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REMARKS ON GENERALIZED SOLUTIONS
OF SOME ORDINARY NONLINEAR DIFFERENTIAL
- EQUATIONS OF SECOND ORDER IN THE
COLUMBEAU ALGEBRA

JAN LIGEZA

Abstract. In this article some equations of second order are considered,
whose nonlinearity satisfies a global Lipschitz condition. It is shown that the
equations with additional conditions admit unique global solutions in the
Colombeau algebra G(R?!).

1. Introduction

We consider the following problems

(1.0)  2"(t) +p(t) f1(t, 2(2), 2’ (1)) + q(t) f2(t, 2(2), ' () = r(2),
(1.1) z(a) = dy, z'(a) = da, a €RY, dy,d; €R,

(1.2) z(a) =7y, z(b) = ra, a,beR!, a<b, r,r €R,

where p, ¢ and r are elements of the Colombeau algebra G(R'); f1,f2: R® —
R?! are smooth functions (fi, f € C*(R3)); di,dz, 71,72 are known elements
of the Columbeau algebra R of generalized real numbers; z(a), z'(a), z(b) are
understood as the value of the generalized functions z and z’ at the points
a and b respectively (see [2]). Elements p,q,r, f1 and fo are given. The
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derivative, the sum, the equality and the superposition are meant in the
Colombeau algebra sense (see [2]).

We prove theorems on existence and uniqueness of solutions of the prob-
lems (1.0) - (1.1) and (1.0); (1.2). In the paper [2] some differential equations
with coefficiEnts from the Colombeau algebra were examined. Certain prob-
lems for the quantum theory lead to such equations. Our results generalize
some results given in [11] and [12].

2. Notation

Let D(R!) be the set of all C* functions R' — R! with compact support.
For ¢ = 1,2,... we denote by .Ag the set of all functions ¢ € D(R') such
that relations

o0

(2.0) / St)dt = 1, / tot)dt=0, 1<k<gq

-0

hold.

Next, E[R!] is the set of all functions R : A; X R! — R! such that
R(¢,t) € C™ for every fixed ¢ € A;.
" If R € £[RY], then Dy R(¢, 1) for any fixed ¢ denotes a differential operator
. . k
in t (i.e. DxR(,t) = Zx(R(4,1))).

For given ¢ € D(R?!) and € > 0 we define ¢, by

(2.1) 8.0 =24(%).

An element R of £[R!] is moderate if for every compact set K of R
and every differential operator Dy, there is N € N such that the following
condition holds: for every ¢ € An there are € > 0, 1 > 0 such that

(2.2) sup |Dr R(e,t)| < ce™V if 0<e<n.
teK

We denote by Ex[R!] the set of all moderate elements of £[R!].

By I' we denote the set of all increasing functions o from N into R} such
that a(q) tends to oo if ¢ — oo.

We define an ideal NR!] in Ep([R!] as follows: R € N[R'] if for every
compact set K of R! and every differential operator Dg there are N € N
and o € T such that the following condition holds: for every ¢ > N and
¢ € A, there are ¢ > 0 and > 0 such that

(2.3) sup |DeR(¢e,t)| < ce® DN if 0<e<n.
teK
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The algebra G(R') (the Colombeau algebra) is defined as quotient algebra
of £[R!] with respect to N[R?] (see [2]). ,

We denote by & the set of all the functions from A; into R!. Next, we
denote by £y the set of all the so—called moderate elements of £, defined by

(2.4) € = {R € & : there is N € N such that for every ¢ € Ay there are
¢> 0, n > 0 such that |R(¢.)| < ce™N if 0 < e < 7}.
Further, we define an ideal 7 of Eu by

(2.5) T = {R € & : there are N € N and « € T such that for every ¢ 2 N
and
¢ € Ag there are ¢ > 0, 1 > 0 such that |R(¢¢)] < ce* DN if0 < e < n}.
We define an algebra R by setting '

)

= (e [2).

If R € Ey[R'] is a representative of G € G(R!), then for a fixed ¢ the
map Y : ¢ = R(¢,t) € R! is defined on A; and Y € £x. The class of Y in
R! depends only on G and t. This class is denoted by G(t) and is called the
value of the generalized function G at the point ¢ (see [2]).

