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GENERALIZED PERIODIC SOLUTIONS
OF ORDINARY LINEAR DIFFERENTIAL
EQUATIONS IN THE COLOMBEAU ALGEBRA

JAN LIGEZA

Abstract. It is shown that from the fact that the unique periodic solution of
homogeneous system of equations is the trivial one it follows the existence of
periodic solutions of nonhomogeneous systems of equations in the Colombeau

algebra.

1. Introduction

We consider the following problem

(1.0) g () = Y Ai(t)z;(t) + fu(?),
j=1

(1.1) zx(0) = 2x(w), w>0, k=1,...,n,

where Ay, fi and zi are elements of the Colombeau algebra G(R); z(0)
and zx(w) are understood as the value of generalized functions z; at the
points 0 and w respectively and k = 1,...,n (see [2]). Generalized functions
Ak; and fi are given, elements zj are unknown (for k,5 = 1,... y,n). The
multiplication, the derivative, the sum and the equality is meant in the Co-
lombeau algebra sense. We prove theorems on the existence and uniqueness
of solutions of problem (1.0)-(1.1). Our theorems generalize some results
given in [8], [9], [11], [12].
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2. Notation

Let D(R) be the set of all C* functions R —+ R with compact support.
For ¢ = 1,2,... we denote by A, the set of all functions ¢ € D(R) such that
the relations

. oG [o¢}
(2.1) / o(t)dt = 1, / tfo(t)dt =0, 1<k<q
-0 -0

hold.

Next, £[R] is the set of all functions R : 4; X R — R such that R(y,t) €
C°(R) for every fixed p € A;.

If R € E[R], then Dy R(¢p,t) for any fixed ¢ denotes a differential operator
in ¢ (ie. DyR(p,t) = S (R(p, 1)) for k > 1 and DoR(¢p, t) = R(p,t)).

For given ¢ € D(R) and € > 0, we define ¢,, by

(2.2 oelt) =20 (1)

An element R of £[R] is moderate if for every compact set K of R and every
differential operator Dy there is N € N such that the following condition
holds; for every ¢ € An there are ¢ > 0, g9 > 0 such that

(2.3) sup |DeR(¢e, )| S ce™™  if 0<e<eo.
teK

We denote by Ear[R] the set of all moderate elements of £[R].

By I' we denote the set of all the increasing functions a from N into R*
such that a(g) tends to oo if ¢ — oo.

We define an ideal N[R] in £y[R] as follows; B € N[R] if for every
compact set K of R and every differential operator Dy, there are N € N and
a € T such that the following condition holds: for every ¢ > N and ¢ € A,
there are ¢ > 0 and €9 > 0 such that

(2.4) sup | DgR(pe, t)| € ce®(a)-N if 0<e<ep.

teK
The algebra G(R) (the Colombeau algebra) is defined as a quotient algebra
of Ep[R] with respect to N[R] (see [2]).

We denote by & the set of all functions from A; into R. Next, we denote
by €u the set of all the so — called moderate elements of & defined by

(2.5) Em = {R € &: there is N € N such that for every ¢ € Ay there are

¢> 0, o > 0 such that |[R(p.)| S ceNif0<e< 170}.
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Further, we define an ideal N of £y by
(2.6) N = {R € &o: there are N € N and « € I" such that for every ¢ > N
and ¢ € A, there are ¢ > 0, 7o > 0 such that |R(p,)| < ce®(@-N if
O<ex< 770}- |
We define an algebra R by setting

R= STM (see [2)).

It is known that R is not a field.

If B € £m[R] is a representative of G € G(R), then for a fixed ¢ the map
Y : ¢ = R(p,t) € R is defined on A; and Y € €y The class of Y in R
depends only on G and t. This class is denoted by G(t) and is called the
value of the generalized function G at the point ¢ (see 2.

We say that G € G(R)is a constant generalized function on R if it admits
a representative R(p,t) which is independent on ¢ € R. With any Z € R we
associate a constant generalized function which admits R(y,t) = Z (p) as it
representative, provided we denote by Z a representative of Z (see [2]).

