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ON FUNCTIONS OF BOUNDED N-TH VARIATION

MALGORZATA WROBEL

1. Introduction

The class of functions of bounded n—th variation, denoted by BV, [a, b],
was introduced by M. T. Popoviciu in 1933. In 1979 A. M. Russell in [6]
proved the Jordan—type decomposition theorem for functions from this class,
then, applying this result, showed that each BV, [a, b], with a suitable norm,
is a Banach space. For n = 0 and n = 1 the above facts are well known
classical results (cf., for instance, [5], [7]).

However, the proofs given by A. M. Russell for n > 2, based on some
properties of divided differences, are rather complicated. The aim of this
note, is to give an essentially simpler arguments both, for the Jordan—type
decomposition theorem as well as for the completness of the space BV,,[a, b].
In our proofs we apply the Popoviciu theorem and the fact that for every
positive integer n > 2, a function f is n—convex iff the derivative f' is
(n — 1)—convex.

Let us mention that the completness of BV, [a,b] can be applied in the
theory of iterative functional equations (cf. [2] where the solutions of the
class BV;[a, b] are investigated).

2. Preliminaries
We begin with the following definitions:

DEFINITION 1. (cf. [8], p. 237). Let f : [¢,b] = R and let zy,...,&n41
be distinct points in [a, b]. The divided difference of order n of f at points
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Z1, ...y Ty We define by reccurence:

[21; f1 = f(z1),
(1) [.’272, ey Tty f] - [zl’ veey Ty f]

[wla---,$n+1;f] =

Tntl — T

DEFINITION 2. (cf. [8], p. 239). A function f :[a,b] = R is said to be
n—convex iff for all choices of z; < 23 < ... < Zpy2 in [a, b]:

["1:1) ooy Tt 23 f] > 0.

It is easily seen that O—convex function is increasing and 1-convex func-
tion is convex in the classical sense.

DEFINITION 3. (cf. [8], p. 239). Let f : [a,b] = R and let

m-n—1

(2) Vol(f) = sup Z | [Zit1y oo Tigngr; 1= [z, ooy Tigens f1,
=1

where the supremum is taken over all the partitions
P={(z1,...,2pm): a=21 < .. < Ty =b; m > n+ 2}.

We say that f is of bounded n—th variation on [, b] if and only if V,,(f) < oo
and denote by BV,,[a, b] the class of all such functions.

The following result by Popoviciu [4] plays a crucial role in our paper.
LEMMA 1. If f € BV,)[a,b], n > 1, then f ezists, f' € BV,_;[a,b], and

(3) 2Vo(f) = Var (f), n> L

If f € BVia,b] then fL exists on (a,b], fi ezists on [a,b) and Vi(f) =
Vo(f4)- (By f_ and f_',_ we denote the right and left hand derivatives of f,
respectively).
Lemma 1 implies that f(*¥) k=1,...,n— 1, exist and they are finite in
(@, b). Moreover (cf. [8], p. 27), if f € BV)[a,b] then f is absolutely continuous
on [a, b] and it has finite derivatives exept for at most countably many points.
Now let us quote

LEMMA 2. (cf. [3], p. 392). For every positive integer n > 1, a function
f (a,b) = R is n—convez, iff f is of class C" ! in (a,b) and fhe derivative
f' is (n — 1)-convez.
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REMARK 1. Let n > 1 be a natural number and suppose that f : [a,b] =
R is n—convez function. Then V,,(f) < oo if and only if both f_g_") (a) and
) (b) ezist and are finite.

PROOF. Notice that if f is n~convex function on [a, b] then, by Definition
3, we have

Vn(f) = Sl;:’p ([xm—nv-"’mm—lab;f]_ [a1$2,-'-)mn+l;f])

where the supremum is taken over all the partitions

P={(z1y..,Zm): a=21 < ... < Ty =b; m>n+2}.

Since for n = 1 it is obvious (cf. [5], p. 569), assume that n > 1.
According to [1] (cf. [1], Theorem 6) we have that the functions

(-'Em—nv .. -1zm-—17b; f) — [xm—'na ce oy Tono1, b f]

(aax2a'--a$n+l;f) - [aa$2’---7zn+l;f]

are monotonic increasing with respect to all the variables, and, consequently,
we have

Vu(f) = . lim b_[mm_n,...,zm_l,b; f1- lim +[a, T2y ooy Tngr; [

m=—n— Tp41—00

Thus (cf. [1], Theorem 7), if fi")(a) and £ (b) are finite then

Va(f) = £ (1) = £ (a) < oo.
If f € BV,[a,b] then, by Lemma 1, we have f(*~!) € BV,[a, b] and, therefore
fi") (a) and f™ (b) exist and are finite.
According to this remark, not every n—convex function belongs to BV,,[a, b].