We say that a smooth function f : R® —» R! is polynomially bounded
uniformly for ¢ if for every compact interval K of R! there are constants
¢(K) > 0 and r € N such that

R=

(2.6) 1£(t,4,0)] < c(K)(L + fu + [ol)"

for all u,v € R! and t € K.

We denote by Oy (K, R?) the set of all the smooth functions f : R® — R!
which have the property that f and its partial derivatives are polynomially
bounded uniformly for ¢.

If f € Op(K,R?) and if Ry, Ry € Em[R?), then f(t,R1, R2) € En(R?]
(see [2] p.29). If f € Opm (K, R?); G1,G2 € G(R!), then an element of G(R!)
denoted by f(t,G1, G2) is defined as class of the functions f(¢, Ry, Rz), where
R1, Ry € Ex[RY] are representatives of G; and G respectively.

We say that z € G(R?) is a solution of the equation (1.0) if = satisfies the
equation (1.0) identical in G(R').

Throughout the paper K denotes a compact set in R!. We denote by
Ry($,t), Reo(#), Ra(e,)(¢) representatives of elements p,zo and z(fo), res-
pectively. :

We put

1 _ ’ : 1
Il oy = o o)) + max [2/)], i = € C'las]
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and
lzll g ) = max |z(2)], if z€Cpy).

The definition of generalized functions on an open interval (A,B)CR'is
almost the same as definition in the whole R! (see [2]). In this paper we shall
prove theorems on generalized solutions of nonlinear differential equations
on R!. It is not difficult to observe that theorems proved are also true in the
case when generalized functions p, ¢, are considered on an’ interval (4, B)
and f;: (4,B) x R? - R!, where ~co < A<a<b< B < oo.

3. The main results

First, we shall introduce a hypothesis H:
Hypothesis H

(30) p,q,reE g(Rl)’

(3.1) the elements p,g € G(R!) admit representatives Ry(4,t) and R, (¢, 1)
with the following properties: for every K there is N € N such that
for every ¢ € Ay there are constants ¢ > 0 and 7 > 0 such that

t t

sup | [ |Rp(¢,s)lds| <e, sup | | |Rq(de,s)lds| < e
t,to€EK tto€EK
to 2o
if0<e<n,
(32) f17f2 EOM(Klez)v ‘
(3-3) f1,f2 : R® - R! are smooth functions such that for every K C R!
there are constants M;;(K) > 0 such that
g%(t,ul,'lm)l < M,‘j(K) fort e K, uj,us € R! and 1,7 =1,2;
(3.4) the element p € G(R') admits a representative R,(4,t) with the

following property: there is N € N such that for every ¢ € Ay there
are constants €9 > 0 and v > 0 such that

b
L(p, ¢) =M11/l&(¢e,t)ldt < % -7

if 0<e<e (M1 = My1([a, b])),

(3.5) the elements p, g € G(R') admit representatives Rp(¢,t) and Ry(¢,1)
with the following property: there is N € N such that for every
¢ € Ay there are constants £ > 0 and 4 > 0 such that

b b
- Ia(p, g, ¢c) =(Mn +M12)/IRP(¢e’t)'dt+(M21 +M22)/|Rq(¢5,t)ldt

4

L — = _ 3 = M. .
Sy Tard Y if 0<e<eg (M;; = M;;([a, b))
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Now we shall give theorems on existence and uniqueness of the solution
of the problems (1.0), (1.1) and (1.0), (1.2).

THEOREM 3.1. We assume that the conditions (3.0)—(3.3) hold. Then
the problem (1.0), (1.1) has exactly one solution = in G(R!).

REMARK 3.1. Let é denotes the generalized function (the Dirac’s gen-
eralized delta function) which admits as the representative the functions
Rs(¢,t) = ¢(—t), where ¢ € A;. Then & has the property (3.1) (see [11]).

REMARK 3.2. It is not difficult to verify that the problem

(3.6) z'(t) = 28’ (t)(t)z'(t)

(3.7) o(-1)=0, &(-1)=1
has not any solution in G(R?!) (see [11]).

REMARK 3.3. Let R;(¢,t) = exp(¢(—t)), where ¢ € A;. Then R,(¢,t) ¢
Em[RY] (see [2], p-11). Nowe we define Ry(¢,t) = sin(¢p(—t)). We have

Ry(4,1) € Em[RY].

