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A LAGRANGE-TYPE INCREMENT INEQUALITY

ARPAD SzAz

Abstract. We prove an extension of Lagrange’s increment inequality with-
out using Lagrange’s mean value theorem and the Hahn-Banach theorems.

1. Introduction

Let X and Y be normed spaces over K = R or C, and for a,b € X
define
[a,b] ={Xa+(1-A)b: 0<A<1}.

Because of [1, p. 23], it is cértainly well-known that the follofving the—
orem can be proved directly without using Lagrange’s mean value theorem
and the Hahn-Banach theorems.

THEOREM 1. If f is a function from a subset D.of X intoY and a, b€ D,
with a # b; such that [a,b] C D° and f is differentiable at each pomt of _
[a,b], then :

|b—a| _ze[ab
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However, it seems to be overlooked that, by introducing the absolute
infimum derivative

[ f@®) - f(=) |

# =
f (.'z:,y) teDNjz,y] |t—:13| ’

a slight modification of the same direct proof can be used to prove a much
more general theorem.

2. The absolute infimum derivative

To get rid of the differentiability condition in Theorem 1, it seems conve-
nient to introduce the following

DEFINITION. If f is a function from a subset D of X into Y, and z € D
and y € X, then the extended real number

|f(t) - f(=)]

# =
7z y) teDnlzy] |t~z

?

where |z, y] = [z, y]\{z}, will be called the absolute infimum derivative
of f at z relative to [z, y].

REMARK 1. Recall that inf@® = +o00, and therefore f#(z,y) = +oo if
Dnlz,y] =9. ,

The relationship of the absolute infimum derivative with the directional
and total derivatives can be cleared up by the next

PROPOSITION 1. If f is a function from a subset D of X into Y and

z € D and y € X \ {z} such that f is differentiable at z in the directjon

y — <z, then
1
f#(z,y) < |_y——a:|'f;"”(z)|'

PROOF. If z=y—z and ¢ty =z + Az for A >0, then
fi() = lim A7 (£(82) - £(z))
Therefore, for each ¢ > 0, there exists a A €]0, 1] such that

| £(t2) = f(2) = Afi(=) | <€A
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And hence, by the triangle inequality, it follows that
[£83) - £@)] < (I£2@) | +€)A
Now, since A =|z|~!|ty —z| and t) €]z, y], it is clear that
A (z,y) < (1 f2(@) | +e) 27"
Therefore, the inequality
fA(z,y) < | F2@)11=7

is also true.

Now, as a useful consequence of this proposition, we can also state

PROPOSITION 2. If f is a function from a subset D of X into Y and
z € D° such that f is differentiable at x, then

#(z,y) < | (@]
forall ye X\ {z}.
ProOF. Recall that now we have
|fy—z($)| =1f'(=)y—=2)| < |f' @)y
for all y € X \ {z}, and thus Proposition 1 can be applied.

‘REMARK 2. Note that according to the ideas of [7], the condition
z € D° should be weakened.

3. A Lagrange-type inequality
Now, as a substantial generalizé,tion of Theorem 1, we can also prove

THEOREM 2. If f is a function from a subset D of X into Y and
a,be D, with a # b, such that

(1) z€(DnNn]a,z[) implies z€D forall =z €la,b[,
2 |f(=)- fla)| < 11m | f(t) - fla)| forall z€ la, b] with
'tGDn]a z{

z € (DNla,z[)’, then
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O -J@] o ).

|b’—a'| - zeDN[e,b[

PROOF. Assume that

M= sup f#(z,b) < +oo,
z€DN[e,b]

and for € > 0 define
A={zeDnla,b] : |f(z)-f(a)|<(M+e)|z—al}.

Then, it is clear that {a} C A C [a, b].

Moreover, we can also show that there exists a ¢ € A such that

[e—-b] = d(A,b) = :Ielfqlx—-bl.

Namely, if this is not the case, then |z — b| > d(A,0) forall z € A.
Therefore, by induction, we can find a sequence (a,) in A such that

d(A,b) < |an —b| < min{|an_1 —b|, d(A4,b) +n"'}

for all » > 1. Hence, it is clear that the sequence (|a, — b|) strictly
decreasingly converges to d(A,b).

