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T R A N S F O R M I N G T H E F U N C T I O N A L E Q U A T I O N 

O F G O Ł Ą B - S C H I N Z E L I N T O O N E O F C A U C H Y 

P E T E R K A H L I G A N D J E N S S C H W A I G E R 

Abstract. It is shown that Golab-Schinzel's equation may be transformed 
into one of Cauchy's equations by an embedding and limit process concerning 
the general continuous solution. 

A meteorological problem of interpolation 

f(z + h (x, y)) = f(x)g(y), /, g : R R, h : R 2 R, 

wherex f,g,h are functions to be determined, comprises Golab-Schinzel's 
functional equation ([1], [2], [4]) 

(1) f(x + yf(*)) = f(x)f(y) 

by choosing g(y) = f(y), h(x, y) — yf(x), but also one of Cauchy's functional 
equations ([1]) 

(2) f(x + y) = f(x)f(y) 

by specializing g(y) = f{y), h(x, y) = y. Now the question may be raised if 
there exists a connection between (1) and (2) via an embedding. 

Replacing in (1) the value f(x) by f{x)lln where n is an odd positive 
integer, we obtain a family of modified Golab-Schinzel equations with a 
parameter n € 2No +1 = {1,3,5,...}, ' 

(3n) f(* + yf(x)1/n)=f(x)f(y). 
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Golab-Schinzel's original equation (1) is recovered for n. = 1. Concerning 
the meteorological problem, (3„) is the special case g(y) = f(y), h(x,y) = 
yf(x)1/n. Nicole Brillouet-Belluot's generalization ([3]) of (1) 

f(f(yfx + f{x)lv)=F{x,y,f{x),f{y),J{xy)), 

where k, I are integers and F is a given function, evidently does riot comprise 
(3„). It is well known from [1, p. 312] that 

a continuous f : R —*• R is a solution of (1) if, and only if, f has one of 
the mutually exclusive forms: 

(4) . . / ( » ) = • « e + 1 (a€R), 

(5) /(*) = 0, 

(6) f(x) = max(ax + 1,0) (a e R* = R \ {O})., 

Using this and the fact that a function / solves (3n) if, and only if, 
x f{xyin solves (1) we get 

T H E O R E M 1. A continuous f : R —* R is a solution of (3„) (n a positive 
odd integer) if, and only if, f has one of the mutually exclusive forms: 

(4„). /(x) = (ax + l ) n (a€R), 

(5„) / ( « ) = 0, 

(6„) f(x) = max((ax + l)n,0) (a G R* = R \ {0}). 

Now, let us consider a sequence (/ n)ng2N 0+i of continuous solutions / „ of 
(3n). Then we may ask for conditions implying that this sequence converges. 
We want to show that this is the case if, and only if, the limiting function is 
a. continuous solution of (2). Suppose that the sequence (/n) converges and 
let 

f(x):= ^ fn(x). 
n € 2 N 0 + l 

Since /n(0) € {0,1} and /„(0) = 0 if, and only if, / „ = 0, we have /(0) = 
0(1) if, and only if, / „ = 0 0) for almost all n. Thus, excluding the case 
that fn = 0 for almost all n, Theorem 1 gives a sequence bn, n = 1,3,... of 
real numbers such that 

(7) fn(x) = (bnx + l)n or /n(a:) = max((6nx + -l)n

l0) 
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for almost all n G 2No + 1. Then by (7) and Bernoulli's inequality, (and 
since m a x ( / „ ( x ) , / „ ( - x ) ) > 1) 

1 + n|6w| < (1 + \bn\)? < M, (n > n 0), 

where (say) M := max(/(l),/(-!)) + 1 (> 1). Thus 

(8) \bn\<M-Z± " (n > no). 
n 

This implies 
lim &„•= 0 

and (since |6nx| < 1 for n > n(x)) 

/(x)= Urn / n(x) = lim (l + bnx)n 

» € 2 N 0 + i »€ar»0+i 

for all x e R. Next we want to show that / is a solution of (2). Fixing x 
and putting M' := M — 1 (> 0) we see that for sufficiently large n the value 
1 + bnx is positive and that 

( l . - . ^ | x | ) " < (1 + * . « ) " < ( l + ^Ixl)"• 

Thus 

(9) 0 < exp(-M'|x|) < /(x) < exp(Af' |x|). 