THEOREM 3.2. We assume the conditions (3.0)—(3.4). Then the problem

(3.8) ="(t) + p(t) f (¢, 2(2)) = r(t)

(3.9) z(a) =1, z(b) = 7y, a<b abeR; ri,reR
has exactly one solution z in G(R?').

THEOREM 3.3. We assume the conditions (3.0)-(3.3) and (3.5). Then
the problem (1.0); (1.2) has exactly one solution = in G(R?).

REMARK 3.4. Let fi(t,u,v) = u, f2(t,u,v) =0 and let p € L} (R')
(i.e. for every K, p € L'(K)). Moreover, let

R b
(3.10) / Ipl(8)dt < b—ﬁ-z

Then f1, fo and p have the properties (3.0)—(3.4) (see [11]).
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REMARK 3.5. Let § be the generalized function defined by
-t
(3.11) Ridt) = o, e,
[ le(=t)ldt

and let fi(¢,u,v) =u, f2(t,u,v)=0.
Moreover, let @ = —1, b= 1. Then 6 has the properties (3.1) and (3.4).

REMARK 3.6. Let p,q € L} _(R!) and let fi(t,u,v) = u, fa(t,u,v) =v.

loc
Moreover, let :

b b
(3.12) /|p|(t)dt+/|q|(t)dt< b—_s—_—;—i.

Then f1, f2,p and g have the properties (3.1)-(3.3) and (3.5) (see [12]).

4. Proofs

PROOF OF THEOREM 3.1. The proof of Theorem 3.1 is similar to that of
Theorem 4.2 in [11]. We start from the problem
(4.1) _
wl,(t) +Rp(¢7 t)fl (t, $(t), :L"(t)) +Rq(¢7 t)fZ(ta x(t)7 zl(t)) = R‘r(¢1 t)’ ¢ € -Al

(4.2) z(a) = Rq,(¢),  2'(a) = Ra,(¢)-

By (3.3) the problem (4.1), (4.2) has exactly one solution z(¢,t) in R*. We
are going to prove z(¢,t) € £x[R!]. Indeed,

t
z(Pe,t) = — /(t ~ 8) (Rp(e, ) f1(s, z(¢e, 3), T’ (e, 5))
(4.3) a
+ (Rq(¢€’ 8)f2(8,$(¢5,8),$’(¢5, 5)) — Rr(¢s’5))) ds
+ Rdl (¢5) + Rdz (¢€)(t - a’)'

Using (3.0), (3.1), (3.3) and the Gronwall inequality we condude that there
is N € N such that: for all ¢ € An there are ¢y, > 0 such that

(4.4) lz(de, )k <coe™ if O0<e<n.
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Hence, by (4.3) there is N, € N such that
(4.5) IDrz(ge, )l < g™
for ¢ € Ay, and 0 < € < 7. Therefore z(¢,t) € En[R'].
Denoting by z the class of z(¢,t) in G(R'), we get that z is a solution of
the problem (1.0), (1.1). Let y € G(R!) be another solution of the problem
(1.0), (1.1). Then

(4.6)
Rﬂ” (¢7 t)+R‘P(¢7 t)fl (t7 Ry (¢1 t)7 Ry' (¢3 t)) + Rq (¢a t)f2 (ta RII(¢7 t)Ry’ (¢’ t))

=Rr(¢a t) + Rﬂ(¢7 t)a
where ¢ € A,
(4.7) Ra(#,t) € N[R']
(4'8) Ry(a) (¢) - Rz(a) (¢) € T’
and
(4'9) Ry'(a) (¢) - Rz’(a) (¢) €T.

In view of (3.1), (3.3), (4.3), the Gronwall inequality and (4.6)—(4.9) we
deduce that (for ¢ > Nj and ¢ € A,)

(4.10) llz(¢e,8) — Ry(de, )k < ee*@~M if 0<e <.

On the other hand, by (4.10), (4.3) and (4.6) we have

411)  [|Dr(@(¢e,t) = Ry($e, )k <Te*@=Nr for 0 <e <7,
This yields

(4.12) 2(,) - By(9,1) € NIRY]

and Theorem 3.1 is proved.