Troughout the paper K denotes a compact set in R. We denote by R A, (e,8),
R, (#,t)y Royi(9)y Rajq,,(#), Ra;(p,t) and R (p,t) representatives of
elements Ayg;j, fr, 2oj, (to), z; and z; for k,j = 1,...,n. Let A(t) =
(A @), @) = (A®--., falt)T, 2() = (21(8),...,2a())T, 2'(t) =
(z1(t), ..., 25 (t)T, o = (%10,... ,Zno)T, where T denotes the transpose.
We put

Ra(p,t) = (RAkj (@)t), Ry(pt) = (B (o, 8), ... y Ry, (o, t))T’

Rz(‘P’ t) = (Rzl (‘Pa t), R (‘Pa t))T7 Ry ((10’ t) = (R:c’l (e, t): ces ,Rz; (‘P’ t))T,
R-'Bo (‘P) = (Rl'lo (()0)1 ey R-'l»‘no (‘P))T,

Rz‘(to) ((p) = (R.’L‘l(to) (90)1 sy Ra:,.(to) ((P))T’

¢ ¢
/ Ra(p,s)ds = ( / Ry, (o, S)ds) :
to to
¢ ¢ ¢ T
/R;(cp,s)ds: (/Rfl((,a,s)ds,... ,/Rf“(ga,s)ds) )
to fo to
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IR4(e: )l =J > R4 (@,0)12, IR0, 0)]l = \|Z|Rf,-(90,t)|2,

k,j=1 Jj=1
I1RAe, )l = s3p WA Ol 1Rs(, Ol = sup IRy (o,

If Agj, fi € GR), u= (ul, Sy un) €ER®, v = (vr,...,vn) ER®, b €
NR], m; € N, p; € Rfor k,j = 1,...,n, then we write Ra(p,¢) €
gnxn ] Rf(‘101t) € SM[R] (Akj) € gnxn(R)’ f = (fla--- af'n)T €
G"(R), b= (b,...,0n)T € N"[ l, m= (my,...,m,) € N*, p=

(ph s )pn) € Rﬂ and ('u" v) Z Uiv;.

We say that 2 = (z1,.. :vn)T € G™(R) is a solution of system (1.0) if
z satisfies system (1.0); i.e. 1f R:(p,t) is a representative of z, then there is
n € N*[R] such that (for every ¢ € A; and t € R)

Ry (@,t) = Ra(p, ) Rz(, t) + (e, 1)

If z € G™(R) admits an w—periodic representative Rz(p,t) (w > 0) and z
is a solution of system (1.0), then we say that  is the w-periodic solution
of system (1.0).

The class of all w—periodic generalized functions will be denoted by G, (R).

An w—periodic function p € C*®(R) is called hereditarity w—periodic if
there is a w-periodic function ¢ such that ¢’ = p (see [19]). One can show
(see [19]) that for every hereditarily w-periodic function p there exists a
unique hereditarily w-periodic function g such that ¢' = p (see [19]). Now
we shall give the definition of a smooth integral of a function p € C*°(R) (see
[1], [19]). Let B be a positive number and let the support of a nonnegative

function ¢ € D(R) equals 3, 26]. Moreover, let f e(t)dt =1 (w>0) and
let J] be the characteristic function of the mterval [0,w]. We define

w+3p
@n / A(r — o)dr

1\“

t
p(s)ds = / p(s)ds,
Ca
where

A0 = [ TIe-owls)ds

If ¢ and ) are fixed, then integral (2.7) is a primitive function of p. A primitive
function which is of the form (2.7) will be called a smooth integral of p. The
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smooth integral of order n we define by induction, letting

(2.8) /tf(s)dso%f, jf(s)ds":/t Csf(r)dr"'l) ds.
oA Ca & 6

One may prove (see [19]) that for every hereditarily w—periodic function p,
t
J p(s)ds is also a hereditarily w-periodic function which does not depend

A
on the choice of ¢ and A.
3. The main results

First we shall introduce some hypotheses.

