
T O P O L O G I C A L T R A N S I T I V I T Y F O R E X P A N D I N G 
M O N O T O N I C M O D O N E T R A N S F O R M A T I O N S 

W I T H T W O M O N O T O N I C PIECES 

P E T E R RAITH 

To the memory of Győrgy Targonski and Martin Grini 

Abstract. Consider a continuous and strictly increasing function / : [0,1] —¥ [0, 2], 
and define TjX = /(x)(mod 1). Then Tj is a monotonie mod one transformation 
with two monotonie pieces, if and only if /(0) < 1 < /(l). It is proved that Tf is 
topologically transitive, if / is piecewise differentiable and inf f'(x) > \/2. 

*€[<U] ~ 

Introduction 

We consider a continuous strictly increasing function / : [0,1] - ł [0,2]. 
Define T/x := f(x) (mod 1), and let Zj be the collection of all maximal open 
subintervals U of [0,1] with f(U) n Z = 0. Obviously card Zf < 2. A finite 
partition Z of [0,1] is a collection of finitely many pairwise disjoint open 
intervals with \JZeZ Z = [0,1]. Note that Zj is a finite partition. We assume 
that there exists a finite partition y of [0,1], such that for every Y 6 y the 
function f\y is differentiable. If inf ̂ [0,1] /'(*) > 1, then c&idZf = 2. 

The map Tj is called topologically transitive, if there exists an x G [0,1], 
such that {Tjnx : n G N} is dense in [0,1]. Properties of topologically trans­
itive dynamical systems can be found in [5] or [13]. For general monotonie 
mod one transformations Tj : [0,1] —> [0,1] it has been proved in [12] that 
Tj is topologically transitive, if inf xe[o,i] > 2. If Tj : [0,1] -> [0,1] is 
a monotonie mod one transformation with three intervals of monotonicity 
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and inf j - g j o , ! ] > 2, then it is proved in [12] that Tj is topologically 
transitive. In our situation these results are not applicable, as there are no 
monotonie mod one transformations Tf with two monotonie pieces satisfying 
inf xe[o,i] f'(x) > 2, and the only monotonie mod one transformation Tj with 
two monotonie pieces satisfying inf ̂ [o.i] f'{x) > 2 is Tjx — 2x (mod 1) (the 
topological transitivity in this case is well known, see e.g. [13]). 

As the main result of this paper we obtain in Theorem 1 that Tf is 
topologically transitive, if infxe[o,i]f'(x) > \/2- This paper is organized as 
follows. In Section 1 we give some basic definitions. Then we describe the 
Markov diagram (see also [1], [3] and [8]). We prove in Lemma 2 that the 
topological transitivity of Tf is implied by a certain property of the Markov 
diagram. Section 2 is devoted to counterexamples. For every A < y/2 an 
example of a monotonie mod one transformation Tf with two monotonie 
pieces satisfying inf X£[o,\] f'{x) > A is given, where Tf is not topologically 
transitive. The main result of this paper is contained in Section 3. A special 
case, where Lemma 2 does not work, is investigated in Lemma 3. Otherwise 
using Lemma 4 we can apply Lemma 2 and get Theorem 1. 

1. Monotonie mod one transformations 
and their Markov diagram 

For a continuous strictly increasing function / : [0,1] —> R set 

(1) Tfx:=f{x) (modi) :=/(*)-[/(a)], 

where [y] denotes the largest integer smaller than or equal to y. Furthermore 
let Zf be the collection of all nonempty intervals among / - 1 (?i ,n + 1) for 
an n 6 Z. 

