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ON APPROXIMATELY ADDITIVE FUNCTIONS

RoMAN BADORA

Abstract. In the present paper we find a linear operator on a function space,
essentially larger than the space of all bounded functions on an amenable
semigroup, which behaves like an invariant mean. This leads to an extension
of the Hyers-Ulam stability theorem for Cauchy’s functional equation in the
case of vector-valued mappings defined on amenable semigroups.

1. Introduction. This paper is a continuation of our study which we
carried out in [1] and [2] . We shall formulate all our results in the left
invariant version. It is quite obvious how to rephrase the theorems so as
to obtain their right invariant analogues. The proofs of these alternative
theorems require only minor changes, therefore, may also be omitted.

Let Y be a real linear space and let C be a non-empty class of subsets
of Y. We say that the family C has the binary intersection property if every
subfamily of C any two members of which intersect has a non—empty inter-
section. Moreover, a collection C is termed the linear invariant family if and
only if C is invariant with respect to translations by vectors of Y, ie.

(1) AcC,ueY = u+A4d4eC
and satisfies the following condition:
(2) A, BeC,teR = A+BeC,tAcC.

Some examples of linear invariant families having the binary intersection
property we presented below:
a) the family of all closed balls in the space R™ with the maximum norm;
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b) the family of all closed balls in the space B(A,R) of all real bounded
functions on a set A with the supremum norm;

c) the family of all closed intervals in a real boundedly complete linear
lattice;

d) the family

. {y+layo,byo] : y€Y, a,b€ER, a<b},
where g is a fixed element of a real linear space Y and
[ayo, byo] := {tayo + (1 — t)byo : t € [0,1]}, a,beER, a <.

Let (5,-) be a semigroup. For any y € S we define the left and right
translation of a function f: 5 — Y as follows:

3) of(2) := f(yz), fy(z):= f(zy), =€

For a subset F of the space of all fuctions defined on the senﬁgroup‘ S
with values in the space Y we say that F is the left (right) invariant if and
only if

(4) feF,yeS = JE€F (fyeF).

Now we recall the notion of invariant mean and amenability. If B(S5,R)
denotes the space of all real bounded functions on a semigroup 5, then a
real linear functional M on B(S,R) is called a left (right) invariant mean if
_and only if it is translation invariant, i.e. :

M(yf) = M(f) (M(f,) = M(f)), v€S, f€BSR),

and normalized

inf{f(z): = €S} < M(f) <sup{f(z): z€S}, fe€B(SR)

If a left (right) invariant mean exists, then we call, S left { right) aimenable.
For example, every commutative semigroup is amenable (sce e.g. F.P. Green-
leaf [8]). : ' :

2. Generalized invariant mean. In [2] we have shown that the concept
of an invariant mean can be extended to some function spaces larger than
the space of all bounded functions. Precisely, we have proved the following

THEOREM 1. Let (S,-) be a left (right) amenable semigroup and let Y
be a real locally convex linear topological Hausdorff space. Let F be a left
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(right) invariant linear space of functions defined on S with values in Y
and let C be a subfamily of the family of all bounded closed convex subsets
of Y having the binary intersection property and invariant with respect to
translations by vectors of Y. Assume that the map F : F — C satisfies
conditions:

(5) F(f+9)CF(f)+ F(g), f.g€eF,

6 F(tf) =tF(f), feF, teR\{0},

as well as

(7): F(,f) S F(f) (F(f,) S F(f)), feF, yes.
Then there ezists a linear operator M : F — Y such that:

8) M(DeF(S), fer,

and

(9) M(,f) = M(f) (M(f,)=M(f)), €S, feF.

This theorem implies the existence of a generalized invariant mean on the
space of all essentially bounded functions (see [2]). Now, we shall present
another example of a function space which admits a generalized invariant
mean.

LEMMA 1. If a collection C of subsets of a real linear space Y is the linear
invariant family having the binary intersection property, then the collection
C ofall non-empty intersections of subfamilies of C is also the linear invariant
family having the binary intersection property.

ProOF. From [1, Lemma 1] we derive that the family ¢ has the binary
intersection property.
Let A, B € C be fixed. Then

A=[{Ai: iel} and B=(\{B;: jeJ}

for some subfamilies {A;: i € I} and {B; : j € J} of the family C. Hence,
by Lemma 2 from [1], we have

A+B=(YAi: ie}+({B;: je J}
=(NA4i+B;:iel, jeJ}el.