Moreover, since A C [a,b] and [a,b] is compact, there exists a sub-
sequence (z,) of (a,) and a point zo € [a,b] such that z, — z.
Clearly, the sequence (|z, — b|), being a subsequence of (|a, — b}),
also strictly decreasingly converges to d(A, b). Moreover, now we also have
|Zn —b| = |20 — b|. Therefore d(A,b) =|zo —b|.

Now, to get a contradiction, we we need only show that zy € A also holds.
For this, note that the properties z,, z¢ € [a,b] and |z, —b| > |zo — b]|
imply that z, € [a,zo[. And the properties z,, € DN[a,zo[ and z, — zo
imply that zo € (DN]a,zo[)’. Therefore, by the conditions (1) and b€ D,
we have zo € D.

Moreover, note that the property z, € AN [a,zo[ implies that

| f(zn) — fla)| £ (M +e€)|zn—a] < (M +e)|z0—al.
Hence, since z,, — xg, it is clear that

inf |f(t)—fla)| < (M+¢€)|zo—a
It—zo|< o
tEDn]a zo[
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for all » > 0. Therefore, we also have

lim | f(t)— f(a)| < (M +¢)|zo —al.
t—z
teDnlazol

Hence, because of the condition (2), it is clear that zo € A. And this
contradicts the assumption that |z —b| > d(A4,b) forall z € A.

Now, having proved that d(A,b) =|c—b| for some c € A, it is easy to
show that necessarily ¢ = b holds.

Namely, if ¢ # b, then ¢ € A\{b}, and hence ¢ € DN[a,b[. Therefore
f*(c,b) < M +¢,
and thus there exists an = € DN]e, b] such that
| f(z) = fle)| < (M +e)|z—c|.

Hence since

[ fle)—fla)| < (M +¢)|c—al
and |z ~c|+|c—a|=|z—a], itis clear that
| f(z) ~ fa)] £ (M +¢)|z—al.

Therefore £ € A. And this contradicts the fact that d(A, b) =|c—b].

Finally, to complete the proof, we note that if ¢ = b, then b€ A, and
hence

| f(b) — fla)] £ (M +¢)|b—al.
Therefore, the inequality
[f(®) — fla)| £ M|b—a|
is also true.

REMARK 3. Note that the conditions (1) and (2) are trivially fulfilled if
DN Ja,b) is closed and the restriction of f to DN]a,b] is continuous.

Note that thus, for any @, b € X with a # b, D may be a finite subset of
[a, b] with a, b€ D, and f may be an arbitrary function from D into Y .

2 — Annales...
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4. A partial strengthening of Theorem 2

Besides Theorem 2, it seems to be of some interest to prove the following
more particular

THEOREM 3. If in addition to the conditions of Theorem 2, we have

(3) inf | f(z) - f(a)| =0,

z€Dnla,b|

then
150 ~fla)| sup f#(x b).

lb al - z€DN]a,b[

PROOF. Because of the condition (3), for each ¢ > 0, there exists a
¢ €)a, b[ such that
| f(c) - fla)| <.

Moreover, by using Theorem 2, it is easy to see that

VOO o gy fhab) < sup  fHa,b).
‘b_cl z€DnN|[c,b[ z€DN}a,b
And hence, since

1f0) = fla)| _ [F®) = fl)] | 1f(c) = fla)]

[b—al - {b—c| |b—al ’
it is clear that '
| f(b) = f(a) | # €
o su z,b) + ]
|b—a'| a:E,Dﬂl])a,b[f ( ) |b_al.

Therefore, the stated inequality is also true.

REMARK 4. Note that the additional condition (3) is trivially fulfilled if
a € (DN]a,b[)’ and the restriction-of f to D N {a,b[ is continuous at a.

Note that now, for any a, b € X with a #b, D may be a finite subset
of [a, b] with a,b € D, and f may be a function from D into Y such
that f(z) = f(a) for some z € D\ {a, b}.
Acknowledgement. The author is grateful to Laszlé6 Czach for pomtmg
out a direct proof of Theorem 1.
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