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A B S T R A C T B O C H N E R A N D M C S H A N E I N T E G R A L S 

ŠTEFAN S C H W A B I K 

A b s t r a c t . A short description of the classical Bochner integral is presented 
together with the McShane concept of integration based on Riemann type 
integral sums. The corresponding classes are compared and it will be shown 
that the situation is different for finite- and infinite - dimensional valued 
vector functions. 

Preliminaries 

Assume that [a, b] C R is given and that fi is a (nonnegative) measure on 
[a, b]. Let Y be a Banach space w i th the norm || • 

A function / : [a, b] —• Y is called simple i f there is a finite sequence 
Im C [a, b], m = 1,. . . ,p o f measurable sets such that 

Im n Ii = 0 for m ^ I 

and 
p 

[a,b]=(Jlm 

m=l 
where 

f(t) = ymeY forte lm, 

i.e. / is constant on the measurable set Im. 
Denote by J(n, Y) = J{n) = J the set of a l l s imple mappings defined 

on [a, b]. 
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Clear ly J is a l inear space and i f / is a simple funct ion then also ||/|| : 
[a, b] -»• R is a simple function. 

T h e abstract Bochner integral 

We define the integral of a simple function f : [a, b] —• Y i n the fol lowing 
natura l way 

/

6 p 
fdfi = ^2 y m At (/ m ) . 

m=l 

If A C [o, b] is measurable and the function / is simple, then we define 

fA(t) =./(t) i f * e A 

and 

fA(t) = 0 if t t A. 

The funct ion fA is s imple and we set 

rb 

The integral of s imple functions / G J defined i n this way is evidently a 
l inear mapp ing / : J —tY. 

If A, B are disjoint measurable sets then from the l ineari ty of the integral 
and f rom the obvious identi ty /AUB = /A + /B we have 

(2) f fdp = f fdft+ f fdfi. 
JAUB JA JB 

If Y = R and / < g where f,g € J, then 

(3) j fdpL< j gdn-

If / > 0 and A C B, then 

(4) / fdfi < f fdfi. 

JA JB 

For the integral of a function / € J ' we have 

(5) II / fdA\ < f II/PM < sup ||/(0IIM(A) 
JA JA t€[o,6] 
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because 

II f /d,i|| = || £ y m » ( A n i m ) \ \ < £ \\ym\\n(Anlm) 
J a m=l m=l 

< max||ym|| V p(A D Im) = sup ||/(t)||/i(il) 
ŚŹl *€[a,6] 

a n d ( X = 1 ( ^ n / m ) = A 
For a given / 6 J ' let us define 

(6) \\f\\i=[b\\f\W. 
J a 

For the mapp ing || • (d : J -> R the following holds: 

(a) 
H / l l i > 0 for every / G J , 

(b) 
l|a/lli = MI I/ l l i for every / G J and a G R, 

(c) 
11/ + < H/il i + l i r l l i for every f,g G J . 

B y || • ||i a seminorm on J is given; the impl icat ion ||/||i = 0=* -/ = 0 does 
not hold, i t suffices to take A C [a, b] such that fi(A) = 0 and a funct ion / 
for which f(t) = 0 provided t £ A. 

The triangle inequal i ty (c) can be shown i n such a way that a decompo­
si t ion of the interval [a, b] into measurable sets is produced w i t h respect to 
which each of the functions / and g is simple, i.e. / and g have constant val­
ues at each measurable component of the decomposit ion, and the inequality 
results from the triangle inequality i n the Banach space Y. 

The seminorm || • ||i given above for elements of J is sometimes called the 
L1- seminorm. 

We w i l l consider the complet ion of the linear space J of simple functions 
on [a, b] w i th respect to the L 1 - s e m i n o r m . 

1. DEFINITION. The sequence (/,) = {fq)q*Li,fq G J, q = 1,2, . . . is 
called an L1- Cauchy sequence i f for every e > 0 there is an N = Ne G N 
such that 

l l / 9 - M ! i < e f o r c , r > JV e . . 

The sequence {fq),fq G J, q = 1,2, . . . is called an L1- zero sequence i f 

l i m H / J l x = 0 . 
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The complet ion o f J is given as the space of equivalence classes of L1 

Cauchy sequences of functions from J, where two L1- Cauchy sequences 
are equivalent i f their difference is an L1- zero sequence. 

Let us denote by £ = C(fi) the set of a l l functions / : [ o , 6 j - > y for wh ich 
there is an L1- Cauchy sequence q = 1,2, . . . of simple functions wh ich 
converge to / fx- almost everywhere i n [a,b], i.e. 

l i m ||/,(t)-/(i)||y = 0 
q-*oo 

for fj.- almost a l l t € [a, b]. 
C has the structure of a l inear space, i.e. i f (fq) and (gq) are L1- Cauchy 

sequences of s imple functions which converge / i - almost everywhere to / and 
g, respectively, then (fq + gq) and (afq) are L1- Cauchy sequences of s imple 
functions converging [i- almost everywhere to / + g and af, respectively ( 
a G K is an arbi t rary number) . 

2. FUNDAMENTAL L E M M A . Let (fq) be an L1-Cauchy sequence of simple 
functions denned on [a, 6]. Then there is a subsequence, which converges 
pointwise n~ almost everywhere and for every e > 0 there is a Z C [a, b] with 
fi(Z) < e such that this subsequence converges absolutely and uniformly on 
[a,b]\Z. 

PROOF . Since the sequence (/,) is L1- Cauchy, for every A; € N there is 
iVfc € N such that i f q, r > ; then 

l i / 9 - J r l l i < • 

It can be assumed that iV* < i V f c + 1 . We set 

Sfc = fNk\ 

then 

\\9m - 9n\\l = ||/jVm ~ /ArJIl < ^ 

for m > n . 
We w i l l show that the series 

0i(*) + £ ( 0 i i + i ( t ) - 0 k ( t ) ) 
k=l 

converges absolutely for fi- almost a l l t G [a, b] to an element i n Y and that 
this convergence is uni form except a set w i t h arb i t rar i ly sma l l / J - measure. 
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Denote 

Mn = {te [a,b]; \\gn+1(t) - gn(t)\\Y > 

T h e n we have 

J 

2 
,V/x(M„) = f ^dn < [ \\gn+1(t) -gn(t)\\YdfM 

JMN * JMN 

< J \\9n+i(t) - gn{t)\\Ydfj, = \\gn+i-9n\\i < 

and this yields 

Let us define 
Zn = MnUMn+1U.... 

T h e n Zn+i C Zn and 

OO OO .J .J 

For t £ Zn and > n we have 

2j 2n+1' 
j=i j=i 

\\9k+i{t) - gk(t)\\Y < ^ 

and therefore the series ^^„(ff/fe+iCi) — 9k(t)) converges absolutely and 
uniformly for t £ Zn. 

