
O N DIVISIBILITY O F T H E N U M B E R S 
i f „ ( l ) , Hn{2) A N D Hn(3) 

J A R O S L A V S E I B E R T , P A V E L T R O J O V S K Ý 

Abstrac t . We will deal with numbers given by the relation 

— nk — 1 

where k is equal to 1, 2 or 3. These numbers arise from a generalization Bernoulli's 
inequality. In this paper some results about divisibility and primality of the numbers 
Hn(l), # „ ( 2 ) and Hn(3) are found. For example any positive integer n > 1 does not 
divide Hn(2) and n = 2mod 4 is the necessary condition for divisibility Hn(l) and 
Hn(3) by n > 2. In addition certain properties of their divisibility are used for finding 
primes among these numbers. 

1. Introduction 

Some properties of different types of numbers arising from terms in 
Bernoulli's inequality (1 + x)n ^ 1 -r nx were dealt in our previous papers 
[1], [2] and [3]. 

In [1] the numbers bn (denoted by Jn there) given by the relation 

6„ = 2 n - n - l , n € N 

were studied with respect to their divisibility and primality. 
In [2] we dealt with a generalization of these numbers, concretely the 

numbers in the form 

OnW ~ J-2 , 
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where k was any positive integer and n any non negative integer. The main 
results concerning divisibility of these numbers by 2 and 3 for arbitrary k 
were derived. Some of them were used for testing of primality of the numbers 
bn(k) by computer. 

In paper [3] some new results were shown about divisibility of the num­
bers bn{k). Specially we found a congruence for the numbers bn(al + b) un­
der (mod a) (Theorem 1 in [3]). Further we proved that any positive integer 
n > 2 does not divide bn(2) and bn(A). But for arbitrary positive integer k > 1 
there exists infinite number of integers n which divide Mn{k) = ^ ]_ . 
\l„(/«•) are a natural generalization of Mersenne numbers 2" — 1 for any 
positive integer k. 

But it seems to be interesting to investigate a similar type of numbers 
close to the terms of the generalization of Bernoulli's inequality in the form 

(l + x)n ^ l + nx+ ^ 2 ^ ) x 2 ' ^n ^ a c t ' t n e s e m i m D e r s Hn(k) are given by the 
following relation 

(k+l)n- (") k 2 - n k - l = v— • 
where k is any positive integer and n is any nonnegative integer. In this 
paper we deal with the numbers Hn{k) only for k = 1,2,3. For example in 
the case k = 1 we get the relation to the previous types of the numbers 

, U i ) = M i ) - ( \ ) = 2 " - E ( 1 ) = 2 " - 1 - ^ • 

Some results about their divisibility and primality are found. Specially 
any positive integer n > 1 does not divide Hn{2) and n congruent to 
2 (mod 4) is the necessary condition for divisibility Hn(l) and Hn(3) by 
71 > 2. 

In addition certain properties of their divisibility are used for finding 
primes among these numbers. 

2 . The main results 

T H E O R E M 1. If a positive integer n > 2 divides Hn(l) or Hn(3) then 
n = 2 (mod A). 

T H E O R E M 2. Let n > 1. Then 

n-XHn(2) 
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(3) 

3. Some lemmas and preliminary results 

L E M M A 1. Let p be any prime and i, I be any nonnegative integers. 
Then 

(1) Pi+1\(łp+l)pi - 1 , 

(lp+!)>>' - 1 = f / (mod p) , pć2 
[ > pi+i ~ \ 0 (mod p) , p = 2 , 

/or ?: > 1 

' i - YP ( M O D P2) ' P ^ 5 > 

/ - /2 + | / 3 - 2/4 = / + I2 (mod p 2) , /J = 2 

( / - 3 ^ + 3/ 3 = / - 6/ 2 + 3/ 3 (mod p2) , p = 3 . 

P R O O F . We use the binomial theorem 

(ip+if =1 + (?) OP)1 + ( 2 ) ^ 2 + ( 3 ) ^ 3 + • • • + W' ' 

therefore 

fcii^i=l+lnLzip+pV-w-V+...+< v 

and all assertions are clear after simplification. • 

L E M M A 2. Let m be any nonnegative integer. Then 

4 m - 1 , , 4 m - 1 3m 2 - m . 
—-— = m (mod 3), — 2 — = (mod 3) . 

