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ON THE SUPERSTABILITY OF THE GENERALIZED
ORTHOGONALITY EQUATION IN EUCLIDEAN SPACES

JACEK CHMIELINSKI

Abstract. We consider a class of approximate solutions of the generalized
orthogonality equation in R” (n > 2). We prove that this class coincides with
the class of solutions of the equation, i.e., the superstability of the generalized
orthogonality equation holds.

1. Introduction. Let E be an inner product space ("zoy” stands for the
inner product of z and y). In 1931 E.P. Wigner [9] considered the functional
equation

IT(z)e T(y)| = |zoyl for z,y€E

with the unknown function T : E — E. This equation is referred to as
the generalized orthogonality equation. In the present paper, however, we
are not interested in true solutions of this equation (for them we refer to
(7], (1], [2], [8]) but in approzimate ones. Defining the class of approximate
solutions of the generalized orthogonality equation we follow the method of
D.H. Hyers applied originally to the Cauchy equation in [6]. Namely, for
fixed ¢ > 0, we investigate the class of solutions of the functional inequality

HT(2) o T(y)l = lzoyl|<e  for z,y€E.

It turns out (see [3]) that in the case where E is a real Hilbert space for each
solution of the above inequality T', we may choose T, — a true solution of the
generalized orthogonality equation such that the difference between T and
T. is uniformly bounded by a constant (namely, by 1/z). In other words,
we may prove the stability of the generalized orthogonality equation in the
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case of a real Hilbert space. In this paper we deal with the case where £
is a finite-dimensional Euclidean space R™ (with n > 2). Using a method
different from that applied in [3] we obtain, in this particular case, a stronger
result. What we are going to prove is the superstability of the generalized
orthogonality equation. It means that the class of solutlons of the functional
inequality

1) [ 1T(z)o T(y)| - lzoyl|<e  for z,yeR"
coincides with the class of solutions of the equation

(2) T@)oT@w)| =laoyl for z,ycR™

2. Preliminary results. We begin with a lemma which apparently is
‘not connected with the generalized orhogonality equation. However, we will
strongly use this lemma in the proof of a proposition that follows.

LEMMA 1. Fix n > 2 and € > 0. For each > 0 there exists kg € N such
that for any k > ko, if the vectors a, Uy, Uz, ... ,Un—1 € R®\ {0} satisfy the
conditions '

(3) 1_k_2<"u‘"2<1+ﬁ for i=1,2,...,n-1,-
(4) |u,,~ouj|$I:—2 for 4,j=1,2,...,n—-1; i #3,
(5) |aou,-|§% for i=1,2,...,n—1,
then:
a.) vectors Uy, ... ,Un_1 are linearly independent and hence H := lin{u,,

. Up-1} is an (n — 1)-dimensional subspace in R";

b) | cos A(a, €] > 1 —n, where £ denotes the line in R™ wbzch is the
orthogonal complement of H and A(-, ‘) stands for the angle.

PRrooF. 1. To begin with we prove a). Consider the Gram determinant
for vectors ujy,...Up—1:

"’U,1||2 Ui °© Uz cee UL O UR—1
Uy 0 Uy luzl2 ... upoup—1
W(ul, seey un_l) =det .
Up-10U] Uy-10U ... ||un_1 “2
A

=llual? - Nonaall® +
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B
+ Z (—l)”(u,ouf(,))-(ugouf(-z))-...’-(un_louj(n_,)’).
f€Per{l,...,n—1}
. id
Per {1,...,n— 1} is the set of all permutations of the set {1,...,n—1} and

Iy denotes the number of inversions of a permutation f. Suppose that £ is
large enough that (I — &) > 0. From (3) we have

(6) A2 (1- ki)—1 1 as k-

From-(3) and () we get

£
-

ETIIN L ENTTLE . -_-,‘
(7) |B|_<_((n 1! 1)(1+k2) ——0  as k— oo

Formulae (6) and (7) imply that, for a suﬂiuontly large k there is |A| > | B|
and hence

Wiwy,o..yuny) = A+ B #£0,
i.e., wy,... ,uy_q are linearly independent.

2. Take an u, € R"™ such that € = lin{u, } and [Ju,]| = 1. We have a
unique decomposition

a=h+1, with hell, lel.
and, moreover, there exist &;,...,&,-1,&, é_R such that
h=&uw + vt oty v l= Entty.