PROOF OF THEOREM 3.2. We consider the problem

(4.13) z"(t) + Ry(de, 1) f1(t, 2(¢)) = Rr (4, 1)
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(4.14) z(a) = R.(¢c), z(b)=Rp,(¢), ¢€A, teR

and the operation T given by
(4.15)

b
Tu(y)() =— /G(t, 8)(Ryp(¢e,8) f1(s,y(s)) — Rr (4, 3))ds + Ry, (¢c)

, Bea(d0) = Br,(40)

b—a

(t _a')v

where y € Clo) and

(—t—_-zb_)—-(sa;a), if a<s<t<b
(4.16) Gtsy=4  b-e
(i—bt%_%—"), if a<t<s<b

Obviously, a function a:(¢é, t) € C*[a, b] is a classical solution of the problem
(4.13)—(4.14) (for a fixed ¢, € A;) in the interval [a, b] if and only if z(¢., £)
is a fixed point of the operation T;. Taking into account that

(4.17) sup |G(t,s)] = =2,
t,8€[a,b) 4
we have
' b—a
(4.18) I1T1(y) — T1(2)llfa,8) < I1(p) be) (T) ly — 2lla,5)

where y, 2 € Cj, 5)- Applying the fixed point theorem of Banach we conclude
that the problem (4.13)—(4.14) has exactly one solution z(¢,t) € Ciry) for
small ¢ (see [4]). In view of (4.15) we deduce that for ¢ € Ay there are
co, €0, o > 0 such that

(4.19) |z(Be, to)| < coe™
and
- (4.20) |z’ (e, to)| < o™V

if 0 < e <9 and ¢ € (a,bd).
Thus

(4.21) z(drto), '(¢,%0) € Eur.
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Let T(¢.,t) be a solution of the problem

(4.22) 2" + Rp(¢e, 1) f1(t, 2(t)) = Rr (e, )

(4.23) 2(t) = o(derto),  @'(to) = &' (e, to)
for t € R! and small . Then
(4.24) E(¢e,t) = z(¢e,t)  for t € [a,b)].

and by Theorem 3.1
z(¢,1) € En[R').

If we define = as the class of z(¢,t) in G(R'), then z is a solution of the
problem (3.8)—(3.9). ‘

To prove uniqueness of solutions of the problem (3.8)—(3.9) we observe
that if y € G(R') is another solution of the problem (3.8)-(3.9), then

(4'25) Ry" (¢a t) + RP(¢7 t)fl (t’ Ry (¢1 t)) = Rr(¢v t) + R11(¢’ t);

where ¢ € A;,

(4.26) Rn(¢,t) € NRY,
(427) Ry(a.) (¢) - Ra:(a-) (¢) €T
and

(4.28) Ry)(#) — B (9) € T.

Relations (4.13)-(4.15) and (4.25)—(4.28) yield for ¢ > Ny and ¢ € A,

I 2(Best) — Ry(des t)lfapy < ce®@~M

(429) b—a |
+ 10,80 (172) 100 - Ryl i 0<e<m

Therefore

(4.30) "z(¢s;t) - Ry((ﬁeat)"[a,b] < ge@-M

for small € and ¢ € A,.
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Similarly

(4.31) llz'(de,t) — Ry (des t)llja,gy < GO~
for 0 < e < n2 and ¢ € A, where g > N,.

This yields

(4.32) R.($,t) — Ry(¢,t) € NR"]

and

(4.33) z'(¢,t) — Ry ($,1) € N[R!]

for every t € (a,b).
Using Theorem 3.1 we infer that

(4.34) zT=y.
This proves the theorem.

PrROOF OF THEOREM 3.3. The proof of Theorem 3.3 is similar to the
proof of Theorem 3.2. To this purpose we examine the problem

(4.35) 2"+ Rp(de, ) f1 (1, 2(£), 2 (£) + Ry(de: ) ot 3(2), 7' (£)) = Rr (e, 1),

(4.36) z(a) = Ry, (¢e), z(b) = Ry, (), peA, teR?

and the operation T5:

b
Ty(u)(t) = - / G(t, 5)(Bp(ders) f1(5,4(5),4/(5))

(4.37) + Ry(de, 8) f2(5,4(), 5 (8)) — Ry (¢e, 8))ds

4Ry, (9) + T8 Bl g,

where y € C*[a,b]. Then

b—a+4 .
(438) "T2(y) - T2(z)"[la,b] S (T) I2(p, q, ¢€)”y - z”:[la,b]s
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where y,z € C’[la’b]. Hence we deduce that the problem (4.35)-(4.36) has

exactly one solution z(¢.,t) for t € R!, ¢ € A; and small e. We observe
that z(¢,t) € Ep[R']. If y € G(R?!) is another solution of the problem (1.0);
(1.2), then

llz(¢er t)—Ry(Bes )jazy
(tzi‘i) L0, 6)15(ber ) — Ry(der Dl
0@ M if 0<e<m (b€ Agfor g> Ny).