Hypothesis H;

(3.0) A€G™"(R), feg"(R);

the matrix A € G"*"(R) admits an w—periodic representative R 4(¢,t) such
that .

(3.1) Ra(p,t) = (Ra(pt))T  forevery @€ Ay,

(3.2) the matrix A € G"*"(R) admits w-periodic representative R4 (¢, t),

(3.3) f € G"(R) admits an w—periodic representative R (¢, t),
(3.4) the matrix A € G"*"(R) admits a representative R4(p,t) with the
following properties:
a) Ra(yp,t) is w-periodic for every ¢ € A,
b) for every K there is N € N such that for every ¢ € Ay there
are constants ¢ > 0 and €¢ > 0 such that

t
Il / R4 (e, 8)||dsllx < ¢ for 0<e<egy,
0

the matrix A € G"*"(R) (n > 2) admits an w—periodic representative
R4(p,t) = (Ra,, (o, t)) with the following property: there is N € N
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such that for every ¢ € Ay there are constants g > 0 and 9 > 0
such that

(3.5) Ra;;(pest) 270 if 0<e<eg, j=1,...,n;t€[0,w]
and
(3.6) Ra,;(peit) = —Ra;, (pert)  for j#k; jk=2,...,m
the matrix A € G"*"(R) admits an w-periodic representative R 4(¢, t)

with the following property: there is N € N such that for every
@ € Ay there are constants g > 0 and 7o > 0 such that

(3.7) (uT, Ra(pe,t)u) > v0(u,u) if 0<e<ep,

t € [0,w] and u € R™.

Hypothesis H;

(3.8) Pi,r € Gu(R) for i=1,...,n;
p; € G(R) and p; admits a representative Ry, (¢,t) with the following pro-

perties: for every K there is N € N such that for every ¢ € Ay there are
constants ¢ > 0 and g9 > 0 such that

t .
(3.9) ||/|Rp,.(cps,s)|ds|(1< <c if O<e<eo and i=1,...,n
0

the element p; € G, (R) admits an w—periodic representative R,,(¢,t) with
the following property: there is N € N such that for every ¢ € Ay there are
constants €p > 0 and vy < 0 such that

(3.10) Ry, (ve,t) € Y0 if 0<e<eg and te[0,w],
the element p; € G, (R) admits an w—periodic representative R,,(¢,t) with

the following property: there is V € N such that for every ¢ € Apx there are
constants gg > 0, 7o > 0 and <; > 0 such that:

(3.11) |Rp,(pest) 270 if 0<e<e and te[0,w]
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and

w

16 .
(3.12) /IRP,(QO;,t)dt < _(,:Y- -T if 0<ex< &0,
2 :

p2 € L},.(R) and p; is an w-periodic function such that:

w w
61 [m@az0 o [ImOdE<s, o070
0 0
elements p; € G, (R) (i=1,...,n; n > 2) admit w-periodic representatives

R,, (¢, t) with the following property: there are N € N and 8 > 0 such that
for every ¢ € AN there are constants gg > 0, vo > 0 and v; > 0 such that

. n—1 w+30 ‘
(3.14) Z: Rpsn—l) (vest) 2 Y0, max / | Rp; (e, t)|dt € a(w, B,€) — 1,

if0<e<eg, te€[0,w]and
n-1 : L
a(w, B,¢€) = (Z(w + 3:3)“""1) ;

i=0

the element p,, € G(R) admits an w—periodic representative R, (¢,t) with
the following property; there are N € N and 8 > 0 such that for every
¢ € An there are constants g > 0, 79 > 0 and v; > 0 such that

W
(3.15) Byp. (pert) 2 0, / Ry, (¢ert)dt  (w+30) " — 4,
. 0

if 0<e<ég and te€[0,w].
Now we shall give theorems on the existence and uniqueness of the solution

of problem (1.0)-(1.1). Apart from problem (1.0)—(1.1) we shall examine the
homogeneous problem

(3.16) z'(t) = A(t)z(t),

(3.17) z(0) = z(w).