Using (3) and (4) we obtain

: ‘ n-1n-1 .
lall® 2NRll® = ho k= Ellarll? + .. + &g lluna P +3) &bjuiou;
. 1 1
=
n=1n-! '
& llall” + ..+ Gyl | = E Z |€l“£]||“t ° "JI
' ' : : i=1 | I
1 .Jl'¢i
¢ c n—1 n-1-
9
2@+ +e) (1-5) - ;;—-ZZIE,II@
: i=1 j=1 :
’ L

9 ~ Annales...
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Defining £ := max{|€il,... , |én—1]} we get

@+ +80)(1-5)2e(-5)

and
n—1n-1

L L ledlel < (- (-2 i,

i=1 j=1
J#

which enable us to continue the previous approximation so thus we get

lal? > € (1= 5 - (- Dm-25) <
Denoting .
(k) := (1- 5 - (n=1)(n-2)5 )

we have, for k sufficiently large,

la]
ENZQ)

and then

(n = Dljell
Ve(k)

(8) &l + ...+ | S (- 1)€<
As ||B]|?> = a o h we get, using (5),

||h||2 =faou; +...+ 100 Up_y
£
S|§1||“ ° ull +... + lE‘n—l”a ° un—ll S (‘fll +...+ Ifn«—,ll)E

which, together with (8), implies

) wip < = Dllall
®) IalP < S

We have :
(aoun)? =(lo un)2 = 1I1? = llal|® - fjAl)?

and then

a0y h||?
cos® A(a, ) = cos® A(a, u,,) = ( ||a||2) =1 _':||a||||2°
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_ wa,’_(?)- implies
‘ o __&n-1)
Ve(k) k- lafl

Since (k) — 1 as k — oo, the above inequality means that | cos A(a, £)|
can be arbitrarily. close to 1 provided that k is sufficiently large. This is
_ equivalent to the assertion of the lemma in point b). 0O

cos® A(a,l) > 1

PROPOSITION 1. If T : R* — R® (n > 2) satisfies (1), then:
@) = e <IT@)IP < ||z + ¢ forzeR®,
(ii) T(z) =0 <<= =z =0, '

(iii) for each z € R™ there exists a function p, : R — R such that, for
each A € R, T(Az) = pz()\) - T(z) and |pz(A)] — 00 as |A| = oo for A € R,

(iv) T(z)A1T(y) <= =zL1y.

Proor. 1. To prove (i) we need only to put z = y in (1). Now suppose
T(z) = 0. By (1) we have for an arbitrary y € R" that |z o y| < €. Taking
.y = kz we get k||z||2 < ¢, for an arbitrary k, which implies z = 0. Thus we
have proven “=” in (ii). '
2. Now, let us discus (iii). At first, consider the case where z # 0 and
* A # 0. Suppose that T(z) and T(Az) are linearly independent; thus we
~ would be able to set

(10) | cos A(T(a:),T(Az))[ =1-w  forsome w>0.
Take v1,...,v5-1 € R",||1)1|| = ... = |[on_1|| = 1 such that {z,v,,...,
vy—1} forms an orthogonal basis in R*. For any k € N and ,7=1,2,... ,n—
I;i# 7 we have - - '

kvioz =0, kv;o Az = 0, kviokv; =0
and so, by 1i'ne_qua.lity (1), we get

|T(kvi) 0 T(z)| < e,
(11) |T(kv;) o T(Az)| < ¢,
IT(kv.) o T(kvj)l S £

for k€ MN; i,j=1,...,n=1; i # j. If we denote (with a fixed k)

a:= T(:b); a’ := T(\z); UTRES %T(kv;) o for i=1,...,n-1,

9.
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then we may write (11) in the form

e € z
Iuioalgz, Ill,¢0(|<z |uouj|<k)
fori,j=1,...,n—1; i # j. Moreover, from (i)
€
i- =S ||u,|| <14+ F
Thus we may apply Lemma 1 for the system {a,u;.... .un_ll} and for

{a';u1,... ,un—1} as well. If € denotes 1-dimensional orthogonal comple-
ment of the subspace lin{wy,...,u,_1}, then choosing k sufliciently large
we will get | cos A(a, €)] and | cos A(«’, ()| arbitrarily close to 1 which implies
that |cos A(a,a’)| = | cos A(T(z), T(Az))|is arbigrarily close to | as well. But
this contradicts (10), whence T'(2) and T'(Az) have to be linom]v dependent.