(4.39) <

Thus, by virtue of (4.39), we obtain

(4.40) £(¢e,t) — Ry(de, )l py < E1e®@~Mif 0<e<m.
Consequently,
(4"41) .'B(¢, t) - Ry(‘ﬁ, t) € N[RI]

which completes the proof of Theorem 3.3.

5. Final remarks

REMARK 5.1. If Gy, G2 € C®(R?), then the choice of the representatives
Ri(¢,t) = Gi(t) (¢ = 1,2) shows that definition of the superposition gives
back the classical C® function f(¢,G1,G2) (if f € Om(K,R?)). In case the
functions G; are only continous functions it has already been ascertained
that the above coherence results does not hold even for multiplication.

EXAMPLE 5.1. Let Gy, G2 be continous functions defined by

co o [ SO
. . t, if t<0,
(5.1) 2“)‘{0, if ¢>0.

Then their classical product in C(R') is 0. Their product in G(R?!) is the
class of

52) Rt = / Ga(t + u)p(u)du / Ga(t + u)p(u)du,

7 — Annales...
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where ¢ € A;. By [2] (p. 16) we have

(5.3) R(¢,t) ¢ N[R'].

REMARK 5.2. We denote the product in G(R!) by ® to avoid confusion
with the classical product. Now, we consider the equations

(5-4) z''(t) = G1(t)z' (t) + Gy(t),

(5.5) z'(t) = G1(t) ©@ ' (t) + G5(¢),

where G; and G2 are defined by (5.0)-(5.1). Let
t

(5.6) @m=/@@a
0

Then z = G is a classical solution of the equation (5.4) (in the Carathéodory
sense). On the other hand z = G is not a solution of the equation (5.5) in
the Colombeau algebra G(R!) ( because G; © G is not zero in G(R?')).

REMARK 5.3. It is known that every distribution is moderate (see [2]).
On the other hand, L. Schwartz proves in [17] that there does not exist
an algebra A such that the algebra C(R') of continuous functions on R!
is subalgebra of A, the function 1 is the unit element in A, elements of A
are "C*” with respect to a derivation which coincides with usual one in
C'(R?!), and such that the usual formula for the derivation of a product
holds. As consequence multiplication in G(R') does not coincide with usual
multiplication of continuous functions.

To repair the consistency problem for multiplication (and superposition)
we give the definition introduced by J. ¥. Colombeau in [2].

An element u of G(R!) is said to admit a member w € D'(R!) as the
associated distribution, if it has a representative R, (¢,t) with the following
property: for every ¥ € D(R!) there is N € N such that for every ¢ € An
we have

oo

(5.7) / Ro(e, 0(t)dt = w(y)  as 0.

-0
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COROLLARY 5.1. We assume

(5 8) p,q;T € Lloc(RI)r

(5.9) f1, f2 have the properties (3. 2)—(3.3),

(5.10) d,,dz € R?,

(5.11) z € G(R*) is the solution of the problem (1.0)-(1.1) ,

(5.12) % is the solution of the problem (1.0)-(1.1) in the Caratheodory
sense.

Then z admits an associated distribution which equals .

This follows from the fact that px ¢. = p, q*¢. > qandr*¢. = r
in L} _(R') (see [1]) and the continuous dependence of T on coefficients p,q
and r.

Using arguments similar to these in Corollary 5.1, we get

COROLLARY 5.2. We assume

(5.13) p,q,r € L}, (RY),

(5.14) p,q satisfy (3.5),

(5.15)  f1, f2 have the properties (3.2)-(3.3),

(5.16) z € G(R?!) is the solution of the problem (1. 0), (1.2),

(5.17) 7 is the solution of the problem (1.0); (1.2) in the Caratheodory
sense.

Then z admits an associated distribution which equals z.

COROLLARY 5.3. We assume

(5 18) p,r € Lloc(Rl);

(5.19) p satisfies (3.4),

(5.20) f1 has the property (3.2)-(3.3),

(5.21) z € G(R?) is the solution of the problem (3.8)-(3.9),

(5.22) T is the solution of the problem (3.8)~(3.9) in the Carathéodory
sense.