P u t t i n g Z = Zk, we have for sufficiently large k 

fi(Z) = n(Zk) < - L < e 

and this leads to the assertion on the absolute and uni form convergence. 
If we take M = f\Zn, then evidently fJ.(M) = 0 and i f t £ M, then t £ Zn 

for some n . Therefore the series gi(t) + J2'k=i(ak+i.(^) ~ 9k(t)) converges 
for t £ M and this means that l im f c _ ) . 0 O g f c ( i ) = Ximk-teo fNk{t) exists for / i -
almost a l l t G [a, b]. 

3. LEMMA. Assume that (fq) and (gq) are L1- Cauchy sequences of 
simple functions, which converge fi- almost everywhere to a function f : 
[a, b] —> Y. Then the limits l i m g _ j . c o / a

Ł fqd/j, and lim g_».^ gqdfi exist and 

rb pb' , 

(7) l i m / fqdfi = l i m / gqdfj,. 
9 - * - ° % 1->°°Ja 
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PROOF . It is easy to show the existence of the l imi ts . Indeed, for s imple 
functions fq we have 

|| /"/„d/i - ["frdfiWy =|| f{U-fr)MW 

< / 6 ||/ g -/r||yr f/x = | | / g - M l i . 
J a 

T h i s means that the sequence of integrals J* fqdfi is a Cauchy sequence i n the 

Banach space Y, and therefore i t is convergent, i.e. the l im i t l i m ^ o o Ja fqdfi 

exists and s imi lar ly also for l i m , - ^ gqdfi. 
Let us set hq = fq—gq- The sequence hq is L1- Cauchy and l i m ^ o o hq(t) — 

0 for fi- almost a l l t G [a,b]. Th i s implies that the sequence of integrals 
f hqdfjL is convergent. It remains to show that 

fb 

l i m / hgdu = 0. 

To a given e > 0 choose N G N so that for r, q > N we have 

\\hq - hr\\i < e. 

Define 
M = {t G [a, b]; hN{t) ^ 0} C [a, b]. 

For q> N we have 

f \\hq\Wdii= f \\hq-hN\\Ydn 
J[a,b]\M J[a,b]\M 

< j \\hq - hN\\Ydn = \\hq - hN\\i < e 
Ja 

because /ijv(i) = 0 for t G [a, b] \ M. B y the Fundamenta l L e m m a 2 there 
exists a subset Z C M w i t h 

M(Z) < 
sup ||/*iv(*)j|y + 1 

t€[a,b] 

and a subsequence hqa which converges to zero uni formly on the set M\Z. 
Hence there is an s0 G N , s0 > N such that for s > s0 anf for t G M \ Z we 
have 

I K . W I K 
M M ) ' 
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Therefore 

/ » ^ < ^ 
IM\Z 

provided s > SQ. For s > so we also have 

J \\hq,(t)W < jz I I M * ) ~ hN(t)W + jz \\hN{t)W 

<\\hq, ~ M | i + sup \\hN{t)\\n{Z) 
te[o,6] 

<£+ J M n , . sup \\hN(t)\\Y < 2e. 
SUPt€[a,6] \\hN{t)\\Y + 1 t€[a,6] 

Hence 

I I M i = / 6 | I M < ) l l 4 « 
J a 

= / \\hq,(t)\\dn+ f \\hq,(t)W+ f \\hq.(t)W 
J[a,b]\M JM\Z Jz 

<e + e + 2e = 4e, 

i.e. l i m tbha.(t)du = 0 and therefore also I im fhha(t)du = 0. 

4. DEFINITION. For / e £ we define 

r& /•& 
(8) 

/•& /"O 
/ /d/u = l i m •/ fqd\i 

J a « - » ° ° A 

where is an arbi trary L1- Cauchy sequence of simple functions which 
converge / i - almost everywhere i n [a, b] to / G £. 

The value f fdfj, given by (8) is called the Bochner integral of the function 
f. In some cases the more extensive notat ion (£ ) fdfi w i l l be used for this 

concept of integral. 

B y (1) the integral was defined i n a very natura l way for simple functions. 
B y (8) this integral is extended to functions / e £ } . 

The correctness of this definition is clear by L emma 3 because by this 
L e m m a the integral of a function / G £ defined by (8) does not depend on 
the choice of the L1- Cauchy sequence of simple functions which converge 
(j,- almost everywhere i n [a, b] to the function /. 
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5. L E M M A . I f / G £ and (fq) is the L1- Cauchy sequence of simple 
functions which corresponds to f, then is integrable and the sequence 
(||/g||y) approximates In this case we have 

(9) fb\\f\\Ydfi= l i m [h\\fq\\Ydfi= l i m ||/ a|U. 

Moreover 

(10) II f" fdfM\\Y< [b\\f\\Ydn. 
J a J a 

PROOF . Since 

LLL/,WI|y-H/r(<)L|y|<LL/,(*)-/r(*)L|y,-

we get 

ILLL/Jy - ||/r||y||i = /6|||/9(<)L|y - LL/RWIIVL** 
J a 

< [b\\fq(t)-fAt)\\Ydlt = \\fq-fr\\1 

J a 

and this means that the sequence ||/g||y of real - valued simple functions is 
L1- Cauchy. Moreover 

l i m ||/,(t)|!y = ||/(t)||y 
(J—>oo 

for (i- almost a l l t G [a, b] and consequently ||/||y is integrable. 
Since by (5) for /, G J we have 

I / UM\r < [ \\fq\\y, 
J A J A 

(8) and (9) can be used for obtaining (10) by passing to the l imi ts w i t h 
q —t oo on bo th sides of this inequality. 

F r o m L e m m a 3 we know that l i m , - ^ ||/ g || i does not depend on the choice 
of the sequence (fq) which approximates /; therefore the seminorm denned 
for simple functions / G J can be extended to functions / G £ by the 
relat ion 

/ ||/(i)||yd/i= l i m \\jqh 
Ja 9 - * ° ° 
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6. LEMMA. If f G £ then.for every e > 0 there is a simple function 
ge G J such that 

(11) TL/-0e|| i<e , 

i.e. the set J of simple functions is dense in £ with respect to the seminorm 

II-111-

PROOF. Since / G £ there is an L 1 - Cauchy sequence (fq) of elements 
/q G J which converges / i - almost everywhere to /, i.e. given e > 0 there is 
i V £ 6 N such that 

(12) ||/r-/c||l<£ 

provided r,q > Ne. Let us fix r > Ne and put gE = fr G J . T h e n (<7g) 
where gq = fq - fr = fq - ge G J is L 1 - Cauchy and gq ^ f - fr = f - ge 

fj,- almost everywhere i n [a,b]. Hence by (12) we have 

11/ - 9eh = 11/ - M L I = l i m LL^ILI = l i m - M | X < e 

q—>oc q—+oo 

and (11) is satisfied. 