8 - Annales...
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Moreover,
tA=t[[Ai: iel}=\{tAdi: iel} el

fort e R. 3
The family C is also invariant with respect to translations by vectors of
Y. Indeed,

y+A=y+(VAi: iel}=({y+A4i:ielyel

foryeY. O

Let z be a fixed element of a semigroup S and let C be the linear invariant
family of subsets of a real linear space Y having the binary intersection
property. Let P¢% be a collection of all functions

P:S—-Co:={A€C: 0€ A}

which satisfies the following condition:

( for every y € S there exists an NV € N such that
) P(z") =10}, () P(y=") = {0},
n>2N n>N
10§ A @ #£{= \ A PG cPiE),
n>N _ KeNk>K
N\ (Pyz) # {0} = \/ A P(yz*) € P(y=")).
| a>N KeNk>K

For a function f from S into Y we define P°+*(f) to be the family of all
sets A € C such that there exists a map P € P€-? which fulfils the following
condition: '

f(z)e A+ P(z), z¢€b.
The space of all functions f : § — Y for which the family P¢:*(f) is
non—-empty will be denoted by B¢-*(§,Y).
LEMMA 2. The space B€+*(S,Y) is a left invariant linear space.
ProoF. The fact that B€*(S,Y) is closed under pointwise addition and
scalar multiplication is a direct consequence of the following observation:

A1,A2 €C, P ,P,eP* = A+ A, €C, Pi+ PyeP?

and
AeC, PeP*, teR=tAecC, tPeP‘=
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For the proof of the left invariance of B¢*(S,Y) we fix arbitrarily an
f € BS*(S,¥)and ay € S. For any A € PS*(f) there exists P € PC+*
such that
f(z)e A+ P(z), ze€b.

Moreover, for every P € P¢* we have ,P € PC+*. Therefore,
vf(z) = f(yz) € A+ P(yz) = A+ ,P(z), z€S5,

and ,f € B¢*(S,Y). O

By Theorem 1 we have the following theorem on the existence of a gen-
eralized invariant mean on the space B+*(S,Y).

THEOREM 2. Let z be a fixed element of a left amenable semigroup (S, -)
and let C be the linear invariant collection of bounded closed convex sets in
a real locally convex linear topological Hausdorff space Y having the binary
intersection property. Then there exists a linear operator M : B¢*(§,Y) —
Y such that

(11) M(f) e(\PE*(f), fe BE*(S,Y)
and
(12) M(yf) = M(f), f€ BC,Z(S’Y)’ yes.

PROOF. Let € be the collection of all non-empty intersections of subfam-
ilies of the family C and let

(13) F(f) :=[P*(f),

for f E~BC'Z(S, Y). First, we shall show that the map F has values in the
family C; that is F(f) # @ for f € B€*(S,Y).
Let f € B¢*(S,Y) be fixed. The family

PO(f)={AeC: \/ flz)eA+P(z), z€S5)
Pepc.z

is a subfamily of C. Therefore, F(f) = PC=(f) # 0 if any two members of
PC:2(f) intersect. Let A, A € P¢+*(f) be fixed. Then there exist P, P ¢ PC+=
such that

(14) f(z)€[A+ P(@)|n[A+ P(z)], z€S.

8"
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Let
N:i={neN: P(z")={0}}

and

N:={neN: P(z") = {0}}.
If card A < Rg and card N < Rg, then there exists an N € N such that

(15) N PG = {0}, () P(") = {0}

n2N n>N
and ) ,
P(z") # {0}, P(z")#{0}, n>N.
We consider the subfamily

Cr:={A+P(z"): n>N}U{A4 P(2"): n> N}

of the family C. The intersection of any two elements of the family C; is
either of the form

Ay = (A+ P(z"))N(A+ P(z"™))

or

Az = (A+ P(")N(A+ P(z7))
or o
A3 =(A+ P:")N(A+ P(z™))
for some n, m > N. Then
0#A=A+{0}CA; and O#A=A+{0}CA.
Condition (10) implies that there exists a k € N such that
P(z*) C P(z") and P(zF) c P(z™).
Moreover, by condition (14), we have
0 # { £(z*) } C (A+P(")N(A+P(z4) C (A+ P(z"))N(A+P(2™)) C As.
Therefore, by Lemma 2 from [1] and condition (15), we get |
0#MNei= () (A+PE)N () (A+BEm)
n>N m>N

=(A+ () PE))N(A+ [ P(z")=AnA.
n>N m>N
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If card AV = Rg, then there exists a sequence (n)ren such that
P(z™) = {0}, k€ N.
Now we shall consider the subfamily
Cy:={A+ P(z™): ke NJU{A+ P(z™): k € N}
={AYU{A+ P(z™): k e N}

of the family C. In the present case, the intersection of any two members of
the family €, is either of the form

Ay =(A4 PE"™)NN(A+P(E")=A#D
or |
Ay = (A4 P 0 (A+ P(z") D (A+{0)N(A+{0})=A#0

or

Az = (A+ P(z" )N (A + P(z™))
for some I, m > N. Then, by condition (14), we get
OA{ f(z™)} C(A+ PEM)N(A+ P(")) = (A+{0})n (A + P(z™))
=(A+ P(z"))n (A + P(z™)) = A;.

