LINEAR BOUNDARY VALUE PROBLEMS FOR
GENERALIZED DIFFERENTIAL EQUATIONS

M. TVvRDY

Abstract. The paper deals with boundary value problems of the form

t
(0.1) z(t) — 2(0) ~ / d[A(s)}z(s) = f(t) — f(0), t€0,1],
0

1
{0.2) Mz(0) +/ K(r)d[z(r)} = r.
0

Their solutions are functions regulated on [0, 1] and regular on (0,1) (i.e. 2z(t) =
z(t—)+z(t+) forall t € (0, 1)). We assume that A and K have bounded variations on
[0,1], f is regulated on [0, 1] and all of them are regular on (0, 1). We derive conditions
for the existence and uniqueness of solutions to the given problem. Furthermore, the
relationship between the dimensions of the spaces of solutions of the corresponding
homogeneous problem and of its adjoint is established. Special attention is paid to the
case when the additional condition (0.2) reduces to the periodic boundary condition
z(0) = =z(1). It is known (cf. [13]} that in the case that A and f are continuous from
the right at t+ = 0 and from the left at ¢ = 1, the equation (0.1) reduces to the
distributional differential equation

(0.3) - Ale = f'.

Related results concerning the case of solutions left~continuous on (0, 1) were
obtained in [18] and similar questions for periodic problems and for linear differential
equations with distributional coefficients of the form (0.3) were recently treated by Z.
Wyderka [21], cf. also [2], [3] or [10].
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1. Preliminaries

Throughout the paper R™"*™ denotes the space of real n x m-matrices,
R™ = R"*!, R! = R. Given an n X m-matrix A € R**™, its elements are
denoted by a; ;, det (A) and rank(A) denote respectively its determinant and
its rank, AT stands for its transposition and

m
A= max > ail
j=1

is its norm (In particular, yT = (y1,¥s, ..., yn) for y € R"). The symbols I
and 0 stand respectively for the identity and the zero matrix of the proper
type.

For given n X n-matrices C;, j = 1,2,...,p, the symbol H;?:l C;is
defined by

4 p—1
[[ci=aC...Cp, while ] Cpej=CpCpa...CL

As usual, by [0,1] and (0,1) we denote the corresponding closed and
open intervals, respectively. Furthermore, [0,1) and (0, 1] are the correspon-
ding half-open intervals.

Any function F':[0,1] — R™*™ which possesses finite limits

F(t+) = Th—r>I751+ F(r) and F(s-)= T]Lrgl— F(7)

for all t € [0,1) and s € (0,1] is said to be regulated on [0,1]: The linear
space of n X m-matrix valued functions regulated on [0, 1] is denoted by
G™*™, while G.*™ stands for the space of functions F' from G"*” which
are regular on (0, 1), i.e. which satisfy the relations

(1.1) F(t) = %[F(t—) + F(t+)], te(0,1).

Instead of G**! we write G*. Analogously, G"*! = G" . For 2 € G" we put

reg reg *

llzll = sup |a(t)]-
tefo,1]

It is well known that both G" and G}, are Banach spaces with respect to
this norm (cf. [7, Theorem 3.6]). Given F' € G"*™ we put

F(0-)=F(0) and F(14)= F(1)
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and, for any t € [0, 1], we define
A*TF(t) = F(t+) - F(t), ATF(t)=F() - F(t-)
and
AF(t) = F(t+) — F(t-).

As usual, the space of n x m-matrix valued functions continuous on [0,1] is
denoted by C**™,

For a function F : [0,1] = R™*™ and a subdivision D = {0 = ap <
ay < ...< ap = 1} of the interval [0, 1] we put

k
v(F,D) = Z |F(a;) — F(aj-1)] and vargF = 3111)p v(F, D),
j=1

where the supremum is taken over all subdivisions D of [0, 1]. The space of
all functions F : [0, 1] = R™*™ such that var{ F' < oo is denoted by BV"*™.
It is well known that BV"*™ equipped with the norm

F € BV™*™ s ||Fllgy = |F(0)| + vardF

is a Banach space. Obviously, F € BV™*™ if and only if all its compo-
nents a;; have a bounded variation on [0,1]. The space of all functions
F € BV™*™ which are regular on [0, 1] (i.e. satisfy the relation (1.1)) is
denoted by BV™*™. Instead of BV"*! or BV*! we write BV" or BV,
respectively.

For more details concerning regulated functions or functions of bounded
variation see [1], [7], [4] or [6], respectively.

For given linear spaces X and Y, the symbol £(X,Y) denotes the li-
near space of linear bounded mappings of X into Y. If L € £(X,Y) then
R(L),N{(L) and L™ denote its range, null space and adjoint operator, re-
spectively. For a given linear bounded functional £ € X*, its value on z € X
is denoted by (z,&)x. '

The integrals which occur in this paper are the Perron-Stieltjes ones. In
particular, we make use of the equivalent definition of these integrals due to
J. Kurzweil (cf. e.g. [8],[9], [15] and [16]). Let us recall here that if A € G"*",
z € G™ and at least one of them has a bounded variation on [0, 1} then the
integral

/ d[A(7)]a(r)
0

exists for any t € [0, 1] and the function

t
hiteld, 1]H/0 d[A(r)]z(r) € R™
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is regulated on [0, 1] (cf. [17, Theorem 2.8]). Moreover, if A € BV"X" then
h € BV"*" and if A € BV.X" then h € BVZ, as well. Finally, let us recall

that by [19, Theorem 2.7] the left hand side of the additional condition

1
Mz(0) +/0 K(r)d[z(r)] = r,

where K € BV™*" represents the general form of a linear bounded mapping
of the space G, into R™. Some further details concerning the integration
with respect to regulated functions may be found in [17].

