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FUNCTIONAL EQUATIONS FOR .
HOMOGENEOUS POLYNOMIALS ARISING FROM
MULTILINEAR MAPPINGS AND THEIR STABILITY

JENS SCHWAIGER

Abstract. Some characterizations of homogeneous polynomials and of poly-
nomials in general are given. This is done not only in the usunal case but also
for vector spaces over non archimedean valued fields. Moreover stability
results in connection with these characterizations are given. -

1. Introduction. Let A be a commutative ring with identity element 1
and let M and N be A-modules. For mappings f: M — N (f € NM) and
elements r € M the difference operator A, : NM — NM s defined by

A f(y) = f(z +y) - f(v).
Az,,...,z, is defined by |

A = Ao--+0A.

LlyeeeyTy I Ty

K. J. Heuvers ([4]) introduced the operators K,, defined by

Kof(zieosn)i= A f(0)+(-1)"(0)

and used them to formulate functional equations whose solutions afre the
diagonalizations of n-linear mappings with domain M™ and range’N. (It
seems to be unclear whether in the most general case considered ‘by K. J.
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Heuvers these functional equations are characterizations of these homoge-
neous polynomials.)

The usual characterizations of homogeneous polynomials (see e.g. [5],
[3]) use the difference operators A} = Ap,...,». But in this case one only
gets a characterization of those homogeneous polynomials which are the -
diagonalization of n-additive (= Z-n-linear) mappings. -

In this paper we present a characterization of n-hemogeneous polynomials
which are diagonalizations of n-linear mappings when the ring A is such that
n! is a unit in this ring. This characterization is close to the usual one for
diagonalizations of n-additive functions. Furthermore we investigate the
stability properties of both those functional equations. This is done not
only in the usual case (i.e. for normed or topological vector spaces over the
reals) but also for normed vector spaces over the p-adic completion Q, of
Q with respect to the non-archimedean absolute value | |,. Regarding the
latter case (even for A = Z) relatively little seems to be known (see [2]).

J. Tabor ([9]) considered stability theorems in connection with R-linear
functions. He presented his results at the 30th ISFE held in Oberwolfach in
1992. At that occasion G. L. Forti pointed out to me that one of the author’s
_ earlier results ([7]) could be used for investigating the stability properties of
R-linear mappings in the following way:

Let V be a real vector space and let E be a Banach space over R. Then
for any f : V — FE the following holds. If

| f(ez + By) — flaz) - f(BY)|| < (e, B) (2,9 €V, a3 €R),

where ¢ : R? — Ry := {y € R| v > 0}, there is a unique R-linear function
g : V — E such that the difference f — g is bounded.

Here one of the important points is that the bound ¢ may depend on «
and 3. In fact, Tabor’s result was that for ¢ not depending on the scalars
a and B “superstability” appears, i.e. in this case f itself necessarily has to

_be R-linear. Our future investigations will follow this line. This means that
our stability results are presented in a form where the bound ¢ may depend
on the scalars involved.

2. The stability of Heuver’s equation. In order to formulate the
results from [4] and to consider the stability properties of the functional
equation involved we need some preliminaries.

Let M,N,A,... be as in the Introduction. Let n be an integer, n > 2.
For a:= (aq,...,a,) € A", z:= (21,...,2,) € M™, and f € NM let

La,nf(x) = Laf(x)

(1) =L, [f (‘Zaixi) Za"f(:c,)] Z —as K, f(z* )
i=1

3€ES, st ;
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where
Sp =9 = {s =(81,-..,8) €Nl 0<s; <n— 1, |g:= Zsi = n},

s . .
T2 = (21,00 By ee Ty e ,Th),
< 1 oon

sy times Sp times

n n
o’ = Haf‘, sti= Hs,-!, and L, :=lem{s!| s € S}.
i=1 i=1

For convenience we also mention two formulae which will be useful in the
future.

THE MULTINOMIAL THEOREM (see c.g. [8]). Let A,M,N be as above.
Let g : M™ — N bhe n-linear and symmetric. Then for z = (z1,..:,2x) €
M* and o = (av,... ,a;) € A* we have ’

k n
) ((z ) ) - Y Rty
i=1

teT

where Ty := T := {t = (t1,...,1;) € N}| Zf___l ti = n}.

In [4] one finds the explicit expression
In< f(xl Yoo axn) = Z(_l)n_l'”f(zjeij)’
J

where the sum runs over all nonempty subsets J of n := {1,2,...,n} and
|J| denotes the cardