second kind which are not Frobenius-Fibonacci pseudoprimes. 

P R O O F . Let p = 5A; ± 1 then p\up_(5/p) = iip-i. Let pa\\up^i, 
a ^ 1. We have u 4 n — 2 = 5 (w 2 „ ) 2 , hence fp2a_(5 //p2a) — 2 = u p 2a_ i — 2 = 

5 ( ^ ^ f ^ - ) 2 . F rom p 2 a |s ( ^ - f n " ) 2 we get V - ( 5 / P * » ) = 2 =-
2(5/p 2 a ) mod p 2 a and ; j 2 a is a D ickson-F ibonacc i pseudoprime of the se
cond k ind. Bu t from p n '||'U p_i we get p a||w p2Q_ 1, hence p2a |/u p 2 Q _ 1 and 
p 2 a is not a. F ibonacc i pseudoprime, hence p2a is not a Frobenius-F ibonacc i 
pseudoprime. • 

B y Theorem 4 from [23] the following theorem holds 
Let un be a non-degenerate Lucas sequence with parameters P and Q 

: 1 £ = ± 1 . Then, every arithmetic progression ax + b, where (a,b) = 
1 which contains an odd integer no with (D/ncf) — e, contains infinitely 
Frobenius-Lucas pseudoprimes such that (D/n) — s. 

D E F I N I T I O N 9. A composite number n is called a strong Lucas pseudo-
prime wi th parameters P and Q if (n,2QD) — 1, n — (D/n) = 2sr, r odd 
and 

(12) either ur = 0 mod n or t>2i r = 0 mod n for some t, 0 ^ t < s. 

Erdós, Kiss and Sarkozy [8] have shown that there are more than e^°sx^ 
Lucas pseudoprimes up to x with coprime parameters P, Q , where c > 0 does 
not depend on P, Q and x > x0(P,Q). 

In his recent dissertation on Frobenius pseudoprimes (Grantham [9]) 
has replaced e^°&x)c by xc and lifted the restriction (P,Q) = 1, however in 
both papers the Jacobi symbol is 1, not - 1 . 

In this connection C . Pomerance put forward the following problem: 
Given integers P, Q w i th D — P2 — 4Q not a square, do there exist 

infinitely many, or at least one, Lucas pseudoprimes n with parameters P 
and Q satisfying (D/n) = - 1 ? 

A n affirmative answer to this problem in the strong sense (infinitely 
many) is given by the following theorem (Rotkiewicz and Schinzel [24]) which 
follows from the result by Rotkiewicz [20]. 
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T H E O R E M . Given integers P,Q with D = P2 - AQ ^ 0, -Q, -2Q, -3Q 
and e — ± 1 , every arithmetic progression ax + b, where (a, 6) = 1, ivhich 
contains an odd integer ??o with (D/no) = e, contains infinitely many strong 
Lucas pseudoprimes n with parameters P and Q such that (D/n) = e. The 
number M(X) of such strong pseudoprimes n not exceeding X is at least 
equal to 

l + o ( l ) log A ' 
3 ^ ) ^ ( 1 * 1 +|/?|) loglogX' 

where a\ is determined by a, 6, P,Q. 

T A B L E S prepared by Jerzy Browkin 
The following tables contain pseudoprimes of different kinds below 10 6 . 

More precisely, 
Table 1 contains F ibonacc i pseudoprimes. 
Table 2 contains F ibonacci pseudoprimes of the second k ind . 
Table 3 contains Dickson-F ibonacc i pseudoprimes not divisible by 5. 
Table 4 contains Dickson-F ibonacc i pseudoprimes of the second kind 

not divisible by 5, with squares of primes ^ 2, 5 omitted. 
Table 5 contains Frobenius pseudoprimes (i.e. numbers appearing si

multaneously in any two of the preceding tables). 
Table 6 contains arithmetic progressions with terms belonging to Tables 

1-5, respectively. 

To present the contents of Table 1 we use the notation of J . G ran tham 

[10]. 
Let n be a Fibonacci pseudoprime, denote f(X) = X2 — X — 1, and let 

A ' " = aX + b mod (/(A), ??), where a, b £ ( -n/2 , n/2). 
It turns out that for n < 10 6 always b — 0 or b = —a, moreover d := 

gcd(??, a - 1) > 1, provided a ^ ± 1 . 
Thus if d > 1 then gcmd (A ' n - X, / (A) ) does not exist, and the Facto

rization Step fails. 

A l l congruences below are modulo (f(X),n). 
If b = 0, then f(Xn) = f(aX) = {a2 - a)X + {a2 - 1). Hence / ( A n ) = 0 

iff a = 1. 
If b = -a, then f(Xn) = f(a(X - 1)) = - ( o 2 + a)A' + (2a 2 + a - 1). 