We call Z a finite partition of [0,1], if Z consists of finitely many pa-
irwise disjoint open intervals with \JZeZ Z — [0,1]. If T : [0,1] -> [0,1] is a 
transformation and Z is a finite partition of [0,1] satisfying T\z is strictly 
monotone and continuous for all Z 6 Z, then T is called a piecewise mono-
tonic map with respect to Z. A map T : [0,1] -> [0,1] is called a monotonie 
mod one transformation, if there exists a continuous strictly increasing func­
tion / : [0,1] -> R with T = Tf. Then Zs is a finite partition of [0,1] and 
Tf is a piecewise monotonie map with respect to Zf. We say that a mono-
tonic mod one transformation Tf : [0,1] -» [0,1] has n monotonie pieces, if 
card Zf = n. 

Consider a function / : [0,1] —• R. The function / is called piecewise 
differentiable, if there exists a finite partition y of [0,1], such that for every 
Y £ y the function f\Y is differentiable. For a piecewise differentiable func­
tion define inf / ' := inf {f'(x) : x G \JYey ^ }. We call a monotonie mod one 
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transformation Tj : [0,1] —> [0,1] expanding, if / : [0,1] —>• R is continuous, 
piecewise differentiable and inf / ' > 1. 

If X is a compact metric space and T : X -» X is continuous, then 
(X, T) is called a topological dynamical system. Let x G X. Then the u-limit 
set of x is denned as the set of all limit points of the sequence (Tnx)n&^, 
and it is denoted by u>(x). The map T is called topologically transitive, if 
there exists a n x d with u>{x) — X. 

Suppose that T : [0,1] —• [0,1] is a piecewise monotonie map. As T need 
not be continuous, ([0,1],T) need not be a topological dynamical system. 
In order to get a topological dynamical system we use a standard doubling 
points construction as in [6] (see [6] or [8] for the details). 

The Markov diagram of a piecewise monotonie map T : [0,1] —> [0,1] 
with respect to the finite partition Z of [0,1] was introduced by Franz Ho-
fbauer (see e.g. [1] and [3]). It is an at most countable graph describing the 
orbit structure of T. Suppose that D C Zo for a Zo G Z. A nonempty C 
is called successor of D, if there exists a. Z £ Z with C — TD D Z. In this 
case we write D —> C. Now let V be the smallest set with Z CV satisfying 
D G V and D ->• C imply C G V. Then the oriented graph (V, ->) is cal­
led the Markov diagram of T with respect to Z. We get that V is at most 
countable and its elements are open subintervals of elements of Z. 

Let C C V. If Co, C i , . . . , Cn 6 C and Cj-i -> Cj for j G {1,2,..., n}, 
then Co —> Ci —>• C„ is called a finite path in C. A subset C C V is 
called irreducible, if for every C, D G C there exists a finite path Co —>• C\ —> 
. . . -> C n in C with C 0 = C and C n = D. We call an irreducible CCD 
maximal irreducible, if no C' with C ̂  C' C V is irreducible. 

In the special case of a monotonie mod one transformation Tj : [0, 1] —> 
[0,1] the Markov diagram of Tj has a special structure. For more details of 
the Markov diagram of a monotonie mod one transformation see [2] (cf. also 
W). 

Now we consider expanding monotonie mod one transformations with 
two monotonie pieces. If Tj : [0,1] —> [0,1] is an expanding monotonie mod 
one transformation with two monotonie pieces, then we may assume that 
/ : [0,1] —>• [0,2] is a continuous strictly increasing function. Furthermore 
there exists a unique c G (0,1) with f(c) = 1. For an interval C C [0,1] 
denote by |C| the length of C. 

L E M M A 1. Let f : [0,1] —> [0,2] be a continuous and piecewise differen­
tiable function, such that inf / ' > 1. Denote by (V,—>) the Markov diagram 
of Tj with respect to Zf, and let D G T>. Then there exists a finite path 
Co C\ —ł...—>Cn in V, such that Co = D and Cn has two different 
successors in V. 
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P R O O F . Set d := inf / ' . Assume that C 0 —>• C\ -»...—>• C„ is a finite 
path in V, such that Cj has only one successor in V for all j £ {0,1,..., 
n — 1}. By the mean value theorem we obtain \Cn\ > d"|Co|. As d > 1 this 
implies the desired result. • 

For expanding monotonie mod one transformations with two monotonie 
pieces we can prove the following result on the topological transitivity of Tf. 

