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O N P Y T H A G O R E A N T R I A N G L E S 

A N D R Z E J SCHINZEL 
In memory of Ivan Koree 

The following theorem answers a question asked by I. Korec at the Second 
Czech & Polish Conference on Number Theory. 

T H E O R E M . J / m C N , ord2m is even, xo,y0,zo £ TL and 

(1) x2

0 + y2 = zl{modm), 

then there exist x, y, z € Z such that 

x2 +y2 = z2, x2 = x2

0, y2 = y2

Q, z2 = ^(modm). 

P R O O F . Assume first that 

(2) (x0, y0, z0, m) = 1 

and let 

k 
(3) m = 2aHpf-, 

i=l 

where a ^ 0, a = 0 (mod 2), pi are distinct odd primes and oti > 0 
(1 < t ̂  k). 
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For each i ^ k there exists Si € {1,-1} such that 

(4) z0 -Siy0 £ O(modpi). 

Otherwise we should have 

z0 = y0 = 0 (mod p,-), 

hence, by (1) and (3) x0 = 0(modp,), (x0, y0, z0, m) ^ 1, contrary to (2). By 
the Chinese remainder theorem there exists yi € Z such that 

(5) yx = Siyo{modpf-) (1 < i ^ k) 

(6) yi = y 0 (mod2 a ) 

and we have 

(7) y{ = yl(modm). 

Consider first the case a = 0. Then by (4) and (5) 

(z0 - yi,m) = 1 

and there exists / 6 Z such that 

(8) 2l(z0 - yi) = l(modm). 

We put 

x = 2lx0{z0 - yi), y = l(x\ - (z0 - yi) 2), z = \{x\ + (*o - J/i)2)-

We have x2 + y 2 = z2. On the other hand, by (7), (8) and (1) 

x = lo(modm), 

y = 1(4 -y\- (zQ - yi)2) = 2/yi(z0 - ft) = yi(modm), 

z = l(Ą - y\ + (z 0 - yi)2) = 2/20(20 - yi) = 2o(modm), 

hence 
a;2 = x2! y 2 = yo. ^ 2 = ^(modm). 

Consider now the case a > 0. If 20 = Xo(niod2) and ZQ = y 0(mod2) we 
should have by (1) (xo, yo, z0, m) ^ 1, contrary to (2). 

Without loss of generality we may assume that z0 ^ y 0 (mod2). 
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Then x0 ^ 0(mod2) and, by (6), z0 £ j/i(mod2), by (4) and (5) 

(z0 - 2/i, m) = 1. 

There exists / € Z such that 

f(zo - J/i) = l(modm). 

We put 

x = lx0{zo - yi), y = 1-*—K— , z = I . 

We have x2 + y2 = z2. On the other hand, by (7), (9) and (1) 

x = xo(modm), 

y , , 4 - v i s , M z a _ y i ) s y i ( m o d I ) , 

, s , 4 - . i + («.-»)' = l z o { Z D _ y i ) 3 Z c (m o d ™) 
hence 

x2 = x\, y2 = yo» 2 2 = zl{modm), 

because m/2 = 0mod2. 
Assume now, that (xoj J/o, ^o, m) = d > 1. Then 

( T ) 2 + ( ? ) 2 = ( 7 ) 2 M O D ( ^ ) A N D ( T ' T 7 ' ( ^ P ) ) = 1 -
Moreover ord2 m/(m, d2) = 0 mod 2. Hence, by the already proved case of the 
theorem there exist integers x±, y\, z\ such that x2 + y2 = z\ and x\ = (^f) 2 , 

y\ = ( f ) 2 , z\ = ( f ) 2 (mod jJipy). It suffices to take 

x — dx\, y'= dyi, z = dz\. • 

As observed already by Korec the condition ord2 m even cannot be omit
ted from the theorem. Indeed, the numbers m = 22a+1, XQ = yo = 2a, 
z0 = 0 satisfy (1), but the conditions x2 = xl, y2 = y$, z2 = z2, (modra) 
imply x2 + y2 ^ z2 (mod 2m). 
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