Hence f(Xn) = 0 iff a = - 1 . 
Thus the Frobenius Step fails iff a A + b ̂  X, 1 — A . 

Now, if aX + b = X, then A n - A = 0. Hence 

F i ( A ) = / (A ) , and 5 = 0. 
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If aX + b = l- X, then Xn - X = -2X + 1. Hence 

Fi(X) = g c m d ( A " - A , f(X)) = 1. 

Since Xn-X = 1 - A , and / ( 1 - A ) = f(X), then (1-X)n = l - ( l - A ) = X. 
Hence 

- Y " 2 = (1 - X)n = X, thus F 2 ( Y ) = f(X), and ,5' = 1. 

In Table 1, for every F ibonacc i pseudoprime n < 10 6 we give a A" + b 
and (Z, provided \a\ > 1. 

It is easy to verify (in Table 1 ) that for a. F ibonacci pseudoprime n < 10 6 

with aX + b = X or 1 - A', we have (—l)' s = (5/n), i.e. the Jacobi Step 
always holds. 

Therefore a F ibonacc i pseudoprime n < 10 6 is a Frobenius pseudoprime 
iff Xn = X or 1 - X mod (/(A), n). 

Computat ions have been performed using the package G P / P A R I , ver
sion 1 .39 . 

Table 1 

n ax + 6 d 
323 = 17 • 19 x — 1 
377 = 13 • 29 - 1 4 4 ( 1 - 1) 29 

1891 = 3 1 - 6 1 - 1 2 3 x 31 
3827 = 4 3 - 8 9 - 1 3 3 4 ( i - 1) 89 
4181 = 37 113 X 

5777 = 53 • 109 -x + 1 
6601 = 7 - 2 3 - 4 1 2092z 41 
6721 = 11 1 3 - 4 7 X 

8149 = 29 • 281 842a; 29 
10877 = 73 • 149 —x + 1 
11663 = 107- 109 X - 1 

13201 = 43 • 307 X 

13981 = 1 1 - 3 1 - 4 1 . 1024a; 11 -31 
15251 = 101 • 151 X 

17119 = 17 1 9 - 5 3 4504a; 19 
17711 = 89 • 199 -67651 199 
18407 = 79 • 233 X - 1 
19043 = 137 • 139 x - 1 
23407 = 89 • 263 x - 1 
25877 = 113 • 229 8474(a: - 1) 229 
27323 = 89 • 307 -12281(a; - 1) 89 
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Table 1 (cont.) 

n ax + b d 

30889 = 1 7 - 2 3 - 7 9 134311 17 -79 

34561 = 17 • 19 • 107 X 

34943 = 83 • 421 X - 1 

35207 = 17 • 19 • 109 X - 1 

39203 = 197-199 X - 1 

40501 = 101 • 401 13232x 101 

50183 = 7 - 6 7 - 1 0 7 -14337 (x - 1) 67 •107 

51841 = 47 -1103 X 

51983 = 227 -229 X - 1 

52701 = 3 • 11 • 1597 - 1 7 5 6 6 x 11 • 1597 

53663 = 103 • 521 x - 1 

60377 = 173 • 349 19894(x - 1) 349 

64079 = 139 • 461 X 

64681 = 71 -911 X 

67861 = 79 • 859 X 

68101 = 11 -41 • 151 - 6 6 4 3 x 11 • 151 

68251 = 131 • 521 X 

75077 = 193 • 389 -X + 1 

78409 = 89 • 881 - 1 7 6 2 1 x 89 

79547 = 13 • 29 • 211 X - 1 

82983 = 3 • 139 • 199 X - 1 

86063 = 89 • 967 X - 1 

88601 = 41 • 2161 - 1 5 1 2 8 x 41 

88831 = 211-421 - 8 4 3 x 211 

90061 = 113 • 797 X 

90287 = 17•47 • 113 30737(x - 1) 17 113 

94667 = 137 • 691 X - 1 

96049 = 139-691 X 

97921 = 181 • 541 X 

100127 = 223 • 449 -X + 1 

104663 = 1 3 - 8 3 - 9 7 X - 1 

13573 = 137 • 829 -X + 1 

115231 = 139-829 - 4 6 4 2 5 x 139 

118441 = 83 • 1427 X 

121103 = 347 • 349 X - 1 

121393 = 233 • 521 -46368 (x - 1) 521 

138601 = 17 • 31 • 263 - 1 0 5 3 x 17 -31 

142883 = 13 • 29 • 379 X - 1 

145351 = 191 -761 47942X 191 

146611 = 271 • 541 X 

150121 = 2 3 - 6 1 - 1 0 7 32636X 61 • 107 
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Table 1 (cont.) 