Distributions are considered in this paper in the sense of L. Schwartz, i.e.
as linear continuous (n-vector valued) functionals on the topological vector
space D" of functions ¢ : R + R” possessing for any j € NU{0} a derivative
¢ of the order j which is continuous on R and such that oY) (t) = 0 for
any t € R\ (0,1). The space D™ is endowed with the topology in which
the sequence ¢ € D" tends to o € D™ in D" if and only if

: () _ L)) —
Jim Jlo” ~ g =0

for all non negative integers j. The space of distributions on [0, 1] (i.e. the
dual space to D") is denoted by D"*. The zero distribution 0 € D™* on [0, 1]
is identified with an arbitrary measurable function vanishing a.e. on [0, 1].
Obviously, if f € G then f = 0 € D"* only if f(t—) = f(s+) = 0 for all
t € (0,1] and all s € [0,1). Consequently, if f € GZ and f(0+) = f(0) and
f(1=) = f(1), then f = 0 € D" if and only if f(t) = 0 for all ¢ € [0,1].
This means that for a given function g Lebesgue integrable on [0, 1] there
may exist at most one function f € G, such that f(t) = g(¢) a.e. on [0, 1].

Given an arbitrary f € D™*, f' denotes its distributional derivative, i.e.

f’W’GDnH(fI’@D" =—'<f799l>’D"-

For more details concerning distributions see e.g. [5] or [14].
Similarly as in [11] we define for given z € G™ and A € BV»X"

Teg Teg

(1.2) Ale:peD"— (Alz, p)pn = /01 LPT(t)d[/Ot d[A(T)]z(T)]

(13)  Ad':peD" o (Ad, @)pn = /0 1 T (0)d] /0 t A(t)d[z(1)].
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It follows (cf. [13]) that the relations

!

(4  Az=( /0 td[A(T)]x(T)), and 4a’ = ( /:A(ﬂd[ﬂﬂ])

are true. Making use of the integration-by-parts formula (cf. [17, Proposition
1.2)) it is easy to verify that for any couple of functions z € G}, A € BV X"
the relation (Az)' = Az’ + A’z is true (cf. [13]).

2. General boundary value problem

Throughout the paper we assume

Assumptions 2.1. A€ BV}*", f € G, M € R™*", K € BV™*",
0<m<2n,reR™ and

det (1+ AT A(0))det (1 - [A‘A(t)]z)det (1-A7A(1)) #0

for all t € (0,1).

We will consider the boundary value problem (0.1), (0.2). An n-vector
valued function z :[0,1] — R™ is said to be its solution if it belongs to Gy,
and satisfies (0.1) and (0.2).

It is known (cf. 13, Proposition 2.3]) that if

(2.1)  A(0+) = A(0), f(0+) = f(0), A(1-) = A(1) and f(1-) = f(1),

then z € G, is a solution to (0.1) on [0, 1] if and only if the relation

/01 ng(t)d[z(t) _ /Ot d[A(T)]z(r) - f(t)] -0

holds for all ¢ € D™, i.e. if and only if &' — A’z — f' is the zero distribu-
tion. In other words, if (2.1) is true the equation (0.1) is equivalent to the
distributional differential equation (0.3).

It is also known (cf. e.g. [16, Section II1.2] or [15, Theorems 6.15 and
6.17]) that under our assumptions there exists a unique matrix valued func-
tion U : [0, 1} x [0, 1] — R™*” possessing the following properties:

(2.2) Ut,s) =1+ /t d[A(N)JU(7,s) forall ¢,s€(0,1];

Ut,7)U(r,s)=Ul(t,s) forallt,7,s€]0,1]



56 M. Tvrdy

det (U(t,s)) #0 forall t,s€]0,1].

and 2 : [0,1} — R™is a solution to (0.1) on [0, 1] if and only if
(2.3) .

x(t) = U(t,0)z(0) + f(t) /d U, )](f(r) - £(0)) on][0,1];

ProrosiTION 2.2. Under the assumptions 2.1 the problem (0.1), (0.2)
possesses a unique solution for any f € G and any r € R™ if and only if

reg
(2.4) m=n and dimN(L)=0,

or, equivalently, if and only,if

(2.5) " m=n and det (]\/I + /1 K(7r)d,[U(r, 0)]) # 0.
0

PRrRooF. The problem (0.1), (0.2) hes a solution if and only if there is
¢ € R™ such that

(2.6) D¢ = b,

where

1
D=M+ /0 K(r)d[U(r,0)]

and
b:r—AI&ﬂd j+/'x A [ e snee - son),

and this solution is then given by (2.3), where we put 2(0) = ¢. Consequently,
the problem (0.1), (0.2) has for any (f,r) € G x R™ a unique solution if
and only if for any b € R™ the equation (2.6) possesses a unique solution
c € R™. This is the case if and only if m = n and the homogeneous equation
Dc = 0 possesses only the trivial solution ¢ = 0, i.e. if and only if (2.5) is

true or equivalently if and only if (2.4) is true.

DEFINITION 2.3. For given 2 € G, and ¢ € [0, 1], we define

(s e et )

Using Definition 2.3 we can rewrite the problem (0.1), (0.2) as the ope-

rator equation
Lw:(ﬂﬂ—ﬂm>.

(2.7) (L z)(t) =

r
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Furthermore, L € L(G",G8" x R™) (cf. [17, Proposition 2.16 and Theorem
2.8]). As we noticed in Section 1 the function A given by

h:tel0,1}— /t d[A(T)]z(r) e R™
' 0

belongs to GZ, for any x € G". Consequently, L € L(G,G, x R™).
Moreover, analogously as it was done for the case of solutions left-continuous
on (0,1] in the proof of [18, Proposition 2.6}, we could utilize the formula

(2.3) to show the following assertion.