P R O O F . For m = 0 the assertion is obvious and for m ^ 1 we use the 
binomial theorem 

4 - - 1 _ ( 3 + l ) m - 1 _ 3 m - 1 + 3 , n _ 2 + ^ m _ 3 + 

3 ~ 3 ' U " ' V 2 

+ 1 3 j 3 2 + 2
 3 + T 



44 Jaroslav Seibert, Pavel Trojovsky 

Hence, 

4 m _ x 

(7) (modS) , «^is(™) + ™ ( m o d 3 ) . 

• 

L E M M A 3. l eż m 6e any nonnegative integer. Then 

2 ( — ^ ) + ( ) + y = 'm (mod 3) . 

P R O O F . After simplification the assertion is a clear consequence of 
Lemma 2 and the congruence m3 = 7??. (mod 3). • 

L E M M A 4 . Let i be any positive integer. Then 3' j(H3,{3). 
P R O O F . A S 

# » ( 3 ) = - 3 = p -

then 

3« j(Hz-(3) = 3 3 V 2 ) 3'+3 | 4 3 ' - 1 - 3 ' + 1 ( 3 ' 2

+ 1 1 } . 

ITsing the congruence 

4 3 ' - 1 - 7 - 3 i + 1 = 0 (mod 3'+3) , 

which follows from (3), we obtain 

4 3 ' - l - 3 i + 1 ( 3 * i - l ) s 15 i + 1 _ 1 j + 1 2 = j + 3 5 - * = 

2 2 2K J 2 ~ 

Hence H3,(3) = 3 ' - 1 (mod 3') and the assertion holds. • 

L E M M A 5. Let n = m3l, where m, i are any positive integers, 
m ^ 0 (mod 3). Then n / # „ ( 3 ) . 
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P R O O F . 

3 3 - / / m 3 . (3) = 4 m 3 < - l - m 3 i + i m 3 ' + 1 " 1 = ( 3 S + 1 ) 3 ' - 1 - — (3i+')2 + -3i+\ 
2 2 2 

where we denote s = 4

 3

- 1 (it is clear that s must be an integer). Thus 
using (3) and Lemma 2 

3 3 • Hm3i (3) = s • 3 , + 1 - 6.s-2 • 3 i + 1 + 3s 3 • 3 ! + 1 - ~ (3i+1)2 + ^ 3 i + 1 = 

and # m 3 . (3) = m 3 , _ 1 (mod 3'). • 

L E M M A 6. Let n be any positive integer, 2 fn and 3 Jn. Then n j[Hn(3) . 

P R O O F . Suppose conversely that n \ Hn(3) for some positive inte­
ger ?! which is not divisible by 2 and 3. Such number n can be written 
as v - pi1 • P22 p"% where all a, are positive integers and for pri­
mes pi the relation 5 ^ pi < p2 < • • • < ps holds. It is easy to see that 

pi I ( a n c ' w e show that 4" ^ 1 (mod pi) . If in is the order of the cyclic 
group generated by 4 under multiplication (mod pi) then the congruence 
4" = 1 (mod pi) may be true iff m | n. As the congruence 4 1 = 1 (mod pi) 
does not hold the number m has to be greater than 1. Therefore 
2 ^ ??i < pi < pi < • • • < ps. But by Lagrange Theorem m \ pi - 1 be­
cause pi - 1 is the order of the group of the numbers relatively prime to pi 
under multiplication (mod pi). It means that in does not divide n, which 
is a contradiction. • 

4. The proofs of the main theorems 

P R O O F O F T H E O R E M 1. 
(i) First consider the numbers Hn(l). 

Let 7i be any odd positive integer, then n | ( " ^ )̂ a n c ' n \2n — 1 
(see the proof in [1] or in [4], [5], [6] with a proof due to A . Schinzel). Hence 
the fact that 77 has to be eue??. follows easily from the relation 

Hn(l) — 2™ - 1 - (n Suppose conversely that n = 2777, and 777. is 
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an even positive integer. Then 

H2m(l) = 22m - 1 - ( 2 m + 1 ) = 4 m - 1 - m(2m + 1) 

is an odd number, thus 2m fH2m(l)- It means that if 2m | H2m(l) then in 
must be odd. Hence if n \ Hn(l) then n = 2 (mod 4). 