n ax + b d 

153781 = 61 • 2521 -15127a; 61 
158717 = 13 • 29 • 421 38310(x - 1) 29 
161027 = 283 • 569 -X + 1 

162133 = 73 • 2221 -X + 1 
163081 = 17 • 53 • 181 X 

182513 = 229 • 797 19924(x - 1) 229 
186961 = 31 • 37 • 163 X 

191351 = 179 • 1069 -76969a; 179 
195227 = 197 • 991 X - 1 

197209 = 199 • 991 X 

199801 = 7 • 17 • 23 • 73 59569a; 1 7 - 7 3 
200147 = 233 • 859 x - 1 

218791 = 331 • 661 -1323a; 331 
219781 = 271 -811 X 

231703 = 263 • 881 -X + 1 

250277 = 353 • 709 82954(x - 1) 709 
252601 = 41 • 61 • 101 X 

254321 = 263 • 967 X 

257761 = 7 • 23 • 1601 X 

265881 = 3 • 7 • 11 • 1151 -75965a; 3 • 11 •1151 
266071 = 13 • 97 • 211 105923a: 211 
268801 = 13 • 23 • 29 • 31 X 

272611 = 131 • 2081 X 

283361 = 13 • 71 • 307 X 

283373 = 17 • 79 • 211 -66675 (x - 1) 79 • 211 
294527 = 383 • 769 97664(x - 1) 769 
302101 = 317 • 953 X 

303101 = 101 -3001 X 

306287 = 53 • 5779 X - 1 

316561 = 7 -41 • 1103 112505x 7 -41 
330929 = 149 • 2221 X 

332949 = 3 • 29 • 43 • 89 - 5 1 6 1 x 2 9 - 8 9 
342271 = 31 • 61 • 181 11223x 31 • 181 
345913 = 37 • 9349 -56093 (x - 1) 9349 
380393 = 13 • 29 • 1009 29262(x - 1) 29 •1009 
381923 = 617 • 619 4 - 1 

385307 = 13 • 107 • 277 -187251 (x - 1) 13 • 277 
399001 = 31 • 61 • 211 X 

429263 = 197 • 2179 X - 1 
430127 = 463 • 929 - X + 1 



Lucas and Frobenius pseudoprimes 31 

Table 1 (cont.) 

n ax + b d 

433621 = 199 • 2179 X 

438751 = 541 • 811 X 

453151 = 151 • 3001 - 4 8 0 1 7 1 151 

454607 = 163 • 2789 x — 1 

456301 = 181 • 2521 —70589a; 181 

464101 = 11 • 31 • 1361 153792X 11-31 

489601 = 7 • 23 • 3041 x 

500207 = 409 • 1223 x - 1 

506521 = 19 • 53 • 503 -2013a; 19 • 53 

507527 = 503 • 1009 168504(x - 1) 1009 

512461 = 31 • 61 • 271 X 

520801 = 241 • 2161 x 

530611 = 461 • 1151 X 

548627 = 523 • 1049 -183574 (x - 1) 1049 

556421 = 431 • 1291 X 

569087 = 127 • 4481 X - 1 

572839 = 691 • 829 -8291a; 691 

600767 = 421 • 1427 x - 1 

607561 = 241 • 2521 224370a; 2521 

629911 = 109 • 5779 - 5 7 7 8 s 5779 

635627 = 563 • 1129 - x + 1 

636641 = 461 • 1381 X 

636707 = 193 • 3299 x - 1 

638189 = 619 • 1031 X 

642001 = 401 • 1601 212932a; 401 

655201 = 23 • 61 • 467 X 

676367 = 29 • 83 • 281 x - 1 

685583 = 827 • 829 x - 1 

697883 = 373 • 1871 x - 1 

721801 = 601 • 1201 - 2 4 0 3 x 601 

722261 = 491 • 1471 x 

732887 = 17 • 19 • 2269 X - 1 

736163 = 857 • 859 X - 1 

741751 = 431 • 1721 X 

753251 = 251 -3001 - 6 9 0 2 4 1 251 

753377 = 613 • 1229 -251944 (x - 1) 1229 

762841 = 1 7 - 2 3 - 1 9 5 1 -66333a; 17-1951 

765687 = 3 • 13 • 29 • 677 x - 1 

770783 = 13 • 211 • 281 x - 1 

775207 = 509 • 1523 x - 1 
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Table 1 (cont.) 

n ax + b d 

796111 = 3 1 - 6 1 - 4 2 1 - 1 7 9 7 6 8 s 31 
798571 = 37 - 113 • 191 37628x 191 
828827 = 643 • 1289 -277134 (x - 1) 1289 
851927 = 881 • 967 -X + 1 