THEOREM 2.4. Let us assume 2.1 and let the operator L be given by
(2.7). Then the range R(L ) of the operator L is closed in G}, x R™. 0
In virtue of [19, Theorem 2.7], BV" x R™ x R™ is the dual space to
G x R™, while for given y € BV", v € R™ and § € R™, the corresponding
linear bounded functional is given by
(9,7) € GT xR™ —

Teg

(2.8) - 1 .

((9:7), (,7,8))gp, xmm = 7Tg(0)+/0 yT(r)dlg(r)]+67r.
Let € G,y € BV", v € R™ and § € R™ be given. Then in virtue of (2.8)
we have

<L Z, (yv ge) 5)>G;:g xR™

1
(2.9) = /0 (yT(t)+6TK(t))d[a:(t)]+5TMx(0)

- [ vod] [ aueee)

Furthermore, the Substitution Theorem (cf. [17, Theorem 2.19]) yields

[ el [ ataenem] = [ odaei
1 1
= [ o [ a0,
whence, integrating by parts (cf. [17, Theorem 2.15]), we obtain the relation
1
[ o] [ auereo)] = ([ v mdam)eo)
+ [ ([ e - o))

(2.10)
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where
yT(0)ATA(0) ift=0,
(2.11) ¢Fey=<o0 if t € (0,1),
-yT(1)A~-AQ) ift=1

Inserting (2.10) and (2.11) into (2.9) we obtain
(L2, (y,7,8))cs, xan

= [P0+ - [ yaae)- o) atsto)
+ (57 - [y eaaen)e(o),

With respect to the definition of the adjoint operator this completes the
proof of the following assertion.

THEOREM 2.5. Let us assume 2.1 and let the function ¢, € BV™ be for
a given y € BV" defined by (2.11). Then the operator

L*: (y7,47,6T) e BV x R* x R™
1
(ro+ew 0 - [ Oaam- oo,
§TM — / (r)d[A(r)])) €BV" xR"

is the adjoint operator to L . O

COROLLARY 2.6. Let us assume 2.1 and let A be given by

{ A(0+) ift=0,

(2.12) Aity=23 A(t)  ifte(0,1),

A(l-) ift=1.

Then the problem (0.1), (0.2) possesses a solution in G, if and only if
1
(2.13) | v @+ 6 =o
0
holds for any couple (y,8) € BV"™ x R™ verifying the system

(2.14) y7(s) - y7(1) - / yT (1) d[A(r)] - 6T (K1) - K(s)) = 0, s € [0, 1],
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(2.15) yT(0)[I+ATA(0)] + 6T[K(0)— M] =0,

(2.16) yT()[1-A~4Q1)] + 6T K@) =0.

ProoF. For f € G and t € [0,1], let us put g(t) = f(t) — f(0).

Teg

By Theorems 2.4 and 2.5 (cf. (2.10), as well) the problem (0.1), (0.2) (or
equivalently the operator equation L z = (g, r)) has a solution if and only if

((gv y 77 >( xR™ =0

holds for any solution (y,7y.d) € BV" x R™ x R™ of the system

1
(2.17) s = [ 4T (ndAm] - TK(0) -y 0)A* A),

1
(2.18) o7 (s) = / yT(r)d[A(r)] - 6TK(s)  on (0,1),
(2.19) yT(1) = =6TK (1) +yT(1)A~ A(1),

1
(2.20) 0= / yT (r)d[A(r)] - 6T M.
0

Consequently, the problem (0.1), (0.2) has a solution if and only if (2.13) is
true for all solutions (y,~,8) € BV® x R™x R™ of the system (2.17) - (2.20).
(Notice that for v we did not obtain any condition and v does not appear
in the condition (2.13), as well.)

The relation (2.19) is clearly identical with (2.16) and inserting (2.20)
into (2.17) we obtain (2.15).

Furthermore, inserting (2.19) into (2.16)—(2.17,) we get for any s € [0, 1]

1
yT(s)=yT +/ yT (r)d[A(r)] - 6T (K (s) — K(1))
(2.21) (0)ATA(0) +yT(1)A~A(1)  if s=0
{ yT (1A~ 4() if0<s<1}
0 if s=1

Finally, in virtue of (2.12), the relation (2.21) reduces to (2.14). m]
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COROLLARY 2.7. Let us assume 2.1 and let A be given by (2.12). Then
the periodic boundary value problem (0.1),

(2.22) z(0) = z2(1)

possesses a solution in G,

if and only if

1
/O yT(s)f(s)ds = 0

holds for any solution y € BV" of the system

223)  yT(s)-yT(1) + / yT(r)d[A(r)] =0, telo,1]

(2.24) yT(0)[1+ AT A(0)] = yT ()1 - A~ A(1)].

Proor. If we put
(2.25) M=0 and K(t)=1on [0,1]
then the condition (2.22) takes the form (0.2). Inserting (2.25) into (2.14)—(2.16)
we obtain (2.23) and (2.24). ]

DEFINITION 2.8. The system (2.14) - (2.16) is said to be the adjoint

problem to (0.1), (0.2) (or to the corresponding homogeneous problem
Lz =0).

REMARK 2.9. Obviously, y € BV, whenever y is a solution of (2.23).
Hence, making use of the definition (1.2) (cf. also (1.4) ) the equation (2.23)
can be rewritten as the distributional differential equation y' = —(ZT)’y.

REMARK 2.10. If in addition to 2.1 also the relations At A(0) = 0 and
ATA(1) = 0 are assumed, the adjoint problems (2.14)-(2.16) and (2.23),
(2.24) reduce to the systems

(2.14), y7(0) = =6T(K(0)— M), yT(1)=-6TK(1)

and .
v =~—(AT)y, yT(0)=yT(1),

respectively.
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3. Adjoint problem

In this section we will consider the adjoint problem (2.14) - (2.16) to
(0.1), (0.2). In addition to 2.1 we will assume also that

(3.1) det (I — AT A(0))det (I+ ATA(1)) # 0.