7. L E M M A . The space £ equipped with, the seminorm || • ||i is complete. 

PROOF. Assume that (gq) is a Cauchy sequence w i th respect to the 
seminorm || • || i . B y L e m m a 6 for every g G N there exists a simple funct ion 
fq £ J such that 

I k - M l i < J -

Then 

LL/9 - MLI < ||/, - gq\\i + \\gq - P r l l i + lift- - MLI <\ + \ + hi - ft-111 

and therefore the sequence (fq) is L1- Cauchy. B y the Fundamenta l L e m m a 
2 the sequence (fq) contains a subsequence ( / g J which converges / i - almost 
everywhere i n [a,b] to a certain funct ion / G £. For this subsequence (fqs) 
we have 

LIFT/. - /IK < to,. - MILI + II/9. - /H i 

and this means that the subsequence (gqa) of (<7g) converges i n the seminorm 
II • ||i to /. Th i s implies that also the orig inal sequence (gq) converges in this 
seminorm to / G £ an henceforth £ is complete. 
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Partit ions, systems and gauges 

Let an interval [a, b] C M, —oo < a < b < +00 be given. A pair (T, J) 
of a point r G K and a compact interval J C 1R is called a tagged interval, r 
is the tag of J . 

A finite col lection {(TJ, JJ), j = 1,. . . ,p} of tagged intervals is cal led an 
L - system on [a, b] i f 

J n t ( J i ) D Int(Jj) = 0 for i ^ j . 

( Int(J) denotes the interior of an interval J.) 
A finite col lection {(TJ,JJ),J = 1 , . . . , k} of tagged intervals is cal led an 

L - partition of [a, b] i f 

Int(Ji) n Int{Jj) = 0 for i £ j 

and 
fc 

( Zn t (J ) denotes the interior of an interval J.) 
A n L - par t i t i on {(T,-, JJ), j = 1 , . . . , k} for which 

Tj £ J = 1) • • • > ^ 

is called a P - partition of [a, b]. 
Clear ly every P - par t i t i on of [a, b] is also an L - par t i t i on of [a, b]. 
Sometimes it is useful to denote 

Ji = [ati-i,ai], i = l,...,k 

for a given L - par t i t i on of [a, b], where 

a = ao < OLi < • • • < ak = b. 

In other words we w i l l assume i n the sequel that the par t i t i on { (TJ, Ji), 
i = 1 , . . . , k} is ordered i n such a way that 

sup Ji = in f Ji+i, i = 1 , . . . , k — 1. 

G iven a posit ive funct ion S : [a,b] —> (0,+00) cal led a gauge on [a, b], a 
tagged interval (r, J ) w i t h r G [a, b] is said to be 6-fine i f 

JC[T-6(T),T + 6(T)]. 
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Us ing this concept we can speak about S-fine L - partitions (or systems) 
and S-fine P - partitions {(TJ,JJ), j — 1 , . . . , k} of the interval [a, b] when­
ever (TJ, JJ) is 5-fine for every j = 1,..., k. 

It is a we l l -known fact that given a gauge S : [a, b] —• (0, -f-oo) there exists 

a <5-fine P - par t i t i on o f [a, b]. 
Th i s result is called Cousin's lemma, see e.g. [13, Theorem on p. 119]. 

8. L E M M A . Assume that / € C and e > 0. Then there is a gauge 
w : [a, b] -> (0, +oo) and rj G (0, e) such that the following statement holds. 

If 

{{Hm,tm),m = l,...,p} 

is an OJ- fine L- system for which 

p 
n{Hm) < n, 

m=l 
then 

£ | | / ( f r t ) | | y M ( i / , „ ) < e . 
m = l 

PROOF . For j = 1 ,2 , . . . let us set 

E3 = {te[a,b}; i - r < | | / ( t ) | | y < i > . 

Since ||/||y is integrable by L e m m a 4, the sets Ej are measurable and we 
have Ei (1 Ej = 0 for i ^ j and 

3=1 

We also have 

oo fb °° 

Y,{3-mE3)< n / w i ł * * < £ J > ( 3 
3=1 J a 3=1 

) 

and therefore 

rb oo rb Q" po 

Y,MEj)< | | / W I I ^ + £ p ( Ą ) = / l l / ( * ) l l ^ + A*([a,6]) < o o . 
3=1 J a 3=1 J a 
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Assume that eo > 0 is given. For j = 1,2, . . . there is an open set Gj C [a, b] 
for wh ich Ej C Gj and 

p(Gj) < ii{Ei) + 1 

and this together w i t h the inequality given above yields 

oo oo oo 

I > « ? i ) < £ j > ( Ą ) + E ^ < ° ° -
j=l j=l j=l 

Hence there is an r G N such that 

oo 

E 3/*{Gj) < £ o-
i = r + l 

If t € [o, 6] then there is exact ly one j 6 N such that t E Ej. For a given 
t G [a, 6] let us choose the gauge u such that 

[a, b]n(t- u(t), t + u(t)) C Gj. 

If now { ( / f m , i m ) , m = 1,...,p} is an u- fine L - system, then we have 
tm € Ejm, 

Hm C ( t m - u{tm), tm + oj{tm)) C Gjm 

and 

ll/(«m)l|y < J m 

for m = 1,.. . ,p . Hence 

E \\f{tm)\\Yll{Hm) < J2 3mH{Hm) + J2 3m^{Hm) 
m = l m = l m = l 

jm <r jm >r 

<r »(Hm)+ 3mP{Gjm) <rrj + e0. 
m = l m = l 

£ £ 
Tak ing £ o < a n " *7 < 2 + 1 w e O D * a m * n e desired result. 

McShane integral, the classes <S* and S 

9. DEFINITION. B y S* = S*([a,b];Y) the set of functions / : [a,b] ->• V* 
is denoted for which to every e > 0 there is a gauge J on [a, b] such that 

fc ; 

(!3) E E l l / ^ ) - ^ ) H ^ n ^ ) < e 
»=1 j = l 
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for every 5-fine L - part i t ions {(ti,J{), i = and {(sj,Lj),j = 
l , . . . , / } o f [0,6]. 

B y S = S([a, 6]; Y) we denote the set of functions / : [a, b] —• Y for which 
to every e > 0 there is a gauge S on [a, b] such that 

fc 1 

( u ) n E / ( * « ) ^ ) - E / ( s X ^ ) i i > ' < £ 

t=i 3-1 

for every <5-fine L - part i t ions {(U,Ji),i = l , . . . ,Ar } and {(SJ,LJ), j = 
1,...,/} of [a,6]. 