74

THEOREM 3.1. We assume conditions (3.0), (3.4)(;). Moreover, we as-
sume that the trivial solution is the unique solution of problem (3.16)-(3.17)
in G*(R). Then problem (1.0)—(1.1) has ezactly one solution z € G"(R).

THEOREM 3.2. We assume conditions (3.0), (3.3), (3.4)(a)~(s). Moreover
we assume that the trivial solution is the unique w—periodic solution of system
(3.16) in G™(R). Then there ezists ezactly one w-periodic solution of system
(1.0) in G*(R).

REMARK 3.1.If A and f have properties (3.0), (3.4)(s), then the problem

(3.18) 2'(t) = A(®)=(t) + f(2),

(3.19) z{to) =9, W €R, o€ R

has exactly one solution z € G*(R) (see [11]). Besides, every solution z of
system (3.18) has a representation

(3:20) 2(t) = Z()e+Q(),

where Z is a solution of the problem

(3.21) Z't) = A(t)Z(¢),
(3.22) Z(tg)=1, ty €R,
c = (c1,-..,¢n)T, c,? are generalized constant functions on R for j=
1,...,n, I denotes the identity matrix and @ is a particular solution of

system (3.18). The solution z is the class of solutions of the problems

(3.23) o'(t) = Ralp,)2(t) + By(p,1),
(3.24) z(to) = Rzo(¢), ¢ € Ay (see [11]).

EXAMPLE 3.1. Let § denotes the generalized function (delta Dirac’s gene-
ralized function), which admits as the representative the functions Rs(p,t) =
¢(—t), where ¢ € A;. Then § has property (3.4)(s). It is not difficult to show
that the problem

(3.25) 2'(t) = (6°(8))'2(),
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(3.26) z(-1)=1
has not any solutions in G(R) ( see [11}]).

REMARK 3.2. If p € L],.(R), then we put

o0

(3.27) Ry(pat) = [ plt+eu)p(u)du= (p+00)(t),

- 00

where ¢ € A; (see [2]). Hence
(3.28) Prpe—p in Li(R)  (see[1])
and R, has property (3.4)).

REMARK 3.3. It is known that the algebra £¢(R) of all piecewise continu-
ous functions on R is not a subalgebra of G(R) (see [2]). If 1,92 € C*(R),
then the classical product and the product in G(R) give rise to the same
element of G(R). If necessary we denote the product in G by ® to avoid

confusion with the classical product.

Taking into account the continuous dependence of z on coefficients Ay;
and f;, (k,j=1,...,n) we have

THEOREM 3.3. We assume that

(3‘29) Akjafj € Llloc(R) Jor k,j=1,...,m;

(3.30) Aij, fj are w -periodic functions (k,j=1,...,n);
(3.31) the trivial solution is the unique w-periodic solution of system (3.16)
in the Caratheodory sense.

Then z = (0,...,0)7 is the unique w—periodic solution of the system
(3.32) z'(t) = A(t) © z(¢)
in G*(R).

THEOREM 3.4. We assume conditions (3.4)(a)(s); (3.7). Thenz = (0,...,0)T
is the unique w-periodic solution of system (3.16) in G™(R).
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COROLLARY 3.1. If the matriz A has properties (3.4)(a)- (1), (3.5), (3.6),
then z = (0,...,0)T is the unique w-periodic solution of system (3.16) in

g™ (R).

REMARK 3.4. It is known that if ¢ € .4; and if d(¢) denotes the diameter

of the support of ¢ (i.e. d(p) = sup |z —y|), then
z,yEsuppy

1 \-1
Ry (¢, t) = (exp W‘P)) ENR]  (see[2]).