Hence, Lemma 2 from [1] and condition (10) imply that

0#£(Ca=An ((A+Pe™)=An(A+ [) Pa™)) = An A.

meN meN
Therefore, for any A, A € PC:2(f), we have
ANA#D,

and so

F(f)=[P“*(f) #0.

Now we shall prove that the map F satisfies conditions (5), (6) and (7).

Let f,g € BC*(S,Y) be fixed. Then, for any A € PS*(f), A € PS*(g)
and any P, P € P°* such that

f@)e A+ P(@) and  g(z)€ A+ B(z), z€S,
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we get 3 i
(f+9)(z)e A+ A+ P(z)+ P(z), z€S.

Hence, A + A € PS*(f 4 g) and, by Lemma 2 from [1],

F(f+9)=(P*(f+9) S P (N +[ P (9)-
=F(f)+ F(g),

which proves (5).
Condition (6) is a result of the fact that

A € POA(f) <= tA € PE(tf)

for all f € BS*(5,Y) and ¢t € R\ {0}. Then
tF(f) = t[\PE3(f) = (PO*(tf) = F(tf).

It remains to show that condition (7) holds true. Let f € B€:*(.5,Y) and
y € S be fixed. Then from the following implication (see the proof of Lemma
2)
A€ PE(f) = A€ P(4f)

- we have

FG.f) =P () S\ PO(f) = F(f).

Consequently, the space B¢*(S,Y) and the map F defined by (13) fulfil
all the assumptions of Theorem 1. From Theorem 1 we get the existence
of a generalized invariant mean on the space B'*(S,Y) which has all the
desired properties and the proof is finished. O

3. An application. In this part of our paper we are going to present an
application of Theorem 2 to the study of the stability of Cauchy’s functional
equation

(16) f(zy) = f(z) + fly), =,y€S

(a function f which satisfies equation (16) will be called additive).

The problem of the stability of equation (16) (for mappings transforming
one Banach space into another) was raised by S. M. Ulam [11], and solved by
D. H. Hyers [9]. Later on, the Hyers theorem has been generalized in various
directions (see D. H. Hyers, Th. M. Rassias [10]). Applying the generalized
invariant mean we have the following stability result.
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THEOREM 3. Let z be a fixed element of a left amenable semigroup (.5, -)
and let C be a linear invariant collection of bounded closed convex sets in a

real locally convex linear topological Hausdorff space Y having the binary
intersection property. Assume that

P:5*—Co:={A€C: 0 A}
is a given mapping such that, for any z € S, the map P(z,-): S — C fulfils

condition (10). Then for any Junction f:§ =Y and any map Q : 5 — C
such that

(17) f(:l:y)—f(a:)—f(y)EQ(’L)+P(:E,y), -’0,3/65,
there exists an additive function a : S — Y such that
(18) a(z) - f(z) € Q(z), z€S.

Moreover, if

(19) N5 (QE"-QE") = {0}, =es,

then the additive function a satisfying (18) is unique.

PROOF. By our assumption, for a fixed element z € S, the function

So2y— flzy) - fy) = f(y)- fly) €Y

belongs to the space BE*(S,Y) with the set f(z) + Q(z) € PC(of — f).

Let M stand for an operator on B€*(5,Y) into Y which fulfils conditions
(11) and (12). We define a function @ : § — Y by the following formula:

a(z):=M(f-f), z€8.

By the left invariance and the linearity of M we get the additivity of «
and, by condition (11),

a(z) € [\P*(of - f) C f(z) + Q(z), =z€S.

Therefore

a(z) - f(z) €Q(z), z€S.
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To prove the uniqueness, we suppose that a and @ are two additive map-
pings on S into Y which satisfy condition (18). Then, for any z € 5, we
get '

a(a) - a(a) = -(a(s") - f(&") - (a(=") - £(a")
E%(Q(z") -Q(z"), meN.

c

Hence )
a(z) - a(z) € [] ~(Q(") - Q") = {0}, =€,
neN
which shows that a and @ coincide. : O

REMARK 1. Taking P(z,y) := {0}, z,y € S, and Q(z) := V, z € S,
where V is a fixed element of a family C Theorem 2 reduces to the result of
the type proved by D. H. Hyers:

If f: 5 =Y satisfies
 f@n)- f@) - fw) eV, zyes.
then there ezists exactly one additive function a : § — Y such that
a(z)— f(z) eV, = E S.