L E M M A 2. Let f : [0,1] —> [0,2] be a continuous and piecewise differen­
tiable function, such that inf / ' > 1. Denote by (X>,-ł) the Markov diagram 
of Tj with respect to Zf. Suppose that for every D £ T> there exists a finite 
path Co —> C\ —> ... —>• Cn in V with Co — D and Cn G Zf. Then Tf is 
topologically transitive. 

P R O O F . For n € N 0 set 

T/ l 0 := lim Tf
nx and T,n\ := lim T,nx. 

Observe that T/(0,c) = (T/0,1) and Tf(c, 1) = (0,7/1). As inf / ' > 1 we 
get Tfl - TfO > 0. Hence (0,c) -)• (c, 1) or (c, 1) (0,c). Assume that 
(0,c) —> (c, 1) (the case (c, 1) —> (0, c) is analogous), and set E := (c, 1). 
By our assumptions for every D £ V there exists a finite path Co —> C\ —> 
. . . -> C„ in D with Co~ D and C„ = 

Denote by C the set of all C £ V, such that there exists a finite path 
Co ->• Ci -> . . . —>• C„ in V with C0 = E and C n = C. Then C is a maximal 
irreducible subset of P. By Lemma 1 in [7] (cf. also [2]) C contains all D £ V 
with sup D = Tjn\ for an n £ No, and using also Lemma 1 only finitely 
many D £ V with inf D = Tjn0 for an n £ No may be not contained in C. 
Again using Lemma 1 in [7] we obtain that V \ C is finite and contains no 
irreducible subset. Hence C is the unique maximal irreducible subset of V. 

By Lemma 1 there exists an n £ N and there exists a finite path Co —>• 
C\ -> Cn in V with C 0 = E, such that Cj has only one successor 
in V for all j £ {0,1,..., n — 2}, Cn-\ has two different successors in V, 
and inf Cn = T y i _ 1 0 . Since T/0 < T/ l we get by induction that T / 0 € 
[0,c], T / l G [0,c] and Cj = ( T / _ 1 0 , T / ' l ) for all j e {1,2,...,7* - 1}, 
T / 0 < T / l for all j £ {l,2,...,n}, and C n = (T/ l _ 1 0,c) . Therefore 
U"=oQ = [°' !]• ! t f o l l o w s f r o m Theorem 11 in [3] (cf. also Theorem 2 in 
[8]) that T / | L is topologically transitive, where L = Ucec Observing that 
Cj G C for all j £ {0,1,..., n} we get L = [0,1], and hence T/ is topologically 
transitive. • 
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2. Counterexamples 

If / : [0,1] —> R is a continuous and piecewise differentiable function 
with inf / ' > 2, then Theorem 1 in [12] (or Corollary 1.1 in [12]) implies that 
Tj is topologically transitive. In Section 3 of [12] an example of a continuous 
and piecewise differentiable function / : [0,1] -» R with inf / ' > 2 is given, 
such that Tf is not topologically transitive. Next consider a continuous, 
strictly increasing and piecewise differentiable function / : [0,1] —>• R, such 
that Tf has three monotonie pieces. It is proved in Theorem 2 of [12] that 
Tf is topologically transitive, if inf / ' > 2. The example given in (2) of [12] 
shows that for every A < 2 there exists a continuous, strictly increasing and 
piecewise differentiable function / : [0,1] -> R with inf / ' > A, such that Tf 
has three monotonie pieces and is not topologically transitive. 

Consider a continuous, strictly increasing and piecewise differentiable 
function / : [0,1] —>• R, such that Tf has two monotonie pieces. It will be 
shown in Theorem 1 that Tf is topologically transitive, if inf / ' > \/2. Now 
we give for every A < \/2 an example with inf / ' > A, such that Tf is not 
topologically transitive. Let A £ (l,>/2). Define 

(2) f(x) := \ x + ( l - ± ) . 