Having proved the implication “=" in (ii) we know that T'(x) # 0; thus we
can choose ji(A) € R such that T'(Az) = j(N) - T(x). lf |/\| — oo, then
|Az|| — oo and - by (i) - [|T(Az)|] — oo as well which implies | (A)] — oc.

We have proved (iii) for @ # 0 and A # 0.

3. Now we consider (iv) beginning with the part *z2o0y =0 = T(z)o
T(y) = 0”. At first, we consider the case @ # 0. If z 0 y = 0, then, for cach
k € N, we have kx oy = 0 so, from (1), we derive |T(kz)o T(y)| < . Since
x # 0, by what we have proved above, T(kz) = ju,.(k) - T'(z). Thus we may
write, for each £ € N,

<
<

(k)]

IT(z) o T(y)] <

which yields T(z) o T(y) = 0.

4. Now we can prove 7(0) = 0. Indeed, by (1) for any 0 # 2 € R" and
an arbitrary & € N there is |T'(kz) o T(0)| < ¢. Since T'(ka) = pz(k) - T(x),
we get

[T(2)o T(O) € -
for an arbitrary = # 0 which implies T'(z) o T(0) = 0. Now, if we take an
arbitrary orthogonal basis {zy,...,2,} in R", then the system of vectors
{T(z1),...,T(x,)} forms and orthogonal basis as well (see: point 3. in the
proof and “=" in (ii)). Thus we obtain that {7'(0),T(zy),. (xy)} is a
system of n + 1 orthogonal vectors in R™ which implms T(O) = 0 Thus the
proof of (ii) has been completed. »

5. Now, we easily complete the proof of “zoy =0 = T(2)oT(y)=0"
in the remaining case 2 = 0. We may also finish the proof of (iii) taking
#z(0) = 0 and, in the case where z = 0, setting e.g., o(A) = A.
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6. We need only to prove “T'(z) o T(y) =0 = =z oy = 0". Notice, that
if T(xz)oT(y) =0, then, for an arbitrary k € N, we have

T(ka)o T(y)| = |ua(k)] - |T() o T(y)| = 0

and then, by (1), we have, for any k € N, |kz o y| < ¢, whence
€
|:L‘oytsz—+0 as k— o0

so x oy = 0. We have completed the proof of (iv) and the proof of the whole
proposition as well. O

Let us emphasize that in proofs of points (ii), (iii) and (iv) we essentially
used the fact that we deal with the finite-dimensional space.

ProrosiTion 2. If T : R™ — R™ satisfies (1) and 2 < k < n, then:

(a) vectors xq,...,x, are linearly independent in R™ if and only if their
images T'(21),...,T(xy) are linearly independent;

(b) T transforms a k-dimensional subspace P = lin{ay,...,z} into the
k-dimensional subspace P' = lin{T(z,),...,T(zx)};

(c) in particular, the image of a plane in R™ is contained in another plane
and, similarly, the image of a line in R™ is contained in a line.

The proof of this proposition runs exactly in the same way as the ones of
Propositions 1 and 2 in [1]. What we essentially need to follow those proofs
are properties (ii) and (iv) established in Proposition 1 of the present paper.

We end this section with two easy lemmas.
LEMMA 2. Suppose that Ty,T; : R™ — R” (n > 2) are solutions of (1)

with constants on the right hand side £1 and €3, respectively. The composi-
tion T := T>Ty satisfies the inequality (1) with the constant € := €] + <.

We omit an ecasy proof of this lemma as well as that one of the following

CoroLLaRY 1. The composition of a solution of (1) with a solution of
the (generalized) orthogonality equation is also a solution of (1) (with the
same ¢).

LEMMA 3. If T : R" — R" (n > 2) satisfies (1), then for any z,y € R
we have

o1 '
Jim o TR TR = D=l - fyll.
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PROOF. On account of Proposition 1.(i) for an arbit'rai'y k € N we have

el = & - 1ol = 5 < IT)l - ITG)

\/nznu &+ g

It is obvious that if £ — oo, then expressions on the nght and on the left
tend to ||a:|| ly|l, whence so does the middle one. ‘ a

3. Superstability. In this section we prove the main fesulvt of the papér.
THéQREM 1. If T:R™— R"* (n > 2) satisfies in’equality (1), i.e., if
T o T - lzoyl | < for z,y€R"
(with a fixed € > 0), then T satisfies the géneralized‘orthogonah'ty equation
- |T(z) o T(y)| = |z 09| for z,ye R".