Moreover, taking the family C as in example d) we obtain the following
version of the result proved by G. L? Forti (see [3]):

If f: 85 — Y satisfies
f(xy) _ f(il?) — f(y) € {0’ 3/0»290, sy Ny0}5 z,y € S’

where yo € Y and N € N are fized, then (putting V := [0, Nyo]) there exists
ezactly one additive function a : S — Y such that

a(z) - f(z) €[0,Nw], z€S.

Now we shall use Theorem 3 to the study of the following problem.

Let (9,-) be a semigroup and let (Y, ||-[|) be a real normed space. Which of
the functions p : §2 — [0, 00) guarantee that for any functions ¢ : § — [0, 00)
and f:5 — Y fulfilling :

”f(xy) - f(z) - f(y)" < q(:l?) + p(a:, y)’ z,y € S’
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there exists an additive function a:.§ — Y and a constant k£ € R such that

lla(z) — f(z)|l < kg(z), =€ S?
Z. Gajda has proved the following

THEOREM 4 (Z. Gajda [5]) Let (S, -} be a left amenable semigroup and let
(Y, [|-[l) be a reflexive Banach space. Moreover, assume that p,q: S — [0, o0)
are two given functions the first of which satisfies the condition

(20) inf{i:y,,p(z): :veSo}=0

k=1

for all n € N and y,...,y, € So (where by Sy we denote S enlarged,
if necessary, by a single element e regarded as the unit of the semigroup
So = SU{e}), whereas the second is entirely arbitrary. Then for any mapping
f:8 =Y fulfilling the inequality ’

If(zy) = f(=) - f(W)Il < ¢lz) + p(y), =z,y€ S,

there exists an additive function a : S — Y such that

la() - f(2)Il < g(=), =z €S.

REMARK 2. If (§,-) = (X, +), where (X, ||-||) is a real normed space and
a < 0, then the function p: X — Y defined by

p(z):=l=)|* <€ X\ {0},

satisfies condition (20).

“For functions with values in a normed space Y having the binary inter-
section property (i.e. the family of all closed balls in Y has this property)
Theorem 3 leads to the following '

THEOREM 5. Let z be a fixed element of a left amenable semigroup (S,9)
and let (Y, ||-|l) be a normed space admitting an equivalent norm || - ||p such
that the space (Y,]| - ||,) has the binary intersection property. Assume that
p:5% > [0,00) is a given function which satifies

(21) Jim p(z,2") = lim p(z,p2") =0
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for all z,y € S. Then for any mapping f : § — Y and any function
q:S — [0,00) fulfilling

(22) 1f(z9) - £(2) - F@)I| < alz) + p(z,3), 2,y € S,

there exist a constant k(Y') € R and an additive function a : § — Y such
- that

(23) lla(z) - f(2)|| < k(Y )q(z), = €S.
ProoF. Let ¢ and C be positive constants such that

(24) cllyll < llvll, < Cllyll, veY.

Fory € Y and r € [0,00) by B(y,r) we denote the closed ball in the space
(Y, {|-|lp) with the center at y and the radius r > 0 (B(y,0) := {y}, ye€Y).
Then

C:={B(y,r): yeY, rel0,00)}

is a linear invariant family of bounded closed convex sets in Y having the
binary intersection property. Inequality (22) may be written as follows

f(zy) = f(z) - f(y) € B(0,Cq(z) + Cp(z,y)), =z,y€S5,
which states (see [1, Remark 1]) that
f(zy) - f(z) - f(y) € B(0,Cq(2)) + B(0,Cp(z,y)), w,y€ 5.

Now, we define functions Q : § — C and P : §2 — Cp by the following
formulae:

Q(z) := B(0,Cq(z)), =€,
P(z,y) := B(0,Cp(z,y)), =z,y€S.