852841 = 1 1 - 3 1 - 4 1 - 6 1 X 

853469 = 239 • 3571 X 

873181 = 661 • 1321 - 2 6 4 3 x 661 
925681 = 23 • 167 • 241 $ 

948433 = 397 • 2389 -136172 (x - 1) 2389 
954271 = 691 • 1381 - 2 7 6 3 x 691 
983903 = 443 • 2221 X - 1 
994517 = 17- 19-3079 468009(a; - 1) 19 • 3079 
999941 = 577 -1733 X 

Table 2 

4181 = 37 • 113 161027 = 283 •569 520801 241 • 2161 
5777 = 53 • 109 162133 73 - 2221 530611 = 461 • 1151 
6479 11 1 9 - 3 1 163081 = 17- 53 • 181 544159 = 7 - 1 1 - 3 7 191 
6721 = 11 - 1 3 - 4 7 168299 = 31 • 61 -89 545279 = 7 - 6 1 • 1 2 7 7 

10877 = 73 • 149 186961 = 31 • 37 • 163 553679 = 7 - 1 9 - 2 3 181 
13201 = 43 • 307 196559 = 11 - 107•167 553839 = 3 11 13 1291 
15251 = 101 • 151 197209 = 199 •991 556421 = 431 • 1291 
27071 = 11 - 2 3 • 1 0 7 219781 = 271 •811 575599 41 • 101 • 139 
34561 = 17 1 9 - 1 0 7 231703 = 263 •881 618639 = 3 - 7 - 8 9 - 3 3 1 
44099 1 1 - 1 9 - 2 1 1 233519 = 11 • 13 • 23 • 71 620279 = 1 1 - 1 7 - 3 1 107 
47519 1 9 - 4 1 -61 252601 = 41 • 61 • 101 635627 = 563-1129 
51841 = 47 - 1103 254321 = 263 •967 636641 = 461 • 1381 
54839 = 2 9 - 3 1 -61 257761 = 7 • 23 • 1601 638189 = 619 • 1031 
64079 = 139 • 461 268801 = 13- 23 • 29 • 31 641199 = 3 13 -41 -401 
64681 = 71-911 272611 = 131 •2081 655201 = 23 • 61 • 467 
65471 = 7 • 47 • 199 283361 = 13- 71•307 670879 = 1 1 - 7 1 - 8 5 9 
67861 = 79 • 859 300847 = 37 - 47•173 689359 = 1 1 - 2 9 - 2 1 6 1 
68251 = 131 • 521 302101 = 317 •953 701569 = 1 1 - 2 3 - 4 7 - 5 9 
72831 = 3 11- 2207 303101 = 101 •3001 722261 = 491•1471 
75077 = 193 • 389 327359 = 23 - 43 • 331 737471 = 7 • 137 • 769 
78089 = 11• 31 - 229 330929 = 149 •2221 741751 = 431 • 1721 
90061 = 113-797 399001 = 31 • 61 -211 809999 = 1 7 - 2 9 - 3 1 - 5 3 
96049 = 139-691 417601 = 19- 31 • 709 850541 = 29 139-211 
97921 = 181 • 541 430127 = 463 •929 851927 = 881 • 967 

100127 = 223 • 449 433621 = 199 •2179 852841 = 11 -31 -41 • 61 
109871 = 17 • 23 • 281 438751 = 541 •811 853469 = 239 • 3571 
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Table 2 (cont.) 