In order to prove this theorem we need to state and to prove some partial
results at first. We begin with the following

ProrosITION 3. Suppose that T : R* — R" (n > 2) satisfies (1). Then,
for arbitrary z,y € R™ \ {0}, one has

|c_'osA(T’(z),T(y))| = | cos A(z, y)|.

PROOF. We ﬁx z, y € R"\ {0}. Of course, for any k€N,
cos A(x, y) = cos A(kz, ky).

‘Moreover, since T preserves linear dependence of vecpors and maps a nonzero
vector into a nonzero one (Proposition 1.(ii), (iii)), we may state that

| cos A(T(2), T(W))] = | cos A(T(kz), (k).

Using inequality (1) for kz and ky and dividing by k* we get

lzll - {lyll - | cos A(z, )| - k2 <z ST (k)] ||T(ky)|| |cos AT(),T(x)|
S||5'3|| |yl - | cos Az, v)| + ﬁ
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pu
Letting & — oo we obtain, on account of Lemma 3,

lzll - tyll - | cos A(=, y)| = 1] - 19l - | cos A(T(z), T(w))],

whence

1cos A(z, y)| = | cos A(T(z), T(y))|-

To facilitate further calculations we prove the following

LEMMA 4. If T : R® — R™ (n > 2) satisfies inequality (1), then there
exists an orthogonal automorphism ¢ such that

(i) the composition T' := T satisfies (1) (with the same ¢);

(ii) elements of the canonical basis in R® — e, ... e, are eigen vectors -
for T', namely : '

(12) T'(e;) = Aie; for a certain X; € (0,V1+¢], i=1,...,n.

Proor. If {e;,...,e,} is the canonical basis in R”, then — by Proposition
1.(ii),(iv) - {T(e1), ... ,T(en)} forms an orthogonal basis in R™.. We define
an automorphism ¢ : R® — R"™ by

@(T(e:)) := ||T(es)] - e for i=1,...,n.

It is easy to ’prove (using Corollary 1) that T satisfies (1). From Propbsition
1.(1), (ii) we get : ’

0<|IT(e)| <VI+e for i=1,...,n.

a
Bearing“ in mind Proposition 2.(c), now we investigate the case n = 2.
PROPOSITION 4. Let T : R? — R? satisfy (1) and the condition (12) as

well. Then either ,
T(x)=+4z  forall zeR?

or
T(z)=+% forall zeR®

(Here T denotes the vector conjugate with a vector z,ie, T = (21, —z3) for
z = (.’E],wz)).
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ProoF. Of course, T'(0) = 0 (Proposition 1.(ii)) so for z = 0 the assertion
is clear.

1. We fix 0 # z € R%. According to Proposition 3, using (12), we get
| cos A(T(z),e1)| = | cos A(z, e1)].
Thus we have proved that for a vector z € R? there exists a A € R such
that either (a): T(z) = Az or (b): T(z) = AZ. We consider sets A and
B consisting of those vectors in R? for which the case (a) or (b) holds,
respectively. Of course, vectors in lin e;U lin e3 belong to the intersection of

A and B. The set R2 := R?\ (lin e, U line, ) is contained either in A or in B.
Indeed, if there existed vectors z,y € R2 and A, i € R\ {0} such that

T(z)= Az and T(y) = 1y,
then, by Proposition 3, we would have
| cos A(2,9)| = | cos A(T(), T(y))| = | cos A(z, y)],

which means that z or y belongs to line;U line; — a contradiction.
2. From the above we may state that for some A : R* — R there is either

(a) T(z) = Mz)-z forall z e R?
or
(B) ' T(z) = Mz)-E forall 2 ¢€R™.

In the case («), using (1), we get
| M)z 0o Mz)z| - |zoz||<Le forany z € R?,

whence
N (z)=1]- ||z <e for zeR:.