Obviously, under the assumptions 2.1 and (3.1), for the function A given
by (2.12) we have

AeBV™™  A(0+) = A(0), A(1-)= A(1)

Teg

A~ (A)(t) = A™A(t), ATA(t) = AT A(t), t € (0,1),
det (I - (A'Z(s))2> #0on [0,1].
(According to the conventions introduced in Section 1, we have A“Z(O) =
AT A(1) = 0.) Hence, for given § € R™ and n € R", the equation (2.14)

possesses a unique solution y on [0, 1] such that y(1) = # (cf. [16, Section
I11.4]). This solution is given on [0, 1] by

yT(s) =0TV (1,s) - §T(K(s) - K(1))
3.2 1
(32) — 5T/ (K(r) — K(1))ds[V (,s)], s€]0,1],

where V' is an n X n-matrix valued function uniquely determined on [0, 1] x
[0, 1] by the relation

(3.3) Vi(t,s) =1+ /t V(t,7)d[A(T)]), t,s€][0,1].
Let 0 < s <t < 1. Inserting (2.2) and (3.3) into the expression
Wi(t,s):= /t d.[V(t,NU(rt)+ /tV’(t,r)dT[LT(T,t)]
and making use of the Substitution Theorem (cf. [17, Theorem 2.19]) we get

Wi, = [ Vit e - Aniuin

= V(t,8) A% (A(s) — A(s))U(s,t) + A~ (A(t) — A(t))

_ [ -ATA(0) if s=0 + 0 if t<1
- 0 if s>0 A-AQQ) ft=1{"
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On the other hand, the integration-by-parts formula when applied to W (t, s)
yields

W(t,s) = 1=V (t,5)U(s,t) + A~ A(t) A~ A(t) -V (¢, 5) A* A(s) AT A(5)U (s, t),
where the formulas

U(t+,s) - Ult,s) = ATA()U(¢t,s), te(0,1],s€]0,1],
V(t,s+) - V(t,s) = ——V(t s)A*tA(s), telo,1],s¢e [0, 1),
Ut,s) = U(t—,s) A(t)U(t,s), te(0,1],s€]0,1],
V{t, c) V(t,s—) = -V(t,s)A"A(s) te¢ [0,1],s € (0,1],

(3.4)

which follow from (2.2) and (3.3) were utilized.
Similarly as in the proof of [16, Theorem II1.4.1] we can complete the

proof of the following assertion giving the relationship between the functions
U and V.

PROPOSITION 3.1. Let us assume 2.1 and (3.1) and let the functions
U and V be respectively given by (2.2) and (3.3). Then

V(t,s)[I- AT A(s)][1+ AT A(s)]
= [I+AAQ)[1- A"A®)]U(t,s) if 0<s<t<],
(35)  V(t,t)=Utt)y=1  forall te]o0,1],
V(t,s)[I+ A~ A(s)] [I - A~ A(s)]
=[I-AYAW)|[1+AtAW)]U(t,s) if 0<t<s<I.

|

CoOROLLARY 3.2. Under the assumptions of Proposition 3.1 the follo-
wing relations are true:

V(0,00 = U(0,0)=

Vi(t,0)[I+ At A(0)] = [ ( ] U(t,0) for t € (0,1),
3.6) V(1,0)[I+A*TA(0)] =[I- ]U(l 0),

V(1,8)[- (At A(s)’] = [I—A AU, s) for s € (0,1),

V1) = U(,1)=1L
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PROPOSITION 3.3. Let us assume 2.1 and (3.1) and let the m x n-matriz
valued function Z be given by

Z(s) = K()A~A(1)[I- A~A1)]7'V(1,s)

3.7
(3.7) +K(s)+ / 1 K(r)d,[V(r,s)] for s€[0,1].

Then a couple (y,8) € BV™ x R™ is a solution to the problem (2.14) - (2.16)
if and only if

(3.8) yT(s) = -6T2Z(s) on [0,1]
and

-1
. T . _
(3.9) 67 (M + /0 K(r)d,U(r,0)) = 0.

PRrOOF. Since ([I - A“A(l)]"1 - I) [I- A=A(1)] = A~A(1), we have

(3.10) ([1 —AmAW] 7 - 1) = ATAm)[I- amAw)] T

A couple (y,8) € BV™ x R™ is a solution to (2.14) - (2.16) if and only if y
is given on [0,1] by (3.2), where n € R™ is such that (2.15) and (2.16) are
satisfied. Inserting (3.2) into (2.16) we obtain

nT = —sTK(1)[1- A~4(1)] "

Thus, making use of (3.2) and (3.10), we get

1

yT(s) = —5TK(1)([I —ATAW)]T - I)V(l,s)

1
~ 67 (K(s) + / K (r)d.[V(r, s)]) = —6T2Z(s) for all s €0, 1].
Consequently, (3.2) reduces to (3.8). In particular, we have
YT (0) = =6TK(HAA(1)[1- A™A(1)] 7' V(1,0)

— &7 (K(O) + /0 1 K(r)d, [V (r, 0)]).
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Taking into account (3.6), this yields
yT(0) [[+A* A(0)] = =T K (1) A~ A(1)U(1,0)

(3.11) (k) +/01 K (r)d.[V(r,0)]) 1+ A* A(0)].

Moreover, by (3.6) we also have

| / 1 K(r)d,[V(r,0)][1+ AT A(0)]

(3.12) “’° .