Put gn(x) := (1 + 6 n*) n and fix x, y 6 R. Then gn(x + y) / 0 for almost all 
n. Thus we may form the expression gn(x)gn(y) (gn(x + y))'1 =: (1 + c n ) n , 
where 

C n ~ l + M x + j,)' 
But |c„| < M"n~2 for some constant Af" depending on x and j/. This 
implies l im n _ > 0 O ( l + c n ) n = 1 as can be seen from the following 

L E M M A . Let (an) be a sequence, of reaf numbers such that | a n | < Cn~2 

for all n. Then (1 + a „ ) n converges to 1 when'n tends to oo. ; 

P R O O F . It is enough to use the estimate 

(nln(l + a n)| = (n (a n - a 2/2 + a3

n/3 - + .,.) | 

< |na n |(l + |a n | + | a n | 2 + ...) * \nan\ \ , 

which is true for large n. It clearly shows that limn^oo nln(l + on) = 0, as 
desired. • 

3' 
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Thus gn(x)gn{y) GM 3-* + y ) ) - ' tends to 1 lor M tending to oc. Hut this 
means that / is a solution of (2). Hy (9) lliis solution is hounded from 
above on (any) bounded interval. This'implies. ([1. p. 29]).that there is some 
constant 6 such that 

f{x) = exp( bx) - ( J - G R ) . 

Moreover, by using the logarithmic series again, it can be seen that the 
sequence (nbn) converges (with b as its limit). 

We have the following. 

THEOREM 2. Let (/„)„g2N 0+i be n sequence of solulions of ('.in). Then 
the limit 

n€2IN 0 + l 

exists if, and only if, either fn = 0 for almost all n (and f = 0) or if there is 
a sequence (6n)ne2N0+i of real numbers such that 

b := lim nbn 

n € 2 I N 0 + l 

exists and fn is of one of the forms (7) (and f(x) = exp(bx) for all x). 

One part of the proof has been given above. The other part is obvious. 
Let us point out the following: (3i) admits continuous nondifferentiable 

solutions. This is not the case for solutions of (37 () when n > 3. Each 
continuous solution in this case is (n — l)-times differentiable. But there are 
solutions which are not n-times differentiable. 

Furthermore we have the following. 

(l+x/3) max(0,(l+i/5)B) 
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(l+x/7)7 

Figure 1 

R E M A R K . If, for p > 0 and x € R, we define a;'pl := sign(x)|a;|p, we may 
consider 

f ^ + !jf(x)[1/p]) = f<x)f(y). 

Thon, since x , T H is a strictly increasing power function mapping R 
bijectively onto itself and because'of x ^ = (a;' pl)''' Theorem 1 may be 
generalized to bold in this situation, too. Theorem 2 also holds in this new 
setting. In detail we may formulate the following. 

T H E O R E M l ' . A continuous f : R —> R is a solution of (3 P) (p a positive 
real number) if, and only if, f has one of the mutually exclusive forms: 

(4 P) f(x) = (ax + l)M ( a € R ) , 

( 5 P ) f(x) = 0, 
(6 P) /(*) = nmx((ax + 1)M,0) (a € R* = R \ {0}). 

T H E O R E M 2' . Let (;j„)ngN be a sequence of positive real numbers such 
that pn —»• oo as ?/. — oo, and let (/n)n6N be a sequence of solutions of ( 3 P b ) . 
T/ien tiie //mit / := l i m , , . ^ fn exists if, and only if, either / „ = 0 for almost 
all n (and f = 0) or if there is a sequence (6 n)ngN of real numbers such that 

b := lim p„6„ 
n—>oo 
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exists and such that, for almost all n, /„(#) is of one of the forms (bnx + l) ' p"] 
or max((6„x + l) t p " ' ,0) . Furthermore, in this case, f is given by f(x) := 
exp(6x). 

To illustrate the behaviour of certain sequences ( / „ ) we include two fig
ures. In figures 1 and 2. we have bn — l/n and bn = 1/n 2 respectively 
resulting in the limit functions exp(a;) and 1. 

( i + * / 4 9 ) 7 

Figuro 
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