113573 = 137 • 829 451979 = 11 • 17 •2417 881011 = 19- 89 • 521 

118441 = 83 • 1427 486359 = 29 •31 •541 925681 = 23 - 167 • 241 

139359 = 3 - 1 1 - 4 1 - 1 0 3 489601 = 7- 23 • 3041 954239 - 11 • 13 • 6673 

146611 = 271 •541 510719 = 11 • 29 • 1601 993509 = 11 • 181 • 499 

157079 = 13 • 43 • 281 512461 = 31 •61 •271 999941 = 577 • 1733 

Table 3 

2737 = = 7 - 1 7 - 2 3 162133 73 •2221 490841 1 3 - 1 7 - 2 2 2 1 

4181 = = 3 7 - 1 1 3 163081 1 7 - 5 3 - 1 8 1 497761 11 - 3 7 • 1223 

5777 = = 53 • 109 179697 3 • 7 • 43 • 199 512461 3 1 - 6 1 -271 

6721 = = 1 1 - 1 3 - 4 7 186961 - 31 • 37 • 163 520801 = 241 • 2161 

10877 = 73 • 149 194833 = 23 • 43 • 197 530611 461 • 1151 

13201 = 43 • 307 197209 199 • 991 556421 - 431 • 1291 

15251 = 101 • 151 219781 = 271-811 597793 7 - 2 3 - 4 7 - 7 9 

29281 = 7 - 4 7 - 8 9 228241 = 13 • 97 • 181 618449 -= 1 3 - 1 1 3 - 4 2 1 

34561 = 17 • 19 • 107 231703 = 263 • 881 635627 = 563 • 1129 

51841 = 47 •1103 252601 = 4 1 - 6 1 101 636641 461 • 1381 

64079 = 139 • 461 254321 = 263 • 967 638189 619 • 1031 

64681 = 71 -911 257761 = 7 • 23 • 1601 639539 = 43 • 107 • 139 

67861 = 79 • 859 268801 = 1 3 - 2 3 - 2 9 - 3 1 655201 = 23 • 61 • 467 

68251 = 131 • 521 272611 = 131 • 2081 667589 13 • 89 • 577 

75077 = 193 • 389 283361 = 13 • 71 • 307 687169 = 7 -89 •1103 

80189 = 17 • 53 • 89 302101 = 317 • 953 697137 = 3 • 7 • 89 • 373 

90061 = 113 • 797 303101 = 101 • 3001 722261 = 491 • 1471 

96049 = 139 • 691 327313 = 7 • 19 • 23 • 107 741751 = 431 • 1721 

97921 = 181 • 541 330929 = 149 • 2221 851927 = 881 • 967 

100127 = 223 • 449 399001 = 3 1 - 6 1 - 2 1 1 852841 — 11 -31 -41 -61 

105281 = 11 • 17 • 563 430127 463 • 929 853469 = 239 • 3571 

113573 = 137 • 829 433621 199 • 2179 920577 3 • 7 • 59 • 743 

118441 = 83 • 1427 438751 541-811 925681 23 • 167 • 241 

146611 = 271•541 455961 3 • 1 1 - 4 1 - 3 3 7 930097 7 • 23 • 53 • 109 

161027 = 283 • 569 489601 7 •23 • 3041 999941 577• 1733 

Table 4 

1127 = 7 2 . 23 116281 = 11 2 • 3 1 2 399001 = 31 • 6 1 - 2 1 1 

3751 = 1 1 2 • 31 118441 = 83 - 1427 405121 = 4 1 2 •241 

4181 = 37 • 113 139127 = 23 2 • 263 430127 = 463 •929 

4901 = 13 2 • 29 142129 = 13 2 • 29 2 433621 = 199 • 2179 

4961 = 11 2 • 41 146611 = 271 • 541 438751 = 541 • 811 

5777 = 53 • 109 154697 = 37 2 • 113 450241 = l l 2 • 6 1 2 

6721 = 11 • 1 3 - 4 7 161027 = 283 • 569 472361 = 4 1 2 • 281 

7381 = 1 1 2 •61 162133 = 73- 2221 472453 = 37- 113 2 

3 Annales. . . 
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Table 4 (cont.) 

10877 = 73 • 149 163081 17- 53 • 181 489601 7 •23 • 3041 
13201 43 • 307 164561 = 4 3 2 • 89 512461 31 •61 • 271 
15251 101 • 151 177451 = 29 2 • 211 520801 — 241 • 2161 
18081 = 3 2 - 7 2 -41 186961 31 • 37 • 163 530611 — 461 • 1151 
25921 = 7 2 • 2 3 2 195301 = 19 2 • 541 556421 = 431 • 1291 
34561 = 17 • 19 • 107 197209 = 199 •991 566401 = l l 2 -31 • 151 
39249 3 2 - 7 2 • 89 203401 = l l 2 • 4 1 2 567643 = 4 3 2 • 3 0 7 
47489 = 13 2 •281 203841 = 3 2 - 11 - 2 9 - 7 1 629693 = 53 •109 2 

51841 = 47 • 1103 219781 271 •811 635627 = 563 • 1129 
53361 = 3 2 - 7 2 • l l 2 231601 = 3 1 2 • 241 636641 461 • 1381 
58621 = 3 1 2 •61 231703 = 263 •881 638189 619 • 1031 
59711 = 29 2 • 71 236321 = 29 2 • 281 655201 23 • 61 • 467 
64079 = 139 • 461 252601 = 41 • 61 • 101 691041 3 • 13 2 • 29 • 47 
64681 71 • 911 254321 = 263 •967 722261 = 491 • 1471 
65341 = 19 2 • 181 257761 = 7 • 23 • 1601 741751 431 • 1721 
67861 = 79 • 859 268801 = 13- 23 • 29 • 31 750541 11 - 3 1 2 -71 
68251 = 131 • 521 272611 131 • 2081 766151 2 9 2 • 9 1 1 
68481 = 3 2 - 7•1087 283361 - 13 • 71•307 794021 7 3 2 • 1 4 9 
71149 = 13 2 •421 302101 = 317 •953 798721 7 - 1 1 2 - 2 3 - 4 1 
75077 = 193 •389 303101 = 101 • 3001 810703 = 47 2 • 367 
90061 = 113 • 797 305041 = U 2 • 2521 815409 = 3 2 • 7 2 • 4 3 2 

