REMARK ON HOMOMORPHISMS OF GROUPS

Ivica Gusié

Assume that (X, +) are commutative groups, and C is a subset of X
fulfilling the conditions C+C C C and C - C = X. A function f: X =Y
is called C-additive function if it satisfies functional equation f(z + y) =
f(z)+ f(y), for all z,y € X such that y—z € CU(-C)U{0}. In [1, Theorem
8.4] has been proved that every C-additive function f: X — Y is additive.
In the proof the comutativity has been essentially used. Here we present a
simple proof of an analogous statement in the case of arbitrary groups.

THEOREM 1. Let X,Y be groups, let C be a subset of X fulfilling the
conditions C -C CC and C-C~ ' = X and let f : X — Y be a function
satisfying f(zy) = f(z)f(y), for all z,y € X such that z -y~ ¢ CUC™.
Then f is a homomorphism of groups.

ProOOF. The proof is carried out through five steps.

First step: For ¢ € C' we have f(c) = f(ce) = f(c)f(e), so f(e) =e.

Second step: We are going to prove that f(z~!) = f(z)™?, for every
@ € X. At first suppose that € C. Then e = f(e) = f(za™!) = f(z) f(a1).
Let £ € X be arbitrary. There exist u, v € C such that 2 = uv~!. Therefore

f™h) = floul) = (o) f(w 1) = f1) () = (fu)f(omY) ! =
fluv=1)=1'= f(z)~1,

Third step: Suppose that z,y € C. Then from the second step we get

fay) = flen) F) " () = Flay) Fly™) fy) = fleyy™) f(y) = f(=) fly).
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Fourth step: Suppose that ¢ € C and 2 € X. Then by the third step

flea) = flewv™) = f((cu)v™") = flew) f(v™) = f(e) f() f(v™") = f(e) f(2).

From this and from the second step, we get f(zc™) = f(2)f(c™!), for every
¢ €(C and every z € X.

Fifth step: Suppose that 2,y € X are arbitrary. Then there exist
u,v,z,w € C such that # = uv™! and y = zw™!. By the fourth step we have

fley) = fluv™ zw™h) = f(u) f(v™ zw™h) = f(u) flv™h2) flw™h)
= f)fv™ ) () flw™) = fluv™) fzw™) = f(2) f(y).

The theorem is proved.

In the sequel we will show that the condition C'-C' C C' in the theorem 1
can be replaced by a weaker one.

THEOREM 2. Let X,Y be groups, let C' be a subset of X fulfilling the
conditions C-C-C CC andC-C '=X andlet f: X =Y be a function
satisfying f(zy) = f(2)f(y), for all z,y € X such that -y~ e CUC™L.

Then f is a homomorphism of groups.

PROOF. 1. step: f(€) = e, as in the first step in the proof of Theorem 1.

2. step: If ¢ € C' then f(c¢™1) = f(e)7L. :

a) There exist u,v € C such that ¢ = uv™!. Therefore, e = f(uu™!) =
Flevu™) = f(ev)f(u™) = f(u)f(u~l), hence f(u~!) = f(u)~!. Since
ww! € C, we have f(uv) = f(u)f(v). Therefore, f(u) = f(uvv™!) =
fluv) fo™h) = f(u)f(v) f{v™1), so f(v™1) = fv)~t.

b) f(W)f(u™?) = f(wu™®) = f(u™") = f(u)™!, s0 flu™?) = f(u)™>.
Similarly we can prove that f(v=2) = f(v)~2.

¢) fluv™!) = fluv™) fv™) flv) = flur™) f(v) = f(u)f(v™%) f(v) =
F)f()72f(v) = f(u) f() 7 '

d) From a), b) and c) we have f(c™!) = f(vu™?)
flou™)f(w) = f)f(W)*f(u) = f(v)f
(fluv™"))™" = fle)~1.

3. step: Let a,b € C. Then, by the 2. step we have:

flab) = f(ab) f(5) 1 £(b) = f(ab)f(b™")f(b) = f(abb™") f(b) = f(a) f(b).

Especially, f(c?) = f(¢)?, for every c € C.
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4. step: Similarly as in the 2. step c), using the 2. step d) we get f(ab™1) =
f(a)f(b)71, for all a,b € C. Also, from the 3. step and the fact C~1.C~!.
C~! C C~! we obtain

Fla™b) = f(a7'b) f(0)F(0) ™! = fla™'0*) f(0) 7! = -f(a™) F(67) F(B)
= fla™)f)PFO) " = fla™)f(b), forall abeC.

5. step: Let 2 € X. Then z = ab™!, for a,b € C. From the 4. step, similarly
as in the proof of the 2. step d), we get f(z~!) = f(z) L.

The rest of the proof is as the proofs of the fourth step and the fifth
step of Theorem 1.
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