Note that, in view of Lemma 1, Lemma 2 and Remark 1 we immediately
get

LEMMA 3. Let n > 1 be a natural number. Suppose that a function f €
BV, _1]a,b] is (n — 1)~convez and put F(z) := [ f(t)dt. Then V,(F) < oo.

6 — Annales...



82 Malgorzata Wrébel

3. A decomposition of functions of BV, [a,b]
We are going to prove the following

THEOREM 1. Every function of bounded n—th variation in a closed inte-
rval is a difference of two functions which are n—convez and of n—th bounded
variation.

PROOF. Suppose that f = g—h where g and h are n-convex functions on
[a, b] which are of bounded n-th variation. Let us remark here (cf. Definition
2) that V,.(f) < Va(g) + Vi (h), therefore f € BV,[a,b].

The proof of the converse implication is by induction on n. It is true
for n = 0 and n = 1 (cf. [8], Theorem 14D). Now assume that n > 1 and
that every function f € BVi[a,b], £ = 0,1,...,n — 1, may be represented
as a difference g — h of two k—convex functions such that g and h are of
k-th bounded variation, and take an arbitrary f € BV,[a,b]. From Lemma
1 it follows that f is a differentiable in [a,b] and f' € BV, _[a,b]. By the
induction hypothesis, there exist (n — 1)-convex functions ¢g; and h; such
that f' =gy — hy and g1,y € BV,,_y[a,b]. Now put

o@) = [ 0d+ 310, = € labl

h(z) := /r hq(t)dt — %f(a), z € [a,b].

According to Lemma 2 and Lemma 3, g and h are n-convex and of bounded
n-th variation. Since

@ = 1@+ [ FOdt=90) -hz), 2 elab)
the induction completes the proof.

REMARK 2.. It is evident that the decomposition of a BV, [a, b]-function
in Theorem 1 is not uniquelly determined as we may add an arbitrary n-convez
function to each component.

4. BV,[a,b] is a Banach space

Define || - ||n: BVy[a,b] — R4 by the formula

(4) I £ llni= Va(H)+ | F(@) |+ fr(@) |+t | £ (@) .



On functions of bounded n—th variation 83

It is easy to see that f € BV, [a,b]iff || f ||n< oo and that BV, [a,b]is a
real linear space with the usual addition of functions and multiplication by
scalars.

LEMMA 4. For every n, n = 0, 1,..., the function || - ||, defined by (4)
is a norm.

PROOF. If || f ||,= O then for every i,...,Zn42 € [a,b] such that
&1 <« < Tpyy we have that | [T2, .., Tuga; f] — [€1, o0y Tnyg1 2 f]|= 0 which
means that the divided difference [z, ..., Zn42; f]1 = 0. Thus (cf. [3], p. 398)
f is a polynomial of degree at most n. Since

| f(@) =] £y (@) |= ... = £ (a) =0,

we have f = 0. It is obvious f = 0 implies || f ||l.= 0.
Since ’

[mla seey Tt 15 f + g] < [ml‘! cvey Tn41; f] + [wla ey xn+1;g]
and
[zla very Tl (Yf] = a[zl, eesy xn+];f]

for f, g € BV,[a,b], @ € R and z1,...,2n41 € [a,b], it follows that || - ||»
defined by (4) satisfies all axioms of the norm. This completes the proof.

Put

BV Nu[a,b]:={ f € BVu[a,8]: f(a) = fy(a) = ... = £ (@) = 0}
and note that (BV,N[a,b],R,+,+,]| - ||n) is a normed linear subspace of

(BVala, b}, R, -, | - ln) such that for f € BV,[a, 5] we have || £ [lu= Va(f)-
In the sequel we write BV,[a,b] and BV, N[a,b] to denote the spaces
(BVy[a,b],R,+,-, ]|+ |l») and (BV,N{a,b],R,+,-,]| - ||»), respectively.

LEMMA 5. For every n € {0,1,...}, BV,Nl[a,b] is a Banach space.

PROOF. Since the space BVj[a,b] coincides with the Banach space
BV {a, b] of functions of bounded variation, our lemma is true for n = 0. In
the paper [5] there is the proof that it is also true for n = 1. Assume now
that n > 1 and that BV;NJa,b], i = 0,1,...,n — 1, are Banach spaces. In
order to prove that BV, N[a,b] is a Banach space take a Cauchy sequence
(fs)sen of elements of the space BV, N[a,b]. Thus, given ¢ > 0, there exists
a number sy € N such that

(5) “ fk_fs ”n< £, k,SZS().