96049 = 139 •691 306181 = 5 3 2 • 109 851927 = 881 • 967 
97921 = 181 • 541 313501 = 3 7 2 • 229 852841 11 -31 - 4 1 - 6 1 
99541 = 13 2 • 1 9 - 3 1 321201 = 3 2 - 89 • 401 853469 = 239 • 3571 

100127 = 223 • 449 330929 = 149 • 2221 910081 19 2 • 2521 
104329 = 17 2 • 19 2 354061 = 29 2 • 421 925681 = 23 • 167 • 241 
113573 — 137 •829 390241 19 2 • 2 3 - 4 7 999941 = 577•1733 

Table 5 

4181 64079 100127 197209 283361 489601 655201 
5777 64681 113573 219781 302101 512461 722261 
6721 67861 118441 231703 303101 520801 741751 
10877 68251 146611 252601 330929 530611 851927 
13201 75077 161027 254321 399001 556421 852841 
15251 90061 162133 257761 430127 635627 853469 
34561 96049 163081 268801 433621 636641 925681 
51841 97921 186961 272611 438751 638189 999941 
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Table 6 

Table no. A r i thme t i c progression 
1 377, 79547, 158717 

1891, 399001, 796111 
138601, 268801, 399001 
186961, 219781, 252601 

2 97921, 257761, 417601 
186961, 219781, 252601 

3 6721, 29281, 51841 
97921, 163081, 228241 

186961, 219781, 252601 
4 4961, 163081, 321201 

25921, 257761, 489601 
97921, 146611, 195301 

186961, 219781, 252601 
203841, 236321, 268801 
231601, 399001, 566401 

5 186961, 219781, 252601 

Tables 1 - 6 suggest the following conjectures (Jerzy Browkin ) . 

C O N J E C T U R E 1. Let p and q = p + 2 be primes, then pq is a Fibonacci 
pseudoprime iff p = 7 mod 10. 

C O N J E C T U R E 2. Let p and q = 2p + 3 be primes, then pq is a Fibonacci 
pseudoprime iff p = 3 mod 10. 

C O N J E C T U R E 3 . Let p and q = 2p— 1 be primes, then pq is a Fibonacci 
pseudoprime iff p = 1 mod 10. 

P R O O F O F C O N J E C T U R E 1. If p = 7 mod 10 then q = p+2 = 9 mod 10, 

hence (B/p) = - 1 , (5/ry) = 1, (B/pq) = - 1 . We have p | u p _ ( 5 / p ) = up+1, 
C f K - ( 5 / 9 ) = up+2-i = Up+i, pq - (B/p) = p(p + 2) + 1 = (p + l ) 2 , hence 
pq\up+i\u(p+i)2 = upq-(5/Pq) a n d pq is a F ibonacci pseudoprime. 

Conversely, if p ^ 7 mod 10 then p = 3 mod 10 or p = ± 1 mod 10. 
If p = 3 mod 10 then p + 2 = 5 mod 10 and pq is not a F ibonacc i 

pseudoprime. 
If p = 1 mod 10 then p + 2 = 3 mod 10 and from pq — (B/pq) = 

p(p + 2) + 1 = (p+ l ) 2 , pq\u(p+l)2, p|up_( 5 / p ) , (wp+i, Mp_ i ) = u2 = 1, we get 
p — 1 and pq is not a F ibonacci pseudoprime. 

If p = - 1 mod 10 and from pq - (B/pq) = p(p + 2) - 1 = p2 + 2p - 1 = 

(P ~ 1 ) (P+ 3) + 2, and from p|«(p_i ) ( p + 3 )+2. w e g e t P l u 2 = 1, P = 1 
and p<7 is not a Fibonacci pseudoprime. • 

3 * 



36 Andrze j Ro tk iew icz 

Below 10 6 we get the following F ibonacc i pseudoprimes of the form 
p(p + 2) : 17 • 19,107 • 109,137 • 139,197 • 199, 227 • 229,347 • 349, 617 • 619, 827 • 
829,857-859. 

P R O O F O F C O N J E C T U R E 2. Let p and q = 2p + 3 be primes. 

If p = 3 mod 10 then 2p + 3 = - 1 mod 5, 2p + 3 = 2(Wk + 3) + 
3 = 20A? + 9 = 1 mod 4, (5/ry) = 1, (5/pq) = - 1 . B y Euler 's theorem 
for F ibonacc i sequence (Ribenboim [16, p. 130], Rotkiewicz [19], p. 240) we 
have uq-(s/pg) = M(2P+3)-i = up+i = 0 mod q, pq - (5/pq) = p(2p + 3) + 

2 2 
1 = (p+ l)(2p+ 1), p\up+x, hence po|up+i|Up 9_(5/ P ł ) and pq is a F ibonacc i 
pseudoprime. 