Funct ions / G S are called McShane integrable while functions / € 5 * are 
called absolutely McShane integrable. 

10. L E M M A . IffeS* then f eS, i.e. S* c S. 

PROOF. If {(<*, J j ) , i = 1, . . . , k} and {(sj, Lj), j = 1,...,/} are J- f ine L 
- part i t ions of [a, 6] we have 

i 

and 
fc 

M A f ) = E M 4 ' ~ i L i ) . 
i=l 

Hence 

= 1 1 E E n ^ ) - E E n*MJi n £i)IIV 
j'=l t=l i=l j'=l 

= I I E E ( / ( * * ) - M ) M 4 n LMy 

j=l t=l 
{ fc 

^ E E H ^ - ^ I I ^ W n L , ) 
j = l i = l 

and by Def in i t ion 9 this yields the statement. 
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11. PROPOSITION. IffeS then there is an element 5/ €Y such that 
for every e > 0 there exists a gauge S on [a, b] such that 

k 
(15) \\YlnU)t*{Ji)-S,\\Y<e 

t=i 

for every S-fine L - partition {(U, J{), i — 1 , . . . , k} of [a, b]. 

PROOF. Let e > 0 be given and assume that S is the gauge wh ich corre­

sponds to - by the def init ion of the class of functions S. 
Denote 

k 
S(e) = {S(f,D) = ^2 f(tMJi); D = {(U, J j ) , i = l,...,k} 

t=i 

an arb i t rary S- fineL par t i t i on of [a, b]}. 

The set 5(e) C Y is nonempty because by Cousin 's l emma there exists a 5-
fine L- par t i t ion {(**, J j ) , i , A;} of [a, 6]. Since by def init ion of S we have 

l l E / ( * « ) M ^ ) - E M ) M ( ^ ) l | y < | 
i= i i = i 

for every (Mine L - part i t ions {(ti,Ji),i = l , . . . , fc } and {(SJ,LJ), j = 
1, . . . , 1} of [a, b], we have also 

d i a m S(e) < -

(by d i am 5(e) the diameter of the set 5(e) is denoted). Further evidently 

5 (e i ) C 5 (e 2 ) , 

provided e i < e?.. Hence the set 

C\W) = SseY 
£>0 

consists of a single point because the space Y is complete (by 5(e) the closure 
of the set 5(e) i n Y is denoted). 

For the integral sum S(f,D) we get 

k 
\\Y,f(tiMJi)-Sf\\y<e-, 

•=l Ł 
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whenever D — {(ti, J O , i = 1,... ,.k} is an arbi trary 5- fine L- par t i t i on of 

M 

12. DEFINITION. The value Sf given by Propos i t ion 11 for a funct ion 

f & S w i l l be denoted by (5) /0
& fdfi and cal led the McShane integral of the 

function /. 

R E M A R K . It is easy to see that i f / € S* then by L e m m a 10 it is also 
/ 6 S and i n this case we have a Sf e Y such that (14) holds, i.e. the 
McShane integral (S) fdfi can be defined for functions / belonging to S*. 

It is easy to show that the McShane integral has the usual properties, e.g. 

If for f,g : [a,b] —• Y the integrals (S) fdfi and (S) J^gdfi exist then 

for C i ,C2 6 K the integral (S) f^{c\f + C2g)dfi exists and 

(S) [ (c1f + c2g)dti = c1(S) [ fdfi + c2(S) f gdfi. 
Ja Ja Ja 

If (S) fdfi exists and [c, d] C [a, b] then also the integral (S) f* fdfi 
exists. 

In integration theory based on integral sums like the McShane integral 
the following l emma is useful. 

13. L E M M A (SAKS - HENSTOCK) . Assume that f e S. Given e > 0 
assume that the gauge 5 on [a, b] is such that 

Y < e 

for every 6- fine L- partition {(t{, J j ) , i = 1 , . . . , k} of[a,b]. 
Then if {(rj,Kj),j = 1,. . . ,m} is an arb i t rary 6- fine L- system we have 

I I E - W jK hr < e. 

PROOF. Since {(rj,Kj),j = 1,... ,m} is a S- fine L- system the com-
m 

plement [a,b] \ \J IntKj consists of a finite system M m , m = 1,.. . , p of 
j=l 

intervals i n [a,b]. The function / belongs to S and therefore the integrals 
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(S) fM fdfi exist and by definit ion for any 77 > 0 there is a gauge 6m on 
Mm w i t h Sm(t) < S(t) for t €E Mm such that for every m = 1,.. . ,p we have 

II £ f(sT)p(JT) - (S) [ fdp\\Y < -^-r 
r-[ JMm P + l 

provided {(s™, J/™), i = 1, . . . , km} is a <$m- fine L- par t i t i on of the interval 
Mm. T h e s u m 

m p 

Ę / ( r i ) / « ( / f i ) + E E ^ ) 
j=l m = l i = l 

represents an integral s u m which corresponds to a certain S- fine L - par t i t i on 
of [a, b] a n d consequently by the assumption we have 

P fern /.6 

1 y < e-I E f(rMK3) + E E / W M J T ) - (5) / / * i | h 
jr"=l m = l i = l • , 0 

Hence 

| | E / ( ^ ) M ^ ) - ( 5 ) / /<W|y 
i = l JKi 

< l l E / ^ > ( ^ ) + E E M U D - ( « 5 ) / /d/i||y 

J'=l m = l i = / ( s p ) - / ° 

P km . 

+ E II E f(s?Mjr) - (S) / /d/i||y < e + p - J -
m = l i = l • / m ™ P + 

Since this inequal ity holds for every TJ > 0 we obta in immediate ly the state­
ment of the lemma. 

14. COROLLARY. If f e S and the Banach space Y is Unite-dimensional 
and if given e > 0 the gauge 6 on [a, b) is such that 

\\Y,f(tMJi)-(S) [bfdp\\y<e 
i = i J a 

for every 6- fine L- partition {(tj, J j ) , i — 1 , . . . , k} of [a, b], then we have 

E - O*) / fdii\\Y<Ke 
3=1 JKi 
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for an arbitrary 6- fine L- system {(rj,Kj),j — 1, . . . , m}. K is a constant 
which depends on the dimension of the Banach space Y only. 

PROOF . It is easy to see that there is no restr ict ion i n assuming d i m V = 1. 
The more - dimensional case can be treated componentwise. 