Let
d(e), if o€ g1\ A2k, k=1,2,...
R yt) =
n(#)?) {Rl(go,t), - otherwise
and let
) Ri(p,t), if o€ A1 \ Agx, £=1,2,...
Ralirt) = { 10 M
d(e), otherwise.
Then

Ro(p,t)Rp, (¢,t) € NR], Rz(p,t) € N[R],

DiR:(p,t) =0, Ry, (¢e,t) >0 and Ry, (@e,t) =0 as € — 0 (for fixed ¢).
Thus z = [R;(p,t)] # 0 is an w—periodic solution in G(R) of the equation

z'(8) = p(D)=(2),
where p; = [Rm ((P’ t)]

REMARK 3.5. If conditions (3.1); (3.7) are satisfied, then the quadratic
form (uT, Ra(pe,t)u) is positive definite.

Now we shall consider the equations

(3.33) g™ (t) + p1 ()™ V() + ...+ pa(t)z(2) = 0,
(3.34) 2™ (E) + o )"V (@) + ... + pa (B)2(t) = r(2).

THEOREM 3.5. We assume conditions (3.9); (3.14). Then z = 0 is the
unique w-periodic solution of equation (3.33) in G(R).
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COROLLARY 3.2. If conditions (3.8), (3.9), (3.14) are satisfied, thenz =0
is the unique w-periodic solution of equation (3.34) in G(R).

THEOREM 3.6. We assume conditions (3.9); (3.15). Then z = 0 is the
unique w-periodic solution of the equation - :

(3.35) 2™ () 4+ pa(t)2(t) = 0
in G(R).

CoROLLARY 3.3. If conditions (3.8), .(3.9) and (3.15) are satisfied, then
& = 0 is the unique w-periodic solution of equation (3.35) in G(R).

'REMARK 3.6. If conditions (3.8), (3.10) are satisfied, then z = 0 is the
unique w—periodic solution of the equation

(3.36) z"(t) + p2(t)z(t) =0
in G(R) (see [12]).

REMARK 3.7. If conditions (3.8)-(3.9), (3.11)-(3.12) are satisfied, then
z = 0 is the unique w—periodic solution of equation (3.36) in G(R) (see [12]).

REMARK 3.8. If conditions (3.13) are satisfied, then equation (3.36) has
only the trivial w—periodic solution in the Caratheodory sense (see [8]).

4, Proofs

Proor oF THEOREM 3.1. To this purpose we consider the following
systems of equations

(4.1) Hc=1b,

and

(4.2) Hc=0,

where

(4.3) H=2(0) - Z(w), c=(ciy...,cn)7,

(4.4) b=Q(w) - Q(0),
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Z is solution of problem (3.21)—(3.22) and Q is defined by (3.20). From as-
sumptions of Theorem 3.1 and from [13] we infer that det(H) is an invertible
element of R. This proves the Theorem 3.1.

ProoF oF THEOREM 3.2. The uniqueness of the w—periodic solution of
equation (1.0) follows from assumptions of Theorem 3.2. It is sufficient to
show existence of the w—periodic solution of equation (1.0). First, we shall
prove that if R4(¢,t) and Rf(yp,t) are w—periodic representatives of A and
f respectively, then there is N € N such that for every ¢ € Ay there is a
constant €9 > 0 such that: for every 0 < € < & the equation

(4.5) z'(t) = Ra(pe, t)z(t) + Rf (e, t)
has exactly one w—periodic solution. To this purpose we examine the problem
(4.6) Z'(t) = Ralper)2(1),  2(0) =

Let Rz(pe,t) be solution of problem (4.6). Then every solution R.(,t)
of equation (4.5) has the following representation

(4.7) Ry(pert) = Rz(pe, t)c(pe) + Q(epe, t)

where ¢(pc) = (c1(@e), - - en(pe))T,  ci(pe) ERfori=1,...,n and
(4.8) Qper) = Ra(prt) [ B3 (pr )Ry (e, o)ds.
0

We consider equation (4.5) with conditions

4.9 Rz(e, 0) = Re(pe, w).

By (4.5) and (4.9) we obtain the system of equations

(4'10) F(tpe)E((pe) = 5(905)’
where

(411) H(pe) = Rz(pe,0) - Rz(pe,w)
and

(4.12) b(®e) = Q(2e(0) — Q(pe,w)). ,
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Taking into account assumptions of Theorem 3.2 and invertibility of the
matrix H (see [13]) we conclude that there is N € N such that: for every
¢ € Apn there are constants ¢ > 0 and go > 0 such that

(4.13) |detH (@) > ce¥  for 0<e<ep.