In particular, taking an z # 0 and an arbitrary k € N, we have
2 2 o £
N2 (ke) = 1] - el < 5

whence
klim A(kz) =1 for = #0.
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Now we fix arbitrary z,y € R? such that z o y # 0 and an arbitrary &k € N.
_From (1) we get

| IA(2)z 0 Aky)kyl — [o 0 kyl | <.
Dividing by k and letting k — oo we get
[ A(@)] - 1] - |z 0y = 0,

which yields |A(z)] = 1 for any z € R?; in other words, in the case (a),
T(z) = £z for each = € R2.

3. Proceeding analogously we may prove that in the case (3) we have
T(z) = T for each z € R2. a

The above proposition together with Lemma 4 imply (without assuming
(12)) the following corollary. :

CoRrOLLARY 2. If T :R? — R? satisfies (1), then

|\T(z)|| = |zl  for every =z € RZ.

Now we are going to generalize the last corollary to the case of the spaces
of higher dimensions. » :

ProrosiTiON 5. If T : R™ — R" (n > 2) satisfies the mequahty (1),
then
|17 (=)Il = “a:“ foreach =z € R".

ProoF. 1. For z = 0 the assertion holds trivially (Proposition 1.(ii)).
~ We fix an z € R™ \ {0} and take an arbitrary 0 # y € (lin z)L. We have,
. in particular, T(z) # 0, T(y) # 0 and T(y).LT(z) (Proposition 1.(ii),(iv)).
Usmg Proposition 2.(c) we obtain’

r (““ {ﬂ nZ—u} ) C {u%n ]lgg;u} .

whence, for a pair of reals (A1, A2), there exists a unique pa.xr (M1, A'2) such

that
: =\ T(z) ', T(y)
T( e n“znyu) TG )u+ )




138

We define a mapping T’ : R? — R? by the formula
T'(A) = X,

where A = (A, A7) and X’ = (A, A}) - according to the rule described above.
2 We prove that the functlon T' is a solution of (1). Let A = (A1, Az),
(m,;zg) € R? be fixed and let

R R Y R ||yu
Then o
luov| = A + dapa| = |Aop] -
and
o - ! T(:l:) ' T(y) ol T(x) ' T(y)
() o T(v) ’('\IIIT(z)II +“uT(y)n) (’ e UnT(y)n)l

=|Ap'y + Naply| = [N o ') = |T'(A) o T' ().
Since T satisfies (1),
HT' A o T'()| = Ao pl | = | |T(w) o T(v)] - [uow| | < e,

whence T’ satisfies (1) as well.

3. Now we may use Corollary 2. We have ||T'(A)|| = {|A|| for each
A € R% Let A = (||z||,0) € R?; then, by the definition of function 7", we
have T'(A) = (||T(z)||,0) and so

llzll = 1Al = IT' M| = I T(=)l.

-0
. PROOF OF THEOREM 1. All we need to do now, is to combine the asser-
tion of Proposition 3 with the one of Proposition 5. O

4. Final remarks. The following example shows that the superstability
of the generalized orthogonality equation is no longer true in the general
case. ' L

EXAMPLE 1. We consider the Hilbert space I with the usual inner prod-
uct and define a mapping T : {2 — [2 by the formula

T(a;):T(:l:l,.’Eg,...):=(\/E,.'E1,$2,...) for (BElz.


file:////1H1
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We have T(z) o T(y) = z oy + ¢ so T satisfies (1). On the other hand,
7(0,0,...) = (v%,0,0,...), whence T cannot be a solution of the generalized
orthogonality equation as for each such solution should be T(0)=0.

If we consider the orthogonality equation
(13) . ‘T(:c)oT(y)::voy for z,yeR"

and the approximate solutions of it, given by

/

(14) [T(z)oT(y)—zoy|<e for z,y€eR"

we obtain immediately that (14) implies (1) and then, as a corollary from
Theorem 1, that T is a solution of (2). However, from (2) and (14) one can
derive (13). That means the superstability of the orthogonality equation.
We omit the details of the proof.

Finally, let us remark that the superstability phenomenon is sometimes
considered as something unnatural and caused by an improper definition
of the class of approximate solutions (see [5, pp. 109-110]). Comparing
both sides of (2) it would be, probably, more adequate to the structure of
the inner product space, to deal with the division of values of those sides
instead of the difference when defining approximate solutions. The author
has made such an attempt and proved the stability, in the new sense, of
the generalized orthogonality equation in the case of the Euclidean space R"
(see [4]). Superstability does not hold in that case.
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