(ii) The proof of the assertion for the numbers IIn(3). 
For an odd integer n the proof of the assertion is clear by Lemma 5 and 

Lemma 6. 
Let = 2?77, where m is an even integer. Then in an analogous way as 

in (i) we can write 

ff,.(3) = ^ ( 4 - - 1 - 3-2"'̂ "'-1)) = i ( 4 ' » - 1 - 3^.(2.3™ - 1 ) ) . 

It means that if 27n | H2m(3), then m is odd because 2m lH2m{3)- The proof 
is complete. • 

P R O O F O F T H E O R E M 2 . 
Let 71 be a number such that n = 0 (mod 3). Then 7?, does not divide 

the number Hn(2) = 3 ~ ł

8 ~ 2 r a because 3 divides n and does not divide 
3 r a - 1. Now let us assume that n ̂  0 (mod 3) is odd. The number ?7, can 
be written as n = jĄ1 • 1Ą2 • • where «,-, i = l , 2 , . . . , s , are positive 
integers and the primes 3 < pi < P2 < • • • < ps- Suppose there exists 
a number 77 such that n \ Hn{2). Thus pi \ Hn(2). As 11 | 3n — 1, then 
pi I 3" — 1, too. It means that 3" = 1 (mod pi), but we will show that 
this congruence does not hold. The group of numbers relatively prime to pi 
under multiplication (mod pi) has the order pi — 1. By Lagrange Theorem 
m \p\ — l, where 777, is the order of the cyclic subgroup generated by number 
3 under multiplication (mod p\). Thus the last congruence can be true if 
and only if 777 | 77. But ??? has to be greater than 1, because the congruence 
3 1 = 1 (mod pi) does not hold. It means that 2 ̂  ?7), < p\ < p2 < • • • < ps 

and 7?7 cannot divide n, which is a contradiction. 
If 11 is even it can be written in the form 71 = 2aapa

l

lpa

2

2 • • -p"s

s, where 
a;, i = 0,1, • • - , s, are positive integers, s is a nonnegative integer and the 
primes 3 < px < p2 < . . . < ps- It is easy to see that 8 | 3" - 1. But this 
relation is true for a0 ^ 2. Then 11 \ Hn(2) only if 2 U ° + 3 | 3 n - 1 because 
7?, I ~-. We can write 

3 ' i - l = ( 3 r ° ) ' / i 1 ^ 2 - ^ s - 1 = 

= (3 2°° - 1) ( ( S 2 0 0 ) ^ 1 - ^ - 1 + ( 3 2 ' 0 ) ' V - / ' ~ ' - 2 + ••• + !) 
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The term in the parentheses is odd (the sum of an odd number of odd 
numbers) and the factor 3 2 0 — 1 is not divisible by 2 U o + 3 with respect to 
(3). But it means that n does not divide Hn(2) for any even n = 0 (mod 4). 

Finally, suppose that n = 2 (mod 4). Then n = 2/, where / = p" 1 • • -pa

s

s, 
primes 3 < pi < P2 < • • • < ps and a;, •/ = 1, 2, • • •, s, are positive integers. 
We can write H2i{2) = 3"-1~2W = 3 - ^ F i - I2. It is possible to show that 
Pi does not divide 3 2 ; - 1. Suppose conversely that 3 2 ' = 1 (mod px) or 
9l - 1 = 0 (mod pi) . But we can prove that this congruence is not true in 
the same way as the proof was done for 3' — 1. The proof of Theorem 2 is 
finished. • 

5. Further results about divisibility of the numbers 
Hn(l) and Hn(3) 

L E M M A 7. Let i. k be positive integers such that, k \ (p + l ) p ' - 1. Then 
J iy k' — l holds for all positive integers j. 