By assumption (21), all the functions P(z,:): S — Cp, z € S, satisfy con-
dition (10). From Theorem 2 we have the existence of an additive function
a:S§ — Y such that

a(z) — f(z) € Q(z) = B(0,Cq(z)), z €S,
i.e. '
la(z) - f(z)|l, < Cq(z), =€S.
Hence '

la(z) - F@ < Zqe), z €S,
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‘which means that the additive function a satisfies condition (23) with the
- constant k(Y) := O
Now we shall present two examples of functions p which fulfil condition
(21).
Assume that (S, ) = (X, +), where (X, |-||) is a real normed space. Then
a function p X? — [0,00) defined by

Il*®,  zeX, yeX\{o},

25 ' y =
0s) bz, ) {m e X oo,

where @ : X — (~00,0) is a given function, satisfies condition (21) for
z € X \ {0}. In this case Theorem 5 reduces to the following

THEOREM 6. Let (X,||-]]), (Y,]|-||) be two real normed spaces and let Y
admit a norm || - ||, equivalent to || -|| and such that (Y, || -||,) has the binary
intersection property. Then for any mapping f : X — Y and any function
q:X — [0, 00) fulfilling

(26)  [If(=z +9) - f(2) - FW)Il < a2) + 9l|I°®), 2,y € X\ {0},

with a function a : X — (-—00,0), there exist a constant k(Y) and an
additive function a : X — Y such that

(27) lla(z) - f(2)ll < k(Y)q(z), z€X.
An analogous theorém with the function p : X2 — [0, 00) defined by
p(z v =vl* =zveX,

where a € [0 1), fa,lls to hold. Indeed, let X = Y = R and let ¢(z) = |z|
for z € R. Then we can show, just as Z. Gajda in [4], that the function
f:R=R def?ned by

n-o
where
1
—-6—, z< —17
. 1"
¢(:t) =9 '6"'”» Izl < l’
1
'6"7 z 2 19
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satisfies the inequality

1f(z+9) - f(&) - f@)| < |zl +19]°, =,y €R,

but there is no real constant £ and no additive function a : R — R fulfilling
la(z) - f(z)| < klal, ©€R.

In the case where & € [0,1) we have the following result of the type proved
by R. Ger (see [6] and [7]).

THEOREM 7. Let (X, ||-||), (Y, |l -|]) be two real normed spaces and let Y’
admit a norm || - ||, equivalent to || -|| and such that (Y, || -|l,) has the binary

intersection property. Then for any mapping f : X — Y and any function
q: X — [0,00) fulfilling

(28)  [If(z+9) - f(=) = ()l < al=) + [llyll* — Nl= + 9lI°), 2,9 € X,

with some constant a € [0,1), there exist an additive function a : X - Y
and a constant k(Y') € R such that

(20) la(z) - f(@)I| < k(¥)q(z), =€ X.

PrOOF. Let p: X2 — [0,00) be a function defined by

(30) p(2,9) =gl = llz +9ll®], yeX,

where 00 := 1.

If @ = 0, then p(a: y)=0,z,y€ X,and p sat:sﬁes condition (21) for any
fixed element z € X\ {0}.
fae(0,1)nQ, then a = 7, where m,k € N, m < k (k> 2) and

Jim Illz +n2l| ¥ — ||nz|| ¥

lliz + nzl} = Inzlli(lz + nzl™" + ...+ [lnz]™")
=tk llz + nal| =5 + .. +||nzu~‘%~—ll
i lall(llz + nzl™=t 4.+ fingl|™1)
T g 4ong|| 2 4L e
- lm n _1+%nx||(u Lot 4., Al
n—oco 1L a:+z||_gi"u+ e
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(-14+ % <0)forz € X and z € X \ {0}.

Let € X and z € X \ {0} be fixed. Then there exists an ng € N such
that
llz + nz|| 2 [|nz|]

or
Iz + nz| < ||lnz]]

for n > ng. Indeed, if
llz + noz|| < [Inoz|

for some ng € N then, for n > ng, we get
llz + nzl| < llz + nozl| + [l(n = no)z|| < [Inoz|| + [|(n — no)z|| = ||nz|).
Hence we can assume that
|z + nz|| > 1 and =zl > 1, n > n,.
Then, for a € (0, 1), there exist u,w € (0,1) N Q such that
llz + nz||* = |Inzl|* < ||z + nzl|* - [|nz||* < ||z + nzl* - |jnz||®
for n > ng, because the map
(0,1)32—a*-b"€R (a, be (1,00))
is a monotonic function.
Hence
. T a _ a _
Jim p(a,nz) = lim 2 +n|” - [ln2]] = 0
for all z € X and z € X \ {0}. Moreover,

Jim p(z, g+ nz) = im [llz +y + 0z ~ [ly + nell
< lim (i +y + n2(|* = [lnz]|*] + ||y + 2| — [Inz]|*])
=0+4+0=0 ‘

forallz, ye X and z € X \ {0}, which means that the function p defined by

(30) satisfies condition (21). Theorem 5 implies the existence of an additive
mapping @ : X — Y and a constant k(Y) fulfilling condition (29). ]
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