Using (4.8)—(4.13) we deduce that equation (4.5) has exactly one w-periodic
solution z(w,,t) (for ¢ € A4, ¢ > N and 0 < € < &9). Applying (4.10) and
(4.13), we get

(4.14) e(ee) = (H(pe)) ™ b(pe)

(for ¢ € Ay and 0 < € < &). .
Hence (we put &(¢e) = (0,...,0)T if det H(p,) = 0)

(4.15) t(p) € Ex[R].
On the other hand
(4.16) " Rz(p,t) € £ R],  Rz'(e.t) € £ [R]

(see [11]), therefore
(4.17) Ra(p,t) € EYIR],
which completes the proof of Theorem 3.2.

PROOF OF THEOREM 3.3. If 7 is a nontrivial w—periodic solution of sys-
tem (3.32) in G*(R), then

(4.18) Rz (pert) = Ra(pe,t)Ro(pert) + (e, t)
where

(4.19) RA((Pe,t) = ((RAkj. * (,Oe)(t)),
(4.20) n € N"[R]

and R (¢, ) is an w—periodic representative of z. On the other hand R, (¢, 1)
has the representation (4.7), where

. i
“2)  Qet)=Rzlpat) [(Ralpe o) n(pno)ds
0
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By (4.16) and (4.21) we get

(4.22) Q(p:t) € N*[R].
In view of (3.27)-(3.28) we have
(4'23) 'l'_l_l')ré RZ-‘,‘ (Pest) = Zij (t)

(almost uniformly, for every fixed ¢ € Ax and for sufficiently large N),
where

Rz(pest) = (Rz,;(pe, 1)), Z(2) = (2i;(t)),

4,j=1,...,n; Rz(pe,t) and Z are solutions of problems (4.6) and (3.22) re-
spectively (in the Caratheodory sense). Relations (4.22)~(4.23), (4.7), (4.12),
(4.14), (4.16) and (3.31) yield (we put €(¢,) = (0,...,0)7 if det H(p) = 0)

(4.24) c(¢) € N*(R]

and this completes the proof of Theorem 3.3.

PROOF OF THEOREM 3.4. Let z be a nontrivial w—periodic solution of
system (3.32) in G"(R). We examine equality (4.18), where R4(¢p,t) and
Rz(p,t) are w—periodic representatives of A and z respectively. By (4.18)
and (3.7) we get

((Rz((yoe,t))T: Ry (‘Pe,t)) = ((Rz(‘Pe’ t))T ) RA(‘Pc,t)Rz'((Ps, t))
(4.25) + (Rz(9e, 1), 1(@er t)) > Yo(Re(Per t)y Ra(@ert)) + (e t)
= Yo|| Rz (e, t)”2 + (e 1),

where
(4.26) (e, t) = (R, t), n(p, 1)) € N[R].
Hence |
o 0270 [ IBslon DI+ 1) = r0uliBelpe ol + ()
: 0
2 70“’R3:,- (Soca Te) + 77* (‘Ps)7
where

(4.28) 7*(¢) €N, Te € [0,w] and i=1,...,n.
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The last inequalities imply the relations
(4.29) . | Rz; (e Ts)l < csa(q)eNo’ i=1,...,n

(for ¢ > N§, ¢ € Ay and 0 < € < &p).
On the other hand (by (4.18)) we have

t t
(430) Rolpet) = Relper) + [ Ralpes)Relper o+ [ nliers)ds.

Applying relations (3.4), (4.29)—(4.30) and the Gronwall inequality we de-
duce that

(4.31) 1Rz (e, D)lljo.u) € coe™ DN
and

' d o(q)-N,
(4-32) —'_Rz(ws, t) < C,-€ g r
(forg> N,, p€ A;and 0 < € < €3).
Therefore
(4'33) ' Rz(‘Pa t) E Nn[R]

which completes the proof of Theorerh 34.
PROOF OF THEOREM 3.5. Let z = [R.(¢,t)] be a nonzero w—periodic
solution of equation (3.33). Then we consider two cases:
(4.34) there exists ¢y € [0,w] such that z(¢) =0,
(4.35) z(t)#0 forall teR.