P R O O F . For a fixed k we will prove the assertion by induction on j. The 
assertion for j = 1 is a consequence of the fact that 

( p + l / * - l = ( ( p + ] / ) * - ! = 

= ((p + 1)"' - l ) ( ( (p + 1 ) " ' ) f c _ 1 + • • • + (p + 1)"' + 1 

= ((p+lf - l ) ( ( ( p + l ) " ' ' ) * " 1 - l ) + • . .+ ( ( & , + !)" ' - l ) + k) 

and using Lemma 1 the proof is finished since the term in the parentheses 
is divisible by k. 

Suppose that the assertion holds for a positive integer j and we will 
show that it holds for j + 1, too. We can write 

+ 1 - 1 = ( ( p + l ) ' y f c i ) ' - l = 

= ((p - l ) ( ( ( p + l ) " ^ ' ) * " 1 + ••• + ( ? + l ) p i f e i + l ) = 

= ((p + 1 ) ^ - l ) ( ( (P + lfk') * _ 1 - l ) + • • • + (((p + 1)' '*' - l ) + k) 

and it is easy to see that this number is divisible by pl+1k:'+1. • 

L E M M A 8. Let p ^ 100000 be a prime and i a positive integer. Then the 
relation p \ 4 3 — 1. -where i ^ t, holds only for the primes p (and starting 
with the value I) in the following table: 
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p t P t P t 

3 1 487 5 52489 8 

7 1 1459 5 71119 4 

19 2 2593 4 80191 6 

73 2 17497 7 87211 3 

163 4 39367 7 97687 6 

P R O O F . The assertion can be proved by using Lagrange theorem about 
the order of the cyclic subgroup. For example if p = 17 we get the con­
dition 4 3 = 2 2 ' 3 = 1 (mod 17) and the smallest number e satisfying 
the condition 2 e = 1 (mod 17) is e = 8. But as 8 \2 • 3' for any i then 
17/4 3 — 1 for any positive integer i. Further if p = 19 we get the condition 
4 3 ' = 2 2 ' 3 ' = 1 (mod 19) and the smallest number e satisfying the condition 
2 e = 1 (mod 19) is e = 18. And as 18 | 2 • 3' for i ^t,t = 2, then 19 | 4 3 ' - 1 
for any positive integer i ^ 2. As the proof can be done in the same way for 
any prime p it is possible to use computer for it. • 

T H E O R E M 3 . Let i, k be any positive integers such that k | 4 3 ' — 1 and 
j be any positive integer. If n = 2 • 3 * A r J ' then 

n I Hn(l) . 

P R O O F . Since 

U2-3-k: (1) - 4 3 ' ' ' - ' - 1 - 37,-'(2 • 3'/,:-' + 1) , 

divisibility by 2 is clear and divisibility by 3lk:> follows from Lemma 7 for 
P = 3. • 

T H E O R E M 4 . Let i be any nonnegative integer. If n = 2-5' then 

n I Hn{3) . 

P R O O F . We can write 

_ 16 5 ' - l - 3 - 5 ' ( 2 • 3 • 5' - 1) 
^2.5 .(3) - -

and we get the assertion using Lemma 1 and clear divisibility by 2. • 
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6. Remark on primality of the numbers Hn(l), Hn{2) and Hn(3) 

The following theorems are the basis for our computer testing of prima­
lity of the numbers Hn(l), Hn(2) and Hn(3). 

T H E O R E M 5. Let n ^ 2 be any positive integer. Then 

2 Hn{l) n = 1,2 (mod 4) , 

3 Hn{l) <S=> n = 0,1,2 (mod 6) , 

5 Hn{l) <=> n = 0,1,2,4,13 (mod 20) , 

7 Hn(l) <=> n = 0,1,2,6,11,19(mod 21) , 

11 Hn(l) ^=>n = = 0,1, 2,7,10,31, 47,52,104 (mod 110) 

P R O O F . A l l cases can be proved in a similar way. Therefore we take only 
the case of divisibility by 3. Suppose n = 0 (mod 6), thus n = 6m, where m 
is a positive integer. Then 

H6m (1) = 2 6 m - 1 - 3m(6m + 1) = 6 4 m - 1 - 3m(6m + 1) 

and 64 r n — 1 is divisible by 3 for all positive integers m, which is obvious. 
Similarly we can prove the cases n = 1, 2 (mod 6). 