Assume therefore that / : [a, b] - » M. Define Af+ as the set of indices 
j = 1 , . . . , m for which 

f(rMKj)-(S)f fdu>0 

and M _ as the set of indices j = 1 , . . . , m for which 

T h e n by the Saks - Henstock l emma 13 we have 

£ (HrMK3) ~ (S) [ fdfi) = I £ U{rMK3) - (S) f /*. )| < e 

and 

- E (/ (*•> (* ; ) - ($ ) / /<W = I E (f(rMKi)-(S) f fdu)\ < e. 
j£M+ Jk) jeM- Jk3 

Hence 

E l / M M ^ i ) - ^ ) / A M I 

- (S) [ fdn) < 2e. 

The constant K for the general case comes from the relat ion between the 
given norm || • ||y on Y and the norm given for example as the sum of absolute 
values of the coordinates of a point i n Y . 

Compar ison of Bochner and McShane integrals 

O u r a im now is to compare the concept of Bochner and McShane integral 
described above. 
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15. PROPOSITION. IffeC then also f eS* and 

(16) (£) f fdp = {S) f fdp 
J a J a 

PROOF . Assume that / € C and that e > 0 is given. 
Let fq, q = 1,2, . . . be an L1- Cauchy sequence of simple functions wh i ch 

converges to / p.- almost everywhere i n [a,b], i.e. 

l i m \\fq(t)-f(t)\\Y = 0 
q—too 

for p- almost a l l t £ [a, b]. 
Let r) e (0, e) and the gauge w : [a, b] (0, oo) be given by L e m m a 8. Take 

ft 
a G (0, - ) . B y the Fundamenta l L e m m a 2 the sequence fq, q = 1,2,.. . can 

a 
be chosen i n such a way that there exists a set ZQ C [a,b] w i t h n{Za) < — 
such that the sequence fq converges to the function / uni formly on [a, b]\Za. 
The fi- measurable set Za can be approximated from above by an open set 
Ga i n such a way that Za C Ga and n{Ga) < a. Let us define the closed 
set 

Fa = [a,b)\Ga. 

Conc lud ing we have the following result. To a > 0 there exists a closed set 
Fa c [a, b] such that 

n(Fac[a,b])=n(Ga) <a 

and there is an na € N such that 

for q > na and t € Fa. 
Assume that q > na. Since fq is a simple function there is a finite sequence 

Iqm C [a, b], m — 1,... ,pq of measurable sets such that 

J«m n J „ = 0 for m ć I 

and 

m = l 

where 
/?(*)= Vqm^Y ioTteIqm,m = l,...,pq. 
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B y the measurabi l i ty of the sets J , m there exist closed sets F9m w i t h 

Fqm C Iqm and 

\fqm)<-^{orm = l,... ,pq. 

Hence 

Define further 

Pq Pi 

m=l m = 

Aqm =FanFgm,m = l,...,Pq. 

The set Aqm is closed and AQm C\Aqi = 0 for m 7U. Therefore the distance 
of different sets Aqm is positive, i.e. there is a p > 0 such that i f t G Aqm, 
s G Aqi and m ^ I, then 

| t - s | > p . 

Further we have 

M \ U 4,™ = U U ( F ° n F « m ) 
m=l m=l m=l 

m=l m=l 

= \J(Iqm\FqJvfob]\Fa 

m=l 

and therefore 

M [ o , 6 ] \ [ j ^ 9 m ) < E ^ \ F ^ ) + M ( [ « , & ] \ i ; , a ) < | + a < ^ 
m=l m=l 

Let us take a gauge S on [a, b] such that 

5(t) < min(u;(i), for t G [a, 6] 
Li 

and 

(t - *(*),t + S(t)) n [a,6] C [a,b] \ (J A Qm 
m=l 

prov ided* G [a, 6] \ (J AQm. Th i s can be done because the set [a, b] \ \J Airi 

m=l m=l 
is open. 
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Assume that Ji), i = l,...,k} and {(SJ, Lj), j = 1 , . . . , 1} are (Mine 
L - part i t ions of [a, b]. B y the choice of the gauge S given above we ob ta in 
the following properties of a (Mine L - par t i t ion {(U, Ji), i = 1, . . . , fc}: 

P«J 
If U G l j A 9 m , tAen i/iere is r = l,...,pq such that U G Aqr; since 

m=l 
6(ti) < we have 

(ti-6(ti),ti + 6(ti))nAqm=<li 

provided m^r and therefore also 

J i n A , m = 0 

for m^r. 
P« 

If U U Aqm, then 
m=l 

Pi 

(17) Ji C (U - 6(U),U + 6(U)) C [a,6]\ (J AQm, 
m=l 

i.e. 
J i n ^ m = 0 

k Pq 
for every m = 1,. . . ,pq. Moreover, since (J Ji C [a,b] \ ( J Aqm, 

t = M i * lM , m m = 1 

k Pq 

p{ (J Ji)</i(K6]\ (J Aim)<n-
i=l,Ut[JAqm m=l 

Simi lar properties ho ld also for the par t i t i on {(Lj, Sj)}. 
Pq 

Assume now that U,Sj G \J Aqm. If Ji n Lj = 0, then necessarily 
m=l 

\U - Sjl < p 

because dist {U,Ji) < ^, dist (SJ,LJ) < ^ and 

|*t - *,-| < |*» - o| + \SJ -a\<p 

where a G J j D Lj. I n this s i tuat ion there is a n r = 1,. . . ,pq for wh i ch 
G A 9 r . Indeed i f U and ŝ - would belong to different Aqm, then we 
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would have \U — Sj\ > p and this contradicts the inequality given above. 
Hence 

MU) = fa(sj) = yqr 

because Aqr C Iqr. A t the same t ime we also have AQr c Fa and therefore 

\\fq(t)-f(t)\\Y<afoit£Aqr. 

Th i s yields 

(18) \\f(U) - f(s3)\\Y < WMU) - HU)\\Y + WMSJ) - f(Sj)\\Y < 2a. 

Pq Pq 
I f at least one o f the inclusions i j € ( J = Aqm, Sj G \J Aqm does not ho ld , 

m=l m=l 
Pq 

i.e. i f we have for example Sj G [a, b] \ \J = Aqm then by (17) we get 
m=l 

Pq = 

JiHLjCLj C [a,b]\ (J Aqm 

m=l 

and the tagged interval (Jj D Lj,Sj) is <S- fine. S imi lar ly also the tagged 
interval (Jj D Lj,U) is J - fine. The other possible cases lead to the same 
conclusion. 

For showing / G S* we need an estimate for the sum 

k I 

s = E E H / f o ) - / M l r r t - * nL,-). 
t=i j=i 

The set 

M = = 1 , . . . , * , j = i , . . . , 0 

can be spl i t ted into 

M i = G M ; ̂  G [J Agm}= and M 2 = M \ M L 
771 = 1 

T h e n 

s= E l l / ( * * ) - / ( * i ) I I ^ W n ^ ) + £ l l / M - Z ^ l l ^ n ^ ) . 