If n =1 and z(tp) = 0, then Theorem 3.5 is obvious (by Remark 3.1).
We assume that n > 1 and z(¢p) = 0. Then
(4.36)
Ry (e ) + Rp, (9e1t) Rptn-1) (#er B) - - . + Rp, (0e, £) Be(per ) = n(¢pe, £),

where n(p,t) € N[R] and Ry, (p,t), Ry=-i(p,t) are w—periodic representa-
tives of p; and ("~ respectively fori =1,...,n.

6. Annales . ..
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Hence

t T n

Rz(pe,t) = —/ / ZR,,,. ($ey 8)Ryin—is (e, 8) | ds™ 1 | dr
(4.37) D\ N\
+ Rz(to) ((Pe) +m (‘Pe):
where
, Ry(t0)(#), m(p) €N.
We put
. n

(4.38) Mz‘e = ”Rz(ﬂ--’) (()06; t)”[O,w]a Me = EMisa

i=1

t . (v)
(4.39) F) (pest) = - (/ (Z Ry (Pey 8) Ryn-i (e, 3)) dsn_l)

" =1

forv=0,...,n-2.
By [19] we infer that F(*) (¢, t) is a hereditarily w—periodic function (for
¢ € An and 0 < € < &p). Relations (4.38)—(4.39) yield
w438
d

(4.40) atn—_2F(<ps,t)| <M, [oax / | Ry, (qoe,t)ldt
0

and

w438

n-—y—2
o S +397? ma [ 1Bautuhia
! (1]

’ d

WF(‘PS’ t)

(forv=0,...,n-2).
In view of relations (4.36)—(4.41) we get
w+36 A
(4.42) M, < Me(a(w,ﬂ,g))—l lrga&x / lRp.' (Sae’ t)ldt + csa(q)—No
[IRkn

0

(for ¢ > Ny, ¢ € Aj and 0 < ¢ < &f)).



Taking into account (3.14) we have

(4.43) M,  ce®(a)—Ne,
Thus
(4.44) R.(¢:t) € N[R].

In the case 22, we conclude that (having integrated by parts the products
Ry, (¢est)Rytn-0 (@e, t) in (4.36) for n > 1)

0 =/Rz(n)(lpe,t)dt
4]

(4.45) = / (i(-l)""'Rpgn—-v(%,t)) Rz(pe, t)dt + ma{epe)

) i=1
. n . !
=W (Z(—l)n-‘Rpgn-i) (Sos, Tc)) Rx(‘Pea Te) + T (908)1
=1
where 72 € N and 7, € [0,w].
The relations (3.14) and (4.45) yield
(4.46) |Ro(pe, 7e)| < ee(@ M
(for g > Ny, p € A;and 0 < e < F).
On the other hand

@4)  Rulpet) = Ralper) = [ FO(puds+m(p)

Te

where 73 € A and F(©) (¢, s) = F(¢e, s). Using arguments similar to those
in the case (4.34) we obtain relations (4.43)-(4.44), which completes the
proof of Theorem 3.6.

Proof of Theorem 3.6 is similar to the proof of Theorem 3.5.

5. Final remarks
REMARK 5.1. If Agj,z; € C®(R), A = (Agj), = = (z1,... ,zn)T (for
i,k =1,...,n), then the classical product A -z and the product A® z in
G™(R) give rise to the same elements of G*(R) (see [2]).

6*
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Hence we get
THEOREM 5.1. We assume that
(5.1) Ari, [ €C®R)  for jk=1,...,n;

(5.2) Agj, f; are w-periodic functions (fork,j=1,... y1);

(5.3) the trivial solution is the unique w-periodic solution of system (3.16)
in the classical sense,

(5.4) & is the w—periodic solution of system (1.0) in the classical sense,
& € G™(R) is the w-periodic solution of the system

(5:5) | 2'(t) = A(t) @ =(t) + £()-
Then % and & give rise to the same element of G™"(R).