=/ K(r)d,[U(r,0)]- K(1)A~A(1)U(1,0) — K(0)A* A(0).
0
Inserting (3.12) into (3.11) and (2.15) we finally obtain

yT(0)[1 + AJ;A(O)] +6T[K(0) - M} = —47 (M + / 1 K(r)d.[U(r, 0)]),

wherefrom the proof of the proposition immediately follows. 0

COROLLARY 3.4. Let us assume 2.1 and (3.1). Then
1
dimN(L*)=m — rank(M +/ K(r)d.[U(r, 0)])
0

PRroOF. Denote
1
rf=m - mnk(]\/f +/ K(r)d,[U(r, 0)])
0

Then the system (3.9) has exactly r* linearly independent solutions. It is
- easy to see that if

{5[1], 5[2]’ el 5["']}
is an arbitrary basis of the space of solutions to (3.9), then the set of couples
{(=Z% ()81, 611y, (=27 ()80, 512y, ..., (=27 (s)8lr") 8l Ty}

with Z given by (3.7) is a basis in A/(L *). ‘ 0

COROLLARY 3.5. Let us assume 2.1 and (3.1). Then

(3.13) dim N (L ™) =dim N (L )+ m — n.
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PRroOF. Obviously, = € N'(L) if and only if

L
z(t) =U(t,0)con [0,1] and <M+/ I((T)d,—[U(T,O)])CZO.
0

This implies that
1
dim M(L) = n— rank(M + / K (r)d,[U(r, 0)).
0

The proof of our assertion then follows by Corollary 3.4. O

LEMMA 3.6. Let us assume 2.1 and (3.1). Let Z € BV™*"™ be given by
(3.7) and let

(3.14) rank([K (0) - M, K (1)]) = m,

way. Then
(3.15) ‘ 6TZ(s)=0 on [0,1]

if and only if 6 =0 € R™.
PROOF. Let § € R™ be such that (3.15) holds. In particular, it is

0=672(1) = TK (1) (1+ A~ A1 - A-am]™).

Moreover, since <I + ATA([I - A‘A(l)]—l) [I - A~A(1)] = 1, we have
also

1

(3.16) I+ ATAM[I-A7AW)] ) = [1- A74()]”

and 6TZ(1) = éTK(1)[1 - A"A(l)]_1 = 0. This is possible only if
(3.17) sTK(1) =0.

On the other hand, inserting (3.7) and s = 0 into (3.15) and making
use of (3.9), (3.12) and (3.17), we obtain

0=26T (K(O) + / 1 K(r)d,[V(r, 0)]) [I+ ATA(0)]
= 5T(K(0)’+ fo K(r)d.[U(r, 0)]) =T (K (0) - M),

5 — Annales...
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wherefrom according to (3.17) the relation
§T[K(0) - M,K(1)] =0

follows. By the assumption (3.14), this is possible only if § = 0. O

REMARK 3.7. Obuviously, in the case of periodic conditions (2.22) (i.e.
m=mn, M =0 and K(t) =1 on [0,1]) the assumption (3.14) of Lemma
3.6 is satisfied. The relationship between linearly independent solutions of
the linear algebraic system (3.9) and solutions of the adjoint boundary value
problem (2.14) - (2.16) indicated in Lemma 3.6 could be extended to the
general case, as well. Indeed, making use of (3.17) we obtain from (3.15)
that z(t) = K7 (s)d has to satisfy the Volterra-Stieltjes integral equation

1
(3.18) 2T (s) +/ I(r)d,[V(r,)] =0 on [0,1].
0
Since under our assumptions we have

det (I + (V(s,s+) — V{(s, s))) =det (I- A*A(s)) #0 for all s € (0,1)
and

det (1 + (V(0,04) - V(0,0))) = det (I) = 1,

it could be shown analogously as it was done in similar situations in the proof
of [16, Theorem II.3.10] or of [20, Theorem 5.5] that (3.19) may be true only
if z(s) =0 on [0,1].

4. Periodic problem

In this section we will consider the periodic problem (0.1), (2.22) as well
as the corresponding homogeneous problem (4.1), (2.22), where

(4.1) z(t) — z(0) - /0 d[A(s)]z(s)=0 on [0,1].

Obviously, the following assertion is true.

ProrosITION 4.1. Let A € BV?X", f € G* and

Teg reg

(4.2) det (I — AT A(t)) #0 for all t € (0,1].
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Then a function x € G?, is a solution to (0.1), (2.22) if and only if there is
c € R" such that

(4.3) z(t) = U(t,0)c+ f(t) — f(0) - / d.[U(¢, 7)](f(T) = f(0)) on [0,1]

and
(4.4) [U(1,0) - T]c=1b,
where )
b= /0 d,[U(1, M(F(r) - F(0)) = (F(1) — £(0).

O
Furthermore, from Proposition 3.3, Corollary 3.4 and Lemma 3.6 the
next assertion follows.

PROPOSITION 4.2. Let us assume 2.1 and (3.1). Then both the homo-
geneous problem (4.1), (2.22) and its adjoint (2.23),(2.24) have ezactly

n — rank[l — U(1,0)]

linearly independent solutions. A function y € BV™ is a solution to the
adjoint problem if and only if there is a § € R™ such that

(4.5) yT(s) = —6T[1- A~ A(1)]7'V(1,5) on [0,1],
where V' is given by (3.3) and d verifies the system

(4.6) sT[U(,00-1] =0.

Proor. It remains to show that in the case of periodic boundary con-
ditions (i.e. M =0 and K(t) =1 on [0, 1]) the formula (3.7) reduces to

Z(s) = [1- A= A(1)]7'V(1,s) for s €[0,1].

Indeed, inserting K (t) =1 on [0, 1]} into (3.7) and taking into account (3.16)
we obtain

Z(s)

-1

A~ AQ )[I—A ATV, 8)+ 1+ V(1,5) = V(s,s)
(I+A )[1- A=AQ)]” ‘) (1, s)
[I-A"A)] 'V(1,s) for all s e [0,1]. 0
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DEeFINITION 4.3. For a given function 4 € BV™X", the symbol A,
stands for the continuous part of the function A. Furthermore, by ® we
denote the fundamental matrix solution corresponding to the equation

#(t) — 2(0) - /0 d[A(s))z(s) =0, te[0,1]

i.e. ® is the n X n-matrix valued function defined by the relation
t
(4.7) o(t) = I+/ d[A.(7)]®(7) for t,s € [0,1].
0

Finally, by S (A) we denote the set of points of discontinuity of A, i.e.