B y (18) we get 

E \\f(U)-HaMrMnLjX 2a £ • /x(Jj f l L j ) = 2a/j([a,6]). 
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For the other s u m X ) ( j , j ) €M 2
 — f(8j)\\Yp{Ji H Lj) we know that 

(J (JinLj)c[a,b) \ \J Aqm, 
(«J')6MJ m = l 

that the intervals J j f l w i t h (i,j) 6 M 2 are nonoverlapping and 

E M J * n L i ) ^ M [ ° > & ] \ 0 > < * 
( i , j )€M 2 m = l 

Hence by L e m m a 8 we get 

(«.i)6M2 

< E \\f(U)\\YH(JinLj)+ E H/ ( « i ) ||yA i ( J i nL i ) <26 . 
(«,J)€M2 (i,j')€M2 

Altogether we obta in 
S < 2a/x([a, &]) + 2e 

and this yields / € 5 * by definit ion. 
It remains to show that for the integrals the equality (16) holds. 
Suppose that e > 0 is given. Assume that E C [a, b] is an arb i t rary 

measurable set. Let us put F = [a, b] \ E; then evidently [a, b] = E U F. In 
this s i tuat ion there exist open sets G and H such that 

E C G, F C H 

and 

fx(G) < n{E) + e, n{H) < »{F) + e 

Let us define a gauge S : [a, b] ->• (0, +00) such that 

iit EE then (t - ó(t),ł + 6(t)) n [a, b]cG 

and 
iit e F then (< - £(*),t + 6(t)) D [a,b] C H 

hold . 
Let { (Jj , tj)} be a fine L - par t i t i on of [a, 6] and assume that XE is the 

characteristic funct ion of the set E. Then 

k k 

(19) E x * f e M J * ) = E M W ) < M ( G 0 < M £ ) + £ 
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and s imi lar ly 
k 

Y,XF(ti)n(Ji) < fi(E) + e. 

Further we have 

i=l 

X[a,6] = XE + XF-

t=l i=l 

and also 

Th i s yields 

t=l i=l t=l 
> / i ( [ a , 6 ] ) - ( / x ( J P ) + e ) = / i ( £ : ) - e . 

Th i s inequal ity together w i th (19) implies 

k 
\J2xE(iiMJi)-l*m<e. 
t=i 

Since by definit ion we have 

(£) / XE(t)dn = n(E), 
J a 

we have also 

k 
(20) I " / X^(*)d/*l 

t=i 1 / 0 

< e. 

B y definit ion we know that XE E C and by the result stated above we have 
also XE G S*. The last inequality means that 

(C) f XE(t)dfi = (5) f XE(t)dfJL 
J a J a. 

If now y G then the function y x s : b] -¥ Y belongs to £. Therefore 
yXE £ <S* by the previous results and also 

rb rb 
(£) / VXE(t)dfi = y/i(E) = y ( £ ) / xs(*)<fa-

J a J a 
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Hence by (20) we get 

k 

t=i J a 

= \\y 5 > i ^ ) / i ( J i ) - ( £ ) fxE(tW \W < \\y\\ye, 

i.e. we obta in 

(£) / yXE(t)da = (S) / yXE(t)dfi 
Ja Ja 

and this immediate ly implies that 

rb 
(C) [ g(t)d» = (S) f g(t)d» 

J a J a 

for an arbi t rary s imple funct ion g : [a,b] -> Y. W i thou t any loss of gener­
al i ty i t can be assumed that for the approximat ing sequence (/,) of s imple 
functions the inequal ity 

< l l / (* ) l|y + i 

holds for (i- almost a l l t £ [a, b]. (It is possible to define gq(t) = fq(t) 
i f ||/g(*)||y < ||/(<)||y + 1 and gq(t) = 0 otherwise; gq is the the desired 
bounded approx imat ing sequence of simple functions for the funct ion /.) 

Since 

l i m ||(£) / fqdu-(C) f fdfi\\Y = 0, 
a-*°° Ja Ja 

there is a q G N , q > na such that 

||(£) f fqdp-(C) f fda\\Y<e 
J a J a 

and for the simple funct ion fq the equality 

(£) fbfqdti = (S) fbfqdfi 

J a J a 

is satisfied. 
Assume that Si is a gauge on [a, b] for which 5i(t) < S(t) i f * € [a, b] (for 

the gauge S see p. 14) and 

\\Y,f<i(tMJi)-(S) f fM\Y<e 
t=i J a 
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for every 6%- fine L- par t i t i on {(Ą, U), i — 1 , . . . , k}. 
For such a <$i- fine L- par t i t i on {(Ji, *,), t = 1 , . . . , Jfe} we have 

, J a 

»=i t=i 

+ IIE/»(**)/*(•*) - W TM*l|y + HOC) / ' /,<fc - (£) f fMW 

J = j Jo JO •/ o 

fc A: 
< ii E ffoM*) - E /«(*•• MJi)\\Y+ 

i=i t=i 

We need an estimate for the sum on the right hand side of th is inequality. 
Pq 

We spl i t the sum into two parts, one w i th U € \J Aqm and the other one 
m=l 

PQ 
w i t h t j i (J Aqm, i.e. 

m=l 

fc fc 

£ ( / ( * ) - / « ( * ) ) / * « ) = E (/(*«) - ./t W W * ) 
«=1 J>9 

<=M<e U = ^ m 
m=l 

+ E ( / ( * ł ) - / « ( < * ) ) M W ) -

m=l 

I f t . ^ U A , r o , t h e n / x ( U J i ) < 77 and 
m=l ' « , 

II E (/(*)-/<rfe))M(4)lly 

»=l,* ł T* U AQM 

m=l 

< E n/(**)iiyMJ*)+ E WSMWYM) 
Pq pQ i-l,Ui U Aqm i=hUt U >*9m 

m=l m=l 
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< £ (2||/(*i)||y + l H ^ ) < 2 e + 7/<3e 

i=l,t,i U Aqm 

m=l 

by L e m m a 8 because /x( (J Ą) < n i n this case. 

t «M<* U A , M 

m=l 
P« 

If tj G U Aqm then 
m = l 

ll/(<i)-/ g(*i)l|y < « 

and 

II E ( / ( « * ) - / t ( « ł ) ) M ( J i ) l | y < « E /*<•*> 

t=i,« łe U i » m «=i,tiG U Aqm 

m=l m= 1 

< " E ^ i ) = " M M ) < £/"([«>&])• 
t=i 

P u t t i n g together a l l these estimates, we finally obta in 

II E / M M M ) - ( £ ) f fMW < 2e + 3e + e/i([a, b]) = e(5 + fi([a, b])) 

for every 6i~ fine L - par t i t i on {(Ji,ti),i = l,...,k} and this implies 

(£) f fdu = (S) [bfdfi, 
J a J a 

i.e. (16) is satisfied. 