PROOF OF THEOREM 5.1. Let Z = [Rz(p,t)] be an w—periodic solution
of system (5.5) and let & be an w-periodic solution of system (1.0). Then

(5.6) Rz (peyt) = A(t) Rz (e, t) + £(t) + n(ee, ),

where 7 € N™[R] and Rj3(p,t) is an w-periodic representative of % (for
0 <& <&, ¢ € Ay and for sufficiently large N).

Thus
(5.7) Ryi(pe,t) = A(t)Rz(pe, t) — n(pe, t),
where
(5.8) Ra(pe,t) = 5() — Rz (e, t).

Using arguments similar to those in relations (4.18)—(4.24) we conclude that
(5.9) & - Ry(p,t) € N"[R]
which completes the proof of Theorem 5.1.

REMARK 5.2. It is known that every distribution is moderate (see [2]).
On the other hand L. Schwartz proved in [18] that there does not exist
an algebra A such that: the algebra C(R) of continuous functions on R
is subalgebra of A, the function 1 is unit element od A, elements of A
are "C'®” with respect to a derivation which coincides with usual one in
C'(R), and such that the usual formula for the derivation of a product
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holds. As consequence multiplication in G(R) does not coincide with usual
multiplication of continuous functions.

EXAMPLE 5.1. Let g;(t) and g2 (t) be continuous functions defined by

0, if ¢<0,

5.10 £) =
(5:10) - () {t, if t>0,
t, if ¢<0,

5.11 t) =
(5-11) 92(¢) {0, if > 0.

Then their classical product in C(R) is 0. Their product in G(R) is different
from O (see [2]). :
Let us consider the equations

(5.12) z'(t) = g1(t)2(t) + 95(t), |

(5.13) 2'(t) = g1(t) © z(t) + g2(8).-

It is easy to show that z = g3 is a classical solution of equation (5.12) (in the
Caratheodory sense). On the other hand ¢ = g; is not a solution of equation
(5.13) in the Colombeau algebra G(R), because g; ® g is not zero in G(R)
(see [2], [11]).

To “repair” to consistency problem for multiplication we give the defini-
tion introduced by J. F. Colombeau (see [2]).

An element U of G(R) is said to admit a member W.€ D'(R) as the
associated distribution, if it has a representative Ry (¢,t) with the following

property: for every ¢ € D(R) there is N € N such that for every ¢ € Ay we
have

(5.14) tm, [ Boteativrae=w).

THEOREM 5.2. We assume that
(5.15) conditions (3.29)—(3.31) are satisfied,

(5.16) 7T is an w—periodic solution of system (1.0) in the Caratheodory sense,
7 € G"(R) is an w-periodic solution of the system

(5.17) 2'(t) = A(t) @ 2(0) + £(1).
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Then T admits an associated distribution which equals T.

PROOF OF THEOREM 5.2. Let R:(pe,t) be an w—periodic solution of

system (4.5) (for ¢ € Ay, 0 < € < ¥ and for sufficiently large N),
where

RA (‘Ptv t) =((RAkj * ‘Pe) (t))s
Ri(pe,t) = ((Ry, * @e) (), - .. , (Ry, * 0e) (£))7 .

Then, by virtue of relations (4.7)-(4.17), (4.23) and (3.28) we have

(5.18)

(5.19) lim, B, (e, ) = 720

(almost uniformly), where i = 1,...,n; ¢ € Ay and 7 = (..., Z7)T. On
the other hand T = [R, (¢, t)] is an w-periodic solution of system (5.17) (we
put Ry(pe,t) = (0,...,0)7 if det H(p) = 0). This proves of the theorem.

REMARK 5.3. Generalized solutions of ordinary differential equations with
additional conditions can be considered on the other way (for example:

[31-{7], [9]-{10], [14]-{17), [20]).
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