Then Tf : [0,1] —)• [0,1] is a monotonie mod one transformation with two 
monotonie pieces satisfying inf / ' = A. Set 

r A 2 - A i r A AT r A - A2 i 
^ 4 : = [ 0 , — ] u [ l - - , - j u [ l + — , 1 . 

By the choice of A we have [0,1] \ A ^ 0. Furthermore TfA C A, and hence 
Tf is not topologically transitive. 

3. Topological transitivity of 
monotonie mod one transformations 

Suppose that / : [0,1] -» R is a continuous, strictly increasing and 
piecewise differentiable function with inf / ' > \/2, such that Tf has two 
monotonie pieces. We will prove that Tf is topologically transitive. To this 
end we need the following result. 

L E M M A 3. Assume that f : [0,1] —>• [0,2] is a continuous and piecewise 
differentiable function with inf / ' > \/2. Furthermore suppose that there exist 
open intervals , A 2 , A 3 , Aj C [0,1] with A\,A2 C (0,c), A.3,Aj C (c, 1), 
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TjAi = TjAi = A 2 U A Z U {c}, TFA2 = A 4 and T/A3 = A X . Then f(x) = 
\/2x + 1 — ^ - for all x G [0,1], and Tj is topologically transitive. 

P R O O F . Note that |Ty2A2| > 2|A2|. Hence our assumptions imply | 4̂.21 = 
IA31 and IAi| = \AĄ\ — x/2]^2!- Using the mean value theorem we get that 
for each j G {1,2,3,4} there exists an c*j, such that f(x) — y/2x + aj for all 
x G Aj. 

Define Bx := (0, c) \ (At U A2) and B2 := (c, 1) \ (A 3 U A 4 ) . Assume that 
Bt 7̂  0. Then our assumptions give T/Bt = B2 and TjB2 — Bx. This implies 
Tj2Bt — Bt - By the mean value theorem we obtain \Tj2Bt\ > 2\Bt\, which 
is a contradiction. Therefore B\ = 0 and analogously JB2 = 0. Moreover we 
have f(x) = y/2~x + a for all x G [0,1]. 

Observe that inf At = 0, and hence inf A2 = a. Then inf A 4 = (\/2 + 
l)a and a = inf A 2 = (y/2 + 3)a - 1. Hence » = 1 - - L . 

The Markov diagram (X>,—•) of T/ with respect to Zj satisfies V — 
Zf U { At, A2, A 3 , A 4 }. Furthermore { A i , A 2 , A 3 , A4 } is a maximal irreducible 
subset of P. At U A 2 U A 3 U A 4 = [0,1], and there are no arrows Aj —> Z 
in V with j' G {1,2,3,4} and Z G -Z/. Now Theorem 11 in [3] (cf. also 
Theorem 2 in [8]) implies that Tj is topologically transitive. • 

We will also need the following result. 

L E M M A 4. Assume that f : [0,1] —> [0,2] is a continuous and piecewise 
differentiable function with inf / ' > \/2. Suppose that f(x) 7̂  V2x + 1 — 
/or an £ G [0,1]. Denote by (V, —») £/*e Markov diagram ofT/ with respect to 
Zf. Let C £ V with c G C . Then there exists a finite path Co —> Cx —> ... —> 
Cn in V with Co = C and c G Cn, such that Cn G Zf or \Cn\ > \f%C\. 

P R O O F . Set Co := C. If Co has two different successors in V, then there 
exists a Ci G Zf with Co —> C i . For the rest of this proof we assume that 
Co has a unique successor Ci in P. By Lemma 1 there exists a finite path 
Co —> Ct ->...—> Ci in X>, such that C/ has two different successors in V 
and Cj has a unique successor in V for j G {0,1,...,/ — 1}. Suppose that 
/ > 1. By the mean value theorem we get \TfCt\ > 2~\C\ > 2y/2\C\. Hence 
there is a C , + i G V with C/ Ct+U c G C , + 1 and |C, + i| > y/2\C\. 