We have shown that i f Y is a general Banach space then C C 5 * C 5 . 
O n the other hand the following statement holds. 

16. PROPOSITION. I f / G S* then also / G C and 

(C) [ fdv = (S) [ fdp 
J a J a 
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PROOF (A SKETCH ONLY ) . Assume that / G S*. T h e n to every m = 
1,2, . . . there is a gauge 6m on [a, b] such that 

E E n/ft) - H'MYM n i.) < 
i = l J = l 

for every flm-fine L - part i t ions {(U,Ji), i = 1,.. . ,k} and {(SJ,Z/J), j = 
l , . . . , / } o f [a,b]. 

Wi thou t loss of generality we can assume that 

Sm+i(t) < Sm(t) for i G [a, 6], m = 1,2, 

Let {(ĄM), Jim)), i = 1,2,..., km} be a 8m- fine L- par t i t i on of [a, b]. As ­

sume that {{ĄM+1\ Jim+1^), i = 1,2,..., k m + i is a refinement of the par t i ­

t ion 
{(t<r\jim)),i=i,2,...,km, 

i.e. that for i = 1 , 2 , . . . , k m + i there is a j G i = 1,2, . . . , f c m such that 
j ( m + l ) j ( m ) 

Define 
/m(*) = / ( * ! m ) ) f o r < G Int J f m ) , 

/ m ( t ) = 0 otherwise. 

The function fm : [a, b] —>• Y is evidently simple. 
Denote 

W(m, i) = {j G { 1 ,2 , . . . , fcm+i}; J j m + 1 ) C J< m ) } . 

T h e n 

f H / m + i W - /m(*)||ydA* 
y a 

= E E H / ( * r + 1 ) ) - / ( ^ ^ I k ^ ^ ^ ) < 
»=1 j6W(m,i) 

Let e > 0 be given. Let us take N G N such that 
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If q, r > N, r < q then 

" fr\W <\\fa - f9-l\\Y + ••• + H/r+1 " fr\W 

< M ( M 1 ) ( ^ + ^ T + - + i ? T ) < e -

Th i s imphes that the sequence (/m) is L1- Cauchy and by the Fundamenta l 
L e m m a 2 it contains a subsequence ( we denote it again (/m) ) wh ich con­
verges pointwise y- almost everywhere to a certain funct ion g : [a,b] -t Y. 
B y the results given above we have g E C C 5 * and 

rb rb rb rb 

(S) / gdy. = (£) / gdy - l i m (5) / fmdy = l i m (C) I fmdy. 
Ja Ja m-fo° Ja m^°° Ja 

To finish the proof the fol lowing facts have to be shown: 

l i m (S) / fmdy = (S) / gdy 
m-»00 Jj JJ 

and 

l i m (S) f fmdy = (S) [ fdy 
Jj JJ m—•oo 

for every interval J C [a, b]. T h e n 

{S)J{g-fW = 0 

for every interval J C [a,b]. F r om this then it is possible to show that 
f(t) = g(t) for y- almost a l l t E [a,b] and consequently f E C because 
gEC. 

T h e finite dimensional case 

Now we w i l l show that the following statement holds. 

17. PROPOSITION. If Y is a finite dimensional Banach space, then <S* = 
S. 

PROOF . Since Y is finite dimensional , we can assume wi thout loss of 
generality that d i m Y' = 1. Otherwise it is possible to work componentwise. 
So assume that / : [a, b] -> R and f E S. 

Let e > 0 be given. B y def init ion there is a gauge S on [a, b) such that 

k I 

l £ / ( t d M W ) - E = rt*MLi)l<z 
t=l 3=1 
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for every 8- fine L- part i t ions {(ti,Ji),i = 1,...,&} and {(sj,Lj),j = 
1,...,Z}. C lear ly {(s3, J{ n L j ) , i = l , . . . , f c , j = 1,...,/} and PI 
L j ) , i = 1, . . . , k, j = 1, . . . , /} are also 6- fine L- part i t ions of [a, b]. 

Further we have 

Jfe / k i 

i=i j=i t=i i= i 

Denote by M + the set of indices i = 1, . . . , A;, j = 1 , . . . , I for wh ich 

f(U) > f{Sj) 

and by M _ the set of indices (i, j), i = 1, . . . , A;, j = 1, . . . , I for which 

nu) < f(sj). 

B y the Saks - Henstock l emma 13 we get 

I £ (f(ti)-f(si))u(jinLj)\= £ l / W - Z W l M C J i r i L , - ) ^ j 
(t,j)€M+ (t,j)eM+ 

and s imi lar ly also 

I £ (/(«i)-/(**))MJin E ( / W - / ( « i ) H J i n x , - ) 

= E ! / ( « . ) - / ( « . ) W J i n ^ ^ J . 
(i,j)eM+ 

Hence 

fc i 

E E l ^ « ) - ^ ) l ^ n L , ) = £ IfM-HsiMJinLi) 

+ E l / f e ) - / ( * ) l A * W n L , - ) < § < e 

and / € <S*. 

T h e Dvoretzky and Rogers theorem 

18. DEFINITION. Let zt, i = 1 ,2, . . . be a sequence o f elements o f the 
oo 

Banach space Y. The series ^ zi 15 called unconditionally convergent i f for 
i=i 

4 - Annales . . . 
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an arb i t rary permutat ion of its summands it converges to the same element 
z£Y. 

oo oo 
The series 53 Zj is cal led absolutely convergent i f 53 \\zi\\Y < 00• 

i= l i= l 
R E M A R K . The Bolzano - Cauchy condit ion corresponding to the concept 

0 0 

of uncondi t ional convergence of a series 53 zi reads as follows: 

The series 53 Zi is unconditionally convergent if and only if to every e > 0 
i = l 

there is a k € N such that 

n E * < e 

for every finite set Q C {k + 1, k + 2 , . . . }. 
00 

It is easy to see that i f 53 zi 1S absolutely convergent then i t is uncondi -
i= i 

t ional ly convergent. 
In [3] Dvoretzky and Rogers proved the following theorem 

19. T H E O R E M . In an infinite - dimensional Banach space Y for every 
00 

sequence Cj > 0, i € N for which 53 c i < °°> there is an unconditionally 
»=i 

00 

convergent series Yl z%> f°T which ||z,||y = c,-. 
t=i 

R E M A R K . The choice Cj = — gives an example of an uncondi t ional ly 
n 

00 00 0 0 1 
convergent series 53 zi for which 53 \\zi\W = Yl ~ ~ °°-

1=1 i= i i= i 1 

Dvoretzky and Rogers proved also that the uncondi t ional convergence of 
00 00 

the series 53 z\ * s equivalent to the absolute convergence of 53 z% i f a n a l only 
i= l _ t=l 

i f the dimension of the Banach space Y is finite. 