S(A)={te[0,1; ATA(t) #0 or ATA(t) #0}.

REMARK 4.4. Obviously, ® € BV™*" N C"X", Furthermore, if A, is
absolutely continuous on [0, 1], i.e. if there is an n X n-matriz valued function
B(t) Lebesgue integrable on [0, 1] and such that

A(t) :/OVB(T)dT on [0,1],

then ® is the fundamental matriz solution of the ordinary differential equ-
ation

¢ — B(t)z=0
such that ®(0) = 1. In the general case A, € BV™" N C"X", q sequence
{Ar()}3Z, of piecewise linear functions may be constructed (cf. [12]) in such
a way that ® is on [0,1] the uniform limit of the sequence of fundamental
solutions corresponding to ordinary differential equations

' — Alx =0.

In addition to 2.1 and (3.1) we will need the following assumptions, as
well.

ASSUMPTIONS 4.5. S (A) U {0} U {1} = {rc},_,, where p € N and
O=m <7 <...<Tp=1.

It is easy to see that if A € BV X" fulfils (4.2) and 4.5 then there exist
n X n-matrices C, k =0,1,..., p, such that

A(t) = A(t) — A(t) = 2Co(h(t) - -;—) + Z'ZCkh(t — 1) on [0,1],

k=1
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where
0 ift<0,
(4.8) h(r) = { 1 ift=0,
1 ift>1.
Since ATA(ry) = A~ A(r) =Ci for k=0,1,...,p,itis
det (I-Cy) #0for k=1,...,p.
Furthermore, we have
(4.9)
Ult,s) = [I— A™A()] 7 @(1) TIf @~ (s) [T+ AT A(s))]

if te(rp_1,7s] and € [ro—1,7¢)
for some k,£=1,2,...,psuch that k> ¢

where
I, if k<{¥,
Ik = k=t (41 -1 s
€= Tzt (27 (k) [T Cimg] [1 = Cicy) (rij)), k> ¢
where

v 1 : if k<Y{,
(@410 e = | T8 @ ()1 - Crmg] ' B(mecy)) i k> L.

(A similar formula was derived for the case of A right—continuous on (0, 1]
by Z. Wyderka, cf. [21]).
In particular, we have

(4.11) U@1,0)—1=[1-Cp] ' @)TZ[1+ Co] - L.

This enables us to complete the proofs of the following assertions providing
conditions for the existence of solution to the homogeneous problem (4.1),
(2.22) in terms of ® and Cj; which are analogous to the results obtained by
7. Wyderka in [21] for the case of A right—continuous on (0, 1].

PROPOSITION 4.6. Let us assume 2.1, (3.1) and 4.5 and let
Iy, ¢=1,2,...,p+1,

be given by (4.9). Then there exists the inverse matriz (II7) ™! to ] and is
given by

p—1

(4.12) @)~ = [T (e ) [1- Cil 1+ G5 " e(ry).

=1

(s
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Moreover, the homogeneous problem (4.1), (2.22) has a non-trivial solution
if and only if

(4.13) det (@(1) ~[I=Cl1+Co) ™" (2)-? ) =0

holds.
PROOF. It was mentioned above that under our assumptions all the
matrices [I - Ck], k =1,...,p, are invertible. Furthermore, the assumptions

2.1 and (3.1) ensure the existence of the inverse matrices [I + C'k]_1 for
k = 0,1,...,p — 1, as well. Hence the matrix (4.12) is well defined and
I} (M) =1 = (I}) ~'I} = I. The relation (4.11) can be modified as follows:

U(L,0)— 1=

(4.14) [1-c,]™" (<1>(1) ~ 1= G[T+ G} () )W 14 G

and it is easy to see that det (U(1,0)—1) = 0 holds if and only if the condition
(4.12) is satisfied. 0

PROPOSITION 4.7. Let the assumptions of Proposition 4.6 be satisfied
and let
(4.15) (1) = [1-C,][1+Cy) ™" (IIP)~1,
Then any solution x of (4.1) is a solution to the problem (4.1), (2.22), as
well.

PROOF. Inserting (4.15) into (4.14) we get U(1,0) = 1. 0
For the nonhomogeneous problem (0.1), (2.22) we have the following
assertions.

PROPOSITION 4.8. Let the assumptions of Proposition 4.6 hold. Then
the problem (0.1),(2.22) possesses a solution if and only if

(4.16) 7T®(1) (XP: (Hfg/

=1 Te—1

Te

@‘l(r)d[f(r)])> =0

holds for all n € R™ such that

(4.17) nT <<1>(1) - [I-Cpl[1+ C'o]‘1 (H’{)-l) =0.
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Proor. By Corollary 2.7, Proposition 4.2 and (4.14) the problem (0.1),
(2.22) has a solution if and only if

1
(4.18) o [ Vs =
0
holds for any n € R™ fulfilling (4.16). By (3.6) we have
(4.19)
V(l 0) = [I- C,]U(1,0 [I+C]”,
= [1- UL D[1+Co) I+ AtAM] ' I-a"Am)] " if 0<7 <1,
V(1 1) I.

Inserting (4.9) into (4.19) we obtain

V(1) =e0)Ie (r)[1- A~A(r)]

for {=1,2,...,pand 7 € [Ty_1,7¢). Now, define
Wy(r) = 5@~ Y(7) for 7 € [rp_1,7] and £=1,2,...,p.