It remains to consider the case I — I. Let ZQ,ZX G Z/ with C C Zo and 
C n Zi = 0. 

First assume that \TfCt f)Z0\ > \C\. Set S := \TfdnZ0\ - \C\ > 0 and 
C 2 := TfCidZo. Next we prove by induction that for every k G N there exists 
a finite path C 0 -> Ci -> . . . -4 C2fc in P with C C C2k, such that C 2 A : e Zf 

or |C2fc| > |C|+2fc_15, In the case C2fc_2 G 2 ; we get C 2 f c _ 4 C C2k-2, hence 
we can find C2fc_3 C C 2 / t_i and C 2fc- 2 C C2k with C 2 A ; _ 2 —> C2k-t —>• C2fe, 
and therefore C2fc G 2; . If C2k-2 has two different successors in V, then 
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Cik-i —> Zi and Z\ —>• Z 0 , as C\ C Z\ and C\ has two different successors 
in V. Otherwise C2k-2 has a unique successor C2k-\ in T>. Since the case 
sup C = c is analogous we may assume inf C = c. Therefore sup C2k-2 — 
sup C > 2/c_2(5. Setting C2fc := TjC2k-\ H Z 0 the mean value theorem gives 
sup C2k - sup C 2 = Tf

2 sup C2fc_2 - T/ 2 sup C > 2(sup Cu— 2 - sup C) > 
2K~L8. As sup C2 > sup C this gives |C2*| > |C| + 2fc-1<5. 

Choose a ifc with |C| + 2 f e~M > V^ICI, and set n := 2k. Then CneZf 

or \Cn\ > y/2\C\. Note that we have c G C n . 
Next we consider the case \TjC\ n Z 0 | < |C|, and set C 2 := T/d n Z i . 

Then \C2\ > \C\, since \TjC\ \ > 2\C\ by the mean value theorem. If C2 has 
two different successors in V, then there exists a C3 G 2/ with C2 —> C3. It 
remains to consider the case that C2 has a unique successor C3 in V. Assume 
that also C3 has a unique successor in V. By Lemma 1 there exists a finite 
path D 0 —> D\ —>...-> Dq in V with D0 = C2, q > 2, Dj has a unique 
successor in V for j £ {0,1,..., q — 1}, and Dq has two different successors 
in V. As \TfDq\ > 2Ł?i|Do| by the mean value theorem, we get that Dq has 
a successor Dq+i with c € D g + i and > -\/2|-Dol > \/2|C|. 

From now on we suppose that C3 has two different successors in V. If 
IT/63 n Z\\ > \C2\, then a proof analogous to the proof above in the case 
\TjC\ fl Zo| > |C| shows the existence of a finite path Co —>• Ci —>• . . . Cn 

in V with c 6 C^, such that C„ 6 2/ or |C„| > \/2|C2| > V^|C|. For the 
rest of this proof we assume \TfC3 n Z\\ < \C2\ and set C 4 := T/C3 n Z 0 . 
As |T/C3| > 2|C21 by the mean value theorem, we get |C4| > \C2\ > \C\. 
If C4 has two different successors in V, then there exists a C5 G 2/ with 
C4 -> C5. It remains to consider the case that C 4 has a unique successor C5 
in V. Since C C C\ we get Ci C C5 and C5 has two different successors in 
V, one of which is C2. Set C 6 := T / C 5 D Z 0 . 