Then = admits an associated distribution which equals T.

If p € C®(R?!), then p(t) - ofo p(t + u)p(u)du € N[R!], where ¢ € A;
(see[2]). Hence, we get >

COROLLARY 5.4. We assume
(5'23) p, q‘) r E CN(R1)7

(5.24) f1, f» have the properties (3.2)~(3.3),
(5.25) dy,d; € RY.



100

Then the classical and the generalized solution (i.e. solution in the Colom-
beau algebra) of the problem (1.0)-(1.1) give rise to the same elements of

g(R?).

COROLLARY 5.5. We assume

(5.26) pe C®(RY),

(5.27)  f1 has the properties (3.2)-(3.3),
(5.28) p has the property (3.4),

(5.29) T1,T2 € R.

~ Then the classical and the generalized solution of the problem (3.8)—(3.9)
give rise to the same elements of G(R?).

COROLLARY 5.6. We assume

(5.30) p,q,r € C®(RY),

(5.31) f1, f2 have the properties (3.2)-(3.3),
(5.32) p,q have the property (3.5),

(5 33) T1,T2 € ]Rl

Then the classical and the generalized solution of the problem (1.0); (1.2)
give rise to the same elements of G(R!).

REMARK 5.4. Non continuous solutions of ordinary differential equations
can be considered in an other way (for example [3], [5]-[11], [13]-[16] and
[18].

REFERENCES

[1] P. Antosik, J. Mikusifiski, R. Sikorski, Theory of distributions. The sequential ap-
proach, Amsterdam-Warsaw 1973.

[2] J.F. Colombeau, Elementary introduction to new generahzed functions, Amsterdam,
New York, Oxford, North Holland 1985.

[3] S.G. Deo, S.G. Pandit, Differential systems involving impulses, Lecture Notes 954
(1982).

[4] T. Dlotko, Aplication of the notation of rotation of a vector field in the theory of
differential equations and their generalizations (in Polish), Prace Naukowe U. 8. w
Katowicach, 32 (1971).

[6] V. Dolezal, Dynamics of linear systems, Praha 1964.

[6] T. H. Hildebrandt, On systems of linear differential Stieltjes integral equations, Illi-
nois Jour. of Math. 3 (1959), 352-373.

[7] J. Kurzweil, Generalized ordinary differential equations and continuous dependence
on a parameter, Czech. Math. Jour. 7 (1957), 418-447.

[8] J. Kurzweil, Linear differential equations with distributions as coefficients, Bull
Acad. Polon. Sci. Ser. Sci. Math. Astron. Phys. 7 (1959), 557-560.



101

[9] A. Lasota, J. Traple, Nicoletti boundary value problem for system of linear differ-
ential equations with distributional perturbations, Prace Matematyczne UJ, Krakéw
15 (1971), 103-108.

[10] J. Liggza, Weak solutions of ordinary differential equations, Prace Naukowe U. Sl w
Katowicach, 842 (1986).

[11] J. Ligeza, Generalized solutions of ordinary linear differential equations in the
Colombeau algebra, Math. Bohemica, 2 (1993), 123-146.

[12] J. Ligeza, Generalized solutions of boundary value problems for ordinary linear dif-
ferential equations of second order in the Colombeau algebra. Different aspect of
differentiability, Dissertationes Mathematicae 340 (1995), 183-194.

[13] R. Pfaff, Generalized systems of linear differenticl equations, Proc. of the Royal Soc.
of Edingburgh, S. A. 89 (1981), 1-14.

[14] M. Pelant, M. Tvrdy, Linear distributional differential equations in the space of
regulated functions, Math. Bohemica, 4 (1993), 379-400.

[15] J. Persson, The Cauchy system for linear distribution differential equations, Functial.
Ekrac. 30 (1987), 162-168.

[16] S. Schwabik, M Tvrdy, O. Vejvoda, Differential and integral equations, Praha 1979.

[17] L. Schwartz, Sur L’impossibilite’ de la multiplication des distributions, C. R. Acad.
Sci. Paris 289 (1954), 847-848.

[18] Z. Wyderka, Some problems of optimal control for linear systems with measures as
coefficient, Systems Science 5, 4 (1979), 425-431.

UNIWERSYTET SLASKI
INSTYTUT MATEMATYKI
UL. BANKOWA 14
40-007 KATOWICE