T h e infinite dimensional case 

In the sequel we w i l l use these results of Dvoretzky and Rogers to show 
that the result of Propos i t i on 15 does not hold for the case of an infinite -
dimensional Banach space Y, i.e. that we have S* C S i n this case. 

20. L E M M A . Suppose that Zi € Y, Aj € [0,1] for i = 1 , . . . , k. 

Assume 

I I E *\\y < 1 
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for any part Qi of elements of { 1 ,2 , . . . , k} with I elements where I < k. 
Then 

k 

||£*3zJ\\Y < max AJ < 1. 

i = i 3 

PROOF . W i t h o u t loss of generality assume that 

0 < A i < A a < • • • < A f c < 1. 

T h e n 

fc A: 

£ xJzj = A i ( « i + • • • + A ) ~ A i ( *a + • • • + zk) + £ x3zj 

j=l J=2 

= A i ( « i + --- + zk) + A 2 ( z 2 +-•• + zk) - A i ( z 2 + ••• + **) 

k 

- A 2 ( z 3 + •• • + zk) + 53 

= A i ( z i + • • • + zk) + (A 2 - A i ) ( z 2 + •••+**) 

+ (A 3 - A 2 ) ( z 3 + • • • + 2fc) + • • • + (A* - Ajt_i)zfc 

and therefore 

i i E V i i i v 

* fc 
< Axil £ + (A 2 - Ax)|| E ' i l l v + • • • + (A* - Afc- i )|M|y 

i = i i=2 
< A i + (A 2 - A x ) + (A 3 - A 2 ) + • • • + (A f c - A f c _ i ) 

= Afc = max A, < 1. 
j 

Assume now that the dimension of the Banach space Y is infinite and that 
oo oo 
53 zj is an uncondit ional ly convergent series for which 53 \\ZJ\\Y — +oo. 

Such a series exists by the above mentioned result of Dvoretzky and Rogers. 
Let Kj C [a, 6], j = 1,2, . . . be open intervals such that Kj ( i K i = 0 for 

i ^ j . We have 
oo 
$ > ( # ; ) < /*([a, 6]) <oo . 

4* 
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Denote 

K= [JKj,C=[a,b]\K. 
3=1 

Let us set 

% = ^ ) f o r j = 1 ' 2 ' - - - -

oo 
The series ^ yjfi(Kj) uncondit ional ly converges to a sum s G Y whi le 

3=1 

Let e > 0. Take m £ N such that 
m ^ 

(a) II E yjv(Kj) - S\W < o ' 
3 = 1 4 

m at, ^ 

(b) II E VjViKj) ~ S\\Y < o f ° r a n y n n i t e set Q C {m + 1, m + 2 , . . . } 

and define 

f(t) = 0 for t G C, 

f(t) = V j for tEKj,j = 1,2,.... 

Assume that 6 : [a, b] —> (0, oo) is such a gauge on [a, b] that 
(t - <5(<), t + 8(t)) D [a, b] C .Kj 

for .7 = 1,2, . . . and t G If,. Let 

e 1 
° < ^ < o m 

J l + E l i x i r 
3=1 

and let G C [a, 6] be an open set for which 

C = [a,b]\K CG and /z(G) < /x(C) + T?. 

For t £ C assume that 

(t - 6(i),t + 6(t)) n [a, 6] C G. 

Let {(£*, J j ) , i = 1, • • •, k} be a 6- fine L- par t i t ion of [a, b]. 
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T h e n by (a) 

fc k m 

Denote „ 
m oo 

K. = \J Kj and tf„ = jj 
j = l j = m + l 

and split the sum 

fc fc 
y£f(tMJi)= E /(**)/*( Ji) 
i = l i = l , t i e A ' 

into two parts 

fc fc fc 

E/(<i)MW)= E /(*<)/« + E /few-*) 
1=1 t=i,tieic. i=i,tiei<'.. 

m fc oo fc 

= E E /w<) + E E 
m k oo fc 

= E ^ ' E + E % E 

Then we obta in 

fc m 

HE/(«*HJi)-EwA*(^)l|y 
i = l J = l 

m fc m fc 

<llX>< E MM)-/*(*i))lly + ll E »i( E M(Ji))l|y-
j = l i=l,tj6K;,- j = m + l i=l,«i€ifj 

The last term i n this inequality consists of a finite number of nonzero terms 
only and we have 

fc 
E fi(Ji)<y(Kj), 

i.e. 
fc 

E M) =\v{Kj) 
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where Aj G [0,1]. B y (b) and by L e m m a 18 we get 

m fc 

ii E w( E M M ) ) H V < 
j=m+l i=l,U£Kj 

m k 
It remains to give an estimate for || Vj( Z) MJ*) - We 

i=i t = i , t 4 e K j 
have m fc 
nEvi( E /*w)-V(Ai))iiy^Eii»iiiy(M(«i)- E 

and 

\ (J Ji) = IM(K) - M( U = 6D " " /*( U J«) 
k 

= a(\J Ą) - n{C) - ii{ ( J Ji) = M( U J«) - ^ ~ ̂  < * 
» = i ueK uec 

Since 

^ \ (J JiCK\ (J Jf 

we get 

0<Ai(«"i\ U JO =/*(*i)-M U J i ) ^ ^ K \ U Ji)<^ 

for every j ' = 1 , . . . , m . 
Therefore 

m fc wi 

« 5 > ( E ^ ) - ^ ) ) i i v < ^ E i i y i i i > ' < 3 
j'=l t=l,ti6/C, 3=1 

F ina l l y we obta in 

fc 
i E ^ M J * ) - s i ^ < e = 7 F 

t= i 

rb 
and this means that the integral (5) / 0 fdfi exists and 

/

b °° 

3=1 
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oo 
i.e. / 6 S. on the other hand, since the series £ VjPiKj) does not con-

3=1 

verge absolutely, the Bochner integral ( £ ) Ja fdfi does not exist because 

(>C)/ 0
6||/||ydM=£||y i||y/,(X :,) = oo. 

3=1 
Th i s construct ion leads to the following statement. 

21 . PROPOSITION. If Y is an infinite - dimensional Banach space then 
there exists a funct ion / : [a, b] -> Y such that f € S and / 0 5 * . 

F ina l l y together w i t h Propos i t ion 17 we obta in: 

22 . PROPOSITION. G i v en a Banach space Y then <S* C S and S* = S i f 
and only i f the dimension of Y is finite. 
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