We claim that |C61 > \C\\. The mean value theorem implies 

(3) |C6| = \TfC5\- \C2\ = |T/C 4 | - |C2| > 2|C4| - \C2\ > \C4\ , 

as \C4\ > \C2\. Assume that |C6| = |C4|. Then C6 = C 4 | and by (3) we get 
|C2| = |C4|. Since T/Ca n Z , C C 2 and 

|77C3 n Zj| = \TfC3\ - |C4| = |T/C 2 | - |C2| > 2|C2| - |C2| = |C2| 

by the mean value theorem, we get T / C 3 n Z\ — C2. Hence C3 C Z 0 , 
C 4 C Z 0 , C 2 C Zu C 5 C Zj, T / C 3 = TfC5 = C 2 U C 4 U {c}, T 7 C 2 = C 3 and 
T ; C 4 = C 5 . By Lemma 3 f(x) = y/2x + l-^ for all x G [0,1], contradicting 

our assumption f(x) ^ y/2x + 1 - for an x G [0,1]. 
Therefore \C&\ > |C4|. A proof analogous to the proof above in the case 

\TfCi (1 Z 0 | > \C\ shows the existence of a finite path C0 -*• C\ -4- C„ 
in X» with c G C i , such that C n G Zj or |C„| > v^|C4| > V2\C\. • 

file:///TfC3
file:///TfCi
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Now we are able to prove our main theorem. 

T H E O R E M 1. Let f : [0,1] —> [0,2] be a continuous and piecewise diffe­
rentiable function, such that inf / ' > \/2. Then Tj is topologically transitive. 

P R O O F . Assume at first that f(x) = y/2x + 1 - =̂ for all x G [0,1]. 
Then Lemma 3 gives that Tf is topologically transitive. 

For the rest of this proof we assume that f(x) ^ \/2x + 1 - ^ for an 
x G [0,1]. Let (P , —be the Markov diagram of Tf with respect to Zf, and 
let D G P . By Lemma 1 there exists a finite path Co -> C\ —> ... —> Cq 

in P , such that Co = D and Cq-\ has two different successors in P . Hence 
c G Cq. Set lo := q. 

Next we claim that for every k G N there exists a finite path Co —> 
Ci Cj t in X> with Co - D and c e C/7, such that C; f c € 2/ 
o r |C;J > W^)k\Cq\- We prove this by induction. If Cik_l G Zf, then set 
Ik := /fc-i. Otherwise we have |Ci f c_ l| > (v /2)A : _ 1 \Cq\. By Lemma 4 there 
exists a finite path C/ j t_ 1 C j t _ 1 + i ->...->• C; f c in P with c e CJ7, such 
that Cik £ Zf oi 

Now choose a k 6 N with (y/2)k\Cq\ > 1, and set n := lk. Then Co -> 
Ci -4- . . . —> C n is a finite path in P with Co = D. Since |Cn| < 1 we obtain 
Cn G Z / . Therefore T/ is topologically transitive by Lemma 2. • 

R E M A R K . If / : [0,1] —» [0,2] is a continuous and piecewise differentiable 
function with inf / ' > 1, such that lim _̂>o+ TfX = 0 or lim x^\ - TfX = 1, 
then Tf is topologically transitive by Theorem 3 in [12] (see Corollary 3.1 
in [12]). 

The topological transitivity of Tf has nice consequences for the beha­
viour of perturbations of Tf (see [9] and [11], perturbations of monotonie 
mod one transformations are also investigated in [7] and [10]). 

Finally we consider the density of periodic orbit measures. We say the 
periodic orbit measures are dense, if for every nonempty subset U of the 
set of all Ty—invariant Borel probability measures, which is open in the 
weak star-topology, there exists an x G [0,1] and an n G N with Tjnx = x, 

such that fip G U, where np{B) := £ Xlj=o ^B(T/X) for every Borel set 
B C [0,1]. The following result is an easy consequence of Theorem 2 in [4] 
and Theorem 1. 

T H E O R E M 2. Let f : [0,1] —> [0,2] be a continuous and piecewise diffe­
rentiable function, such that inf / ' > \/2. Then the periodic orbit measures 
are dense. 
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