6*
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In view of (3) we have

1.
I fe = fulla= W fe = filln-1, k,s€N.

Therefore from (5) it follows that (f}),en is a Cauchy sequence in BV,,_; N[a, b].
By the induction hypothesis, BV,,_; N[a, b] is a complete space, thus (f!),en
converges to an element F' in BV,,_; N[a,b]. Define f : [a,b] — R by the
formula

@) = / “P@ydt, o elab]

Obviously f(a) = 0, and since f_(;) (a) = Fir_l)(a) for r = 1,...,n, we also

have f;_(a) = fi(@) = .. = _ﬁ_") (a) = 0. According to Theorem 1, there
are (n — 1)-convex and of (n — 1)~bounded variation G and H such that
F =G - H. Hence f = g — h where

g(z) = /“’ G(t)dt, h(z)= /IH(t)dt, z € [a,b).

In view of Lemma 2 the functions g and h are n—convex. Using Lemma 3 we
obtain that g and A are of bounded n-th variation, therefore f € BV,,N{a, b).
Because f € BV,N[a,b] and f; € BV,N[a,b], s € N, we have f — f, €
BV, N[a,b] and, by Lemma 1, we obtain

1
|| fs—f “n"—';; ” f.«: -F ”n-lv

and, consequently || f, — f ||»— 0 as 5 — oo. This implies that BV,,N]a, b]
is a complete space, which ends the proof.

LEMMA 6. A function f € BV,[a,b] if and only if there ezist g €
BV, Nla,b] and Ay, ..., A,, € R such that

1) = 9(@) + 3 Au*.
' k=0

The function g and numbers Ay, , A,, are uniquelly determined.

Proor. Let us consider the system of n + 1 linear equations given by
the formula '
nz—k (n—2)! A n—k—i (k)
———— e —_4 frnd a
< (n—k—1)! " ,‘a e
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for k = 0,1,...,n, with the unknown Ag,..., A,. Because the main matric

of this system is triangle, it is obious that the determinal reduces to the

product of the elements of diagonal and it is easy to check that it is equal
n

1 k!, so it is a Cramer system, and, consequently Ao, ..., A, exist and are
k=1

uniquelly determined. Put

9(0) = £(2) = ) Aus*.
k=0

From the definition of Ao, ..., A, it is easily seen that g(a) = g;_ (a) =

.= g_(,_n)(a) = 0 and, since V,,(f) = Va.(g), we have ¢ € BV,Nlqa,b)].
The proof of the converse implication follows inmediately from the equ-
ality V,,(f) = Vi.(g). The last equation holds true by the property that n—th
variation of polynomials of degree at most n is equal zero (cf. [1], p.82).

Now we are in a position to prove

THEOREM 2. For every n € {0,1,..., }, BVn[a,b] is a Banach space.

PROOF. Let n be arbitrarily fixed and let (f;)sen be a Cauchy sequence
in BV,,[a, b]. Thus, for every £ > 0, we can find sp € N such that

(6) ” fs_fl ”n< £, SalZSO-

From Lemma 6, for every s € N, there exist a function g, € BV, N|a, b] and
As, ..., A such that

fs(w) = gs(x) + Ps(z)’
where P;(z) := A2a™ + ...+ AJ. By (6) we hence get
(7) | (95 — 91) + (P. — P) ||n< €,

for s, 1 > sq.
Therefore, from the Definition 4 of the norm, we obtain

(8) Vn(gs - gl) <g, s,l > So,
and
n! 3 ] n—k 1 A8 ]
(9) —(—,’l_—k:)!.(An_k - An_k)a +"'+k'(Ak_Ak) < 5,
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According to (8), (gs)séN is a Cauchy sequence in BV, N]a,b]. Conse-
quently, there exists a function g € BV,,N{a, b] such that

l9s—9g|ln—0 as s — 0o,

whereas (9) implies the convergence of the sequences (A),en, k£ = 0, ...,
in R. Now we define

Ap = lim Ajf, k=0,..,n,
$—>00

and put
f(x) =g(z)+ Anz™ + ...+ Ao,  z € [a,b].

Since g € BV,,N[a,b] so f € BV, [a,b]. Letting I — oo in (7), we obtain
” fs _f ”n< € S Z S0,

which means that f, & f as s = co. Thus we have proved that every Cauchy
sequence in BV, [a, b] converges, and the proof is completed.
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