Making use of the relations

1

(I-c]™' =D =Cli-C]™", ¢=12,...,p-1,
and
M2 =T, @ (r) [1+ Co] [ - Ce] " @(re), £=1,2,....p,

we obtain for ¢ =1,2,...,p
V(1,7) = ®()W,(r) = 0if 7 € (r0-1,Te),
V(L 7o) = S(O)Welre-r) = 287 (o) ([1 = Cea] ™ = 1)

= O(1)I2®~ (10— )Cyr [ - Coa]
it £>1

and
V(1,7) - ®(L)We(r) = ®(1) (H;?ch-l(re) 1-c™" - Hf@“l(rg))
= o, o~ m) ([1- ¢ 7' - [1+cd[1-c] ™)
= ()2, , & (r)Ce[1-C| ™" if £<p.
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Moreover,

V(1,0) - ®(0)W,(0) = V(1,1) — ®(1)W,(1) = 0.

Thus,

[ van-samm)aren = -enze- ey -]
[ an - 2w dts )] = 00 (W7 (rec)Cma [1 - Coca] ™

—I2, &7 (1) Ce [l - Cy ‘1) for £=2,3,...,p—1

and

1
/ (V(1,7) = @M)W,(r))d[f ()] = B(1) " (1,-1)Cpor [I - Cpa] .

Consequently,
T¢

/0 Vi) - }p}b(l)( We(r)df(r)))

=1 S Te—1

= ®(1) <Z (M @4 (rem1) Coca [1 - Coma] ™ /_\+f(r£_1)))

/\
o 'U
]

[ v—-

( 1 @7 (T Ce [I-Cf] ™ A—f(Tl))) =
wherefrom the proof of our proposition immediately follows. O

COROLLARY 4.9. Let the assumptions of Proposition 4.6 be satisfied.

Then the problem (0.1), (2.22) possesses a unique solution for any f € G,
if and only if

det (@(1) ~ 1= Cl[1+Co] ™" () ) # 0,

is satisfied with (II})~' given by (4.12). 0



Linear boundary value problems for generalized differential equations 73

COROLLARY 4.10. Let the assumptions of Proposition 4.6 be satisfied.
Then the problem (0.1),(2.22) possesses a solution if and only if

p .
ri-Glieal™ (X (o7 [ e an)) -
=1 Te-1
holds for all 1 € R™ verifying (4.17).
PROOF. Since by (4.9) and (4.12)

p—1
@) = [T (@7 [1- ¢) 1+ 6] et
=1
J »
H (q’—l (Tp-3) [I + Cp—j] [I - Cp—j] —lq)(Tp—j))
j=1

-1

=TI (e~ eali- i+ ¢ o0m) = )

j=1

the proof follows by inserting of
-1 -
nT®(1) =nT[1-Cp) [T+ Co] (D)
into (4.16). ]
REMARK 4.11. By Proposition 4.1 the problem (0.1), (2.22) has a so-
lution if and only if

a2 ([ awa e - 10) - (1) - 10)) =0

holds for any 6 € R™ fulfilling (4.6). According to (3.6) we have

1

U(l,r)=[I-C,] T V(L) [I+Q(r)] on [0,1],

where
At A(0) ifT=0,
Q(r) = { (A*A(r)" ifre(0,1),
| ~ATAQ) ifr=1.
Since Q(0+) = Q(t+) = Q(7—) = Q(1-) =0 for all T € (0,1), it is
| avane@nse - 10) = v nemum - 1)
= -V(1L,)ATAQ)(f(1) - £(0)).
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Thus, making use of (3.16) we obtain

/0 4, [U(1L, D7) - £(0)) - (1) - £(0))

_[1-cy) /0 &V (LD)(f(r) = £(0))
- (1+ 6= ) () - £(0)
= [1-¢,)7( / d:[V (L) = £(0)) = (F(1) - £(0))).

Finally, integrating-by-parts and taking into account that in virtue of (3.4)
V(L,.) € BV2X", V(1,0+) = V(1,0) and V(1,1-) = V(1,1), we get that

([ 4w i) - 1) - (1 - 7o)
_ -] /0 V(L,7)dif(r)]

is true for any 6 € R™ and any f € G . It follows that the condition (4.20)
is satisfied for any 6 € R" fulfilling (4.6) if and only if (4.18) holds for
any n € R™ fulfilling ({.17). By the proof of Proposition 4.8 this means that
(4.20) holds for any & € R™ verifying (4.6) if and only if (4.16) holds for
any n € R™ verifying (4.17).

REMARK 4.12. If
(4.21) (ATA@E)) = (ATA{)? =0 for all t € (0,1)
then
[T-ATA@)] I+ AYA@)] =1- (ATA®)® =1 for all t € (0,1).

In particular, for any j = 1,2,...,p — 1 we have

[-c] =[1+c], [+6)7 =0-¢y,
Cli-¢]™ =¢; I+ =¢,
and

[1-cy]®

=1-2C;, [1+C;)" =142C;
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This enables us to simplify the necessary and sufficient condition for the
existence of a solution to the periodic problem (0.1), (2.22) given in Propo-
sition 4.8.

COROLLARY 4.13. Let the assumptions of Proposition 4.6 be satisfied
and let (4.22) hold. Then the problem (0.1), (2.22) possesses a solution if

and only if \ ;
(ym [ e s =0
£=1 Te=1

holds for all n € R™ satisfying the system (4.16), where

E[( 1 - 205]®(r, ))

and

ﬁ( (Tp-5) +20p—j]q’(7'p—j))~

REMARK 4.14. The results obtained in this paper may be obuviously
adapted to the case of an arbitrary subinterval [to,T) in the place of [0,1].
Furthermore, let the functions A : [tg,00) — R™*" and f : [tg,00) — R™ be
locally of bounded variation, while the set S (A) of the points of discontinuity
of A,

S (A) = {Tj}jeM, where either M=N or M= {1,2,...,v4} CN,

is ordered in such a way that tg < 7y < ... < Tj_1 < T; < Tj31 < ... < 00
holds for any j € M such that j + 1 € M and the unique accumulation point
of S (A) may be co. Furthermore, us assume that

det (I — A7 A(t)) # 0 for all t € [ty, o0)
and A generates an w-periodic measure, i.e. (w > 0) and
At + w) — A(t) = const. on [tg,00).