Now suppose 77, = 3 (mod 6), thus n = 67?7, + 3, where m is a nonnegative 
integer. Then 3 does not divide 

H6m+3{1) = 2 6 m + 3 - 1 - (3m + 2)(6m + 3) 

as 3 I 6m+ 3 and 3 / 2 6 m + 3 - 1, which is obvious. We use the same procedure 
for n = 4,5 (mod 6). • 

T H E O R E M 6. Let n ^ 2 be any positive integer. Then 

2 Hn{2) n = 0,1,2 (mod 4), 

3 Hn{2) < ^ > n = 1,2 (mod 3), 

5 Hn(2) ^ n = 0,1,2,9,18 (mod :20), 

7 Hn{2) 77 = 0,1,2,11,13,17,26 (mod 42), 

11 Hn(2) ^ n = 0,1,2,21,42 (mod 55). 

P R O O F . The proof is similar to the proof of Theorem 5. • 

4 Annales. 
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T H E O R E M 7. Let n ̂  2 be any positive integer. Then 

2 I Hn(3) n = 1,2 (mod 4), 

3 I f f„ (3 ) <=> n = 0,1, 2 (mod 9), 

5 I i f „(3) vi = 0,1, 2 (mod 10), 

7 | f f n ( 3 ) 77 = 0,1,2,4,12,17 (mod 21), 

11 I f f n ( 3 ) ?7 = 0,1,2,15,36(mod 55). 

P R O O F . Again the proof is similar to the proof of Theorem 5. • 
We used Theorem 5, Theorem 6 and Theorem 7 for the computer testing 

of primality of the numbers Hn(l), 7f„(2) and i f „ ( 3 ) in the following way. 
The conditions of divisibility by the numbers 2, 3 and 5 lead to the fact 

that every prime f f n ( l ) must be in the form 

HeOk+4(1), i f 6 0 f c - 2 o ( l ) i f f 6 0 ^ - 8 ( l ) , 7 f 6 0 A - 9 ( l ) , 7 f 6 0 A ' + 3 ( l ) , f f 6 0 A + l l ( l ) 

or f f 6 0 A . + 2 3 ( l ) ; every prime 7fn(2) in the form 

i f 60A-+3 (2), i f60fc+15 (2) , f f 60fc+27 (2), ff60A-+39 (2), i f , 60A-+51 (2) 

and every prime i f „ ( 3 ) must be in the form 

ff210fc+3(3), if210fc+4(3)> i f210fc+7(3), i f 210A+8 ( 3 ) , i f 210fc+15 ( 3 ) , 

ff210fc+16(3), ff210fc+23(3), i f 210A-+24 (3), i f 2 1 0 A ± 3 5 (3), i f 210A-+39 (3), 

i f 2 1 0 A : ± 4 3 ( 3 ) , i f 210A+44 (3), 7f 2 lOA-+48 ( 3 ) , H210A+59 ( 3 ) , f f 2 1 0 A ± 6 7 (3), 

if210fc+68(3), ff210A.-+75(3), i f 2 1 0 A + 7 6 (3) , i f 210 A+79 (3) , f f210A+84 (3), 

f f 2 1 0 f c ± 9 5 ( 3 ) , i f 210A+96 (3), f f 2 1 0 A - ± 1 0 3 ( 3 ) , 

f f 2 1 0 A - 8 6 (3), i f 2 1 0 A - 7 1 (3), f f 2 1 0 A - 6 3 ( 3 ) , 

f f 2 1 0 f c - 6 2 ( 3 ) , i f 2 1 0 f c - 5 4 ( 3 ) , i f 2 1 0 A - 5 1 ( 3 ) , f f210A--42 ( 3 ) , i f 2 1 0 A - 3 4 ( 3 ) , 

i f 2 1 0 A - 3 l ( 3 ) . 

We have found by computer that f f 4 ( l ) , f f i s ( l ) , H 143(1), f f g 5 5 ( l ) , 

#8788 (1)> #243(2), 7/4(3), 777(3) and 7 f 8 ( 3 ) are the only primes with the 
index lesser than 10000. 

i f 2 1 0 A ± 8 7 (3), i f 210fc+88 (3), 

if210A-+104(3), f f 2 1 0 A - 9 4 ( 3 ) , 
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