Conversely, if p EŚ 3 mod 10 then p = 7 mod 10 or p = ± 1 mod 10. 
If p = 7 mod 10 then ry = 2p + 3 = 7 mod 10, hence (5/p) = - 1 , 

(5/ry) = - 1 and (5/pq) - 1 and from pq - (5/pq) = p(2p + 3) - 1 = 2p 2 + 
3p - 1 = (p + l ) ( 2 p + 1) - 2, we get p|«p,_(5/p,) = M(p+i)(2p+i)-2, p l V K > 
hence p|«2 = 1 and PQ is not a Fibonacci pseudoprime. 

If p = — 1 mod 10 2p + 3 = 1 mod 10 and from pq - (5/pq) = p(2p + 
3) - 1 = 2p 2 + 3p - 1 = (p - l ) (2p + 5) + 4, and from p | u p _ i , p|u p ( 2 p +3 ) - i = 
"(P-I)(27J+5)+4 w e g e t p\ui = 3, hence p = 3, ry = 9 and p(2p + 3) is not a 
F i bon acci pseudoprime. 

If p = 1 mod 10, then 2p + 3 = 5 mod 10 and pry is not a F ibonacc i 
pseudoprime. • 

Below 10 6 we get the following Fibonacci pseudoprimes of the form 
p(2p + 3) : 53 • 109,73 • 149,113 • 229,173 • 349,193 • 389,223 • 449,283 • 
569, 353•709. 383•769 ,463•929 .503•1009 ,523•1049 , 463•1129, 613•1229 
and 643 • 1289. 

P R O O F O F C O N J E C T U R E 3. If p = 1 mod 10 then 2p - 1 = 1 mod 10, 

then (5/p) = (5/ry) = (5/pq) = 1, ry = 2p - 1 = 2(10fc + 1) - 1 = 20k + 
1 = 1 mod 4 and by Euler 's theorem for the F ibonacc i sequence we have 

= M(2p-i)-i = up-i = 0 mod ry, p | u p _ i , pq-(5/pq) = p ( 2 p - l ) - l = 
2 2 

2p 2 - p - 1 = (p - l ) ( 2 p + 1) and po|w( p-i)( 2p+i) = 'S<j-(5/p,) and pry is a 
Fibonacc i pseudoprime. 

Conversely, if p ^ 1 mod 10 then p = — 1 mod 10 or p = ±3 mod 10. 
If p = —1 mod 10 then P|M P _I , 2p — 1 = —3 = 7 mod 10 and (5/p) = 1, 

(5/ry) = - 1 , (5/pq) = - 1 , pry - (5/pq) = p(2p - l ) + 1 = 2p 2 - p + 1 = 
(p - l ) ( 2 p + 1) + 2, pr/|upq_(5/pq) = Wp ( 2p-i)+i = « ( p _ i ) ( 2p + i ) + 2 and p|-u p _ i , 
p|w(p-i)(2p+i)+2i hence p|u 2 = 1 and pry is not a Fibonacci pseudoprime. 

If p = 3 mod 10 then 2p — 1 = 5 mod 10 and pq is not a F ibonacc i 
pseudoprime. 

If p EE - 3 mod 10, then 2p — 1 = - 7 mod 10, (5/p) = - 1 , (5/r/) = - 1 , 

(5/p) = - 1 , (5/pq) = 1, P K + 1 , P\upq-($/pq) = U p ( 2 p - 1 ) - 1 = « 2 p = - p - l = 
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u(p+i ) (2p- i )+2 ! hence p\iL2 = 1 and pq is not a. Fibonacci pseudoprime. • 
Below 106 we get the following F ibonacc i pseudoprimes of the form 

p(2p - 1) : 31 • 61, 211 • 421, 271 • 541, 331 • 661, 601 • 1201, 661 • 1321 and 
691•1381. 

In Table 7 there are given all arithmetic progressions with terms below 
106 which are Dickson-Fibonacci pseudoprimes of the second k ind, including 
squares of primes == 2, 5. There are no progressions with four terms. Squares 
of primes are printed in bold. 