Let us notice that by [21, Lemma 1.4] the function A generates an w-periodic
measure if and only if there is a constant matriz By € R™*" and an w-periodic
function B locally of bounded variation on [tg, 00) and such that

At) = %Bot + B(t) on [to,00)
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and there is ko € N such that 741, = 7j, A™A(Tj4r,) = A~ A(7;) and
AYA(Tipr,) = AT A(r;) for all j € N.

It is easy to see that if A and f generate w-periodic measures and if they
are regular on (tg,ty +w) then the problem to find an w-periodic solution to
the equation (0.1) is equivalent to the boundary value problem (4.1), (2.22)
(with the interval [ty,to + W) in place of [0,1],) fulfilling the assumptions of
this section.

EXAMPLE 4.15. Consider the second order differential equation with
distributional coefficients

(4.22) u" — (at +2qh(t — 7)) u =g
where 0 < 7, < 1, @ = a®, @ > 0, h stands for the Heaviside type function
given by (4.8),9 € G, andg € Risa a parameter. The corresponding periodic
problem (4.22),
(4.23) u(0) = u(l), «/(0)='(1)
can be rewritten in the form (4.1), where

A(t) = Aot +2C1h(L — Tl),

we(22). 0 (28) wa r0-(8)

In particular, we have n = p =2, S (A) = {1}, where 0 =1 < 7y < 7, = 1.
Moreover, it is

C{=0, det(I-Cy)=1and (I})~' = (1)~ = &(r) (1-2C1) @~ (7)),

where the fundamental matrix @ corresponding to A4.(t) = Agt is for any
a > 0 given on [0,1] by

eat+e at eat € at
5 2 2
(424) Q(t) ieai e~ M) eat+:—at
2 2

Inserting (4.24) into (I13) ™1, we get

q(e-arl e 2ar1) q(eurl_e—a‘rl)Q
=t 22 e

_q(ear1+e<ar1) 1 _ q(e2arl_e ..arl)
2 2a
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Denote
M(q) := ®(1) — (I})~".

Then

o  —a_ Yle"—€7%)
det (M(q))=2—¢*"—e€e " — —
and

. . " 2—€*—e

det (M(¢)) =0 ifandonlyif ¢g=¢":=a e
and
det (M(q)) =0 ifand onlyif ¢g=¢":= a%.

By Corollary 4.9 the problem (4.30), (4.31) has a unique solution for
any g € G, if and only if ¢ # ¢*. Furthermore, we have

&

6%—6
M * '—‘——5—————;—]\4*,
(@) 2ef +e78)  °

where

M} = ( (e — e7%) + (2™ — g722T) (e§+e~%)2+i€“”+€_“1)g )

a((e’az‘ + e—t%)Z _ (ean + e—an)‘)) (ea _ e—a) _ (62071 _ e—2a‘r,)
it is easy to see that T M(q*) = 0 holds for » € R? if and only if there is
v € R such that

ar
T . ea - € 1
7= (o).
Consequently Corollary 4.13 yields that in the case ¢ = ¢* the problem
(4.22), (4.23) has a solution if and only if the relation

e _ J2am; 1
(—a ;_}_—;‘E, 1) /0 O (s)d[f(s)] =0

is satisfied. It is easy to check that under our assumptions this condition
reduces to

T 1
/0 (€a+as + e2ar1—as)d[g(s)]+/ (eas + 62a71+a—as)d[g(s)] = 0.

1
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EXAMPLE 4.16. Consider the problem from Example 4.15, where o =
—a® and @ > 0. In this case we have

sin (at)
o = (Sl Tey) for el

—asin (at) cos(at)

and
M(q) = ®(1) — (M3)~!
-1+ cos(a) - M sm(a) n g(cos (2ar1)—1)
= (——asm( )+ q(cos(?arl) +1) -1 +cos( a) + M)
It can be verified that
det (M (q)) = 2(1 - cos (a) — Qiiﬁa_(“_))

and thus det (M (q)) = 0 if and only if either there exists k& € N such that
a=2km ora+# knforall k € Nand ¢ =¢*:=atan(%).

By Corollary 4.9 it follow again that the given problem has a unique
solution for any g € G, if and only if there is a k € N such that a = (2k+1)7
or a # kr for allk € N and ¢ # ¢*.

If @ # kn for all k € N and ¢ = ¢*, then

M(¢™) = 2tan (Z)MO’
where

« _ [ —sin (% + a7y)cos (& — amy)
A{O = . g . @
asin (5 + ary)sin (§ —ar) —cos(§ + a‘rl)sm (§ —am)

cos (5 +u7-1)cos(——a7-1) )

Moreover, nT M (q*) = 0 for € R? if and only if there is a v € R such that
T = ~¢T, where

T =9¢",
where
(atan (§ —ary), 1) ifn;é%—%for aller,
- (1,M)) ifr#L—forall (€2,
(1,0) ifrlz%—ﬂzf—:—l—lforsomeéeZ,
(0,1) if 1 =1~ Z¢ for some ¢ € Z.

and Z stands as usual for the set of integers.

It can be shown that in the first case (i.e. 71 # %— "(QT{;H—)- forallleZ)
the necessary and sufficient condition for the ezistence of a solution to the
problem reduces to

T1 1 a
| eon G =t = dla(e+ [ cos 5+ afra = ) dlg(s)) =0,
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Similar necessary and sufficient conditions for the existence of a solution
could be derived in all the remaining cases.
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