Table 7 

4 9 , 1 6 9 , 289 1 8 7 6 9 , 7 6 7 2 9 , 1 3 4 6 8 9 7 2 3 6 1 , 405121, 7 3 7 8 8 1 

4 9 , 2 8 9 , 529 1 9 3 2 1 , 58621, 97921 7 3 4 4 1 , 146611, 219781 

4 9 , 5 3 2 9 , 10609 1 9 3 2 1 , 90061, 1 6 0 8 0 1 9 6 7 2 1 , 163081, 2 2 9 4 4 1 

4 9 , 9 4 0 9 , 18769 25921, 3 2 7 6 1 , 3 9 6 0 1 , 9 6 7 2 1 , 1 7 7 2 4 1 , 257761 

1 2 1 , 3751, 7381 25921, 5 2 4 4 1 , 7 8 9 6 1 97921, 146611, 195301 

1 2 1 , 163081, 3 2 6 0 4 1 25921, 257761, 489601 97921, 195301, 2 9 2 6 8 1 

169 , 71149, 142129 25921, 2 7 1 4 4 1 , 5 1 6 9 6 1 1 2 1 8 0 1 , 195301, 268801 

2 8 9 , 2 8 0 9 , 5329 2 7 8 8 9 , 3 8 8 0 9 , 4 9 7 2 9 1 2 8 8 8 1 , 1 6 0 8 0 1 , 1 9 2 7 2 1 

2 8 9 , 1 8 7 6 9 , 3 7 2 4 9 2 7 8 8 9 , 4 5 2 9 2 9 , 8 7 7 9 6 9 146611, 2 9 2 6 8 1 , 438751 

3 6 1 , 195301, 390241 2 9 9 2 9 , 1 1 3 5 6 9 , 197209 1 6 0 8 0 1 , 5 0 2 6 8 1 , 8 4 4 5 6 1 

5 2 9 , 1 3 6 9 , 2 2 0 9 3 2 7 6 1 , 65341, 97921 1 6 7 2 8 1 , 2 1 2 5 2 1 , 257761 

8 4 1 , 3 2 7 6 1 , 64681 3 2 7 6 1 , 97921, 163081 1 6 7 2 8 1 , 302101, 4 3 6 9 2 1 

8 4 1 , 177451, 354061 3 2 7 6 1 , 272611, 512461 1 6 7 2 8 1 , 4 1 0 8 8 1 , 6 5 4 4 8 1 

9 6 1 . 1 1 8 8 1 , 2 2 8 0 1 3 6 4 8 1 , 90061, 1 4 3 6 4 1 186961, 219781, 252601 

9 6 1 , 58621, 116281 4 4 5 2 1 , 97921, 1 5 1 3 2 1 1 9 2 7 2 1 , 313501, 4 3 4 2 8 1 

9 6 1 , 116281, 231601 51841, 1 0 9 5 6 1 , 1 6 7 2 8 1 2 0 1 6 0 1 , 3 6 1 2 0 1 , 520801 

1 6 8 1 , 203401, 405121 51841, 5 1 6 9 6 1 , 9 8 2 0 8 1 203841, 236321, 268801 

4961, 163081, 321201 5 4 2 8 9 , 1 0 0 4 8 9 , 146689 2 1 2 5 2 1 , 252601, 2 9 2 6 8 1 

5 0 4 1 , 2 0 1 6 0 1 , 3 9 8 1 6 1 5 7 1 2 1 , 4 9 1 4 0 1 , 925681 219781, 438751, 6 5 7 7 2 1 

5 3 2 9 . 3 7 2 4 9 , 6 9 1 6 9 5 8 0 8 1 , 231601, 405121 231601, 399001, 566401 

6 2 4 1 , 2 9 2 6 8 1 , 5 7 9 1 2 1 5 8 0 8 1 , 302101, 5 4 6 1 2 1 257761, 4 1 0 8 8 1 , 5 6 4 0 0 1 

7 9 2 1 . 2 2 2 0 1 , 3 6 4 8 1 6 3 0 0 1 , 313501, 5 6 4 0 0 1 257761, 5 1 6 9 6 1 , 7 7 6 1 6 1 

7 9 2 1 , 164561, 32121 64681, 3 6 1 2 0 1 , 6 5 7 7 2 1 313501, 438751, 5 6 4 0 0 1 

9 4 0 9 , 1 2 7 6 9 , 16129 65341, 1 8 5 7 6 1 , 306181 3 3 2 9 2 9 , 3 7 5 7 6 9 , 4 1 8 6 0 9 

1 0 6 0 9 , 5 4 2 8 9 , 9 7 9 6 9 6 6 0 4 9 , 2 0 8 8 4 9 , 3 5 1 6 4 9 3 6 1 2 0 1 , 3 8 3 1 6 1 , 405121 

1 1 4 4 9 , 104329, 197209 6 6 0 4 9 , 4 2 6 4 0 9 , 7 8 6 7 6 9 4 1 0 8 8 1 , 450241, 489601 

1 2 7 6 9 , 1 1 3 5 6 9 , 2 1 4 3 6 9 67861, 7 8 9 6 1 , 90061 
1 450241, 

520801, 5 9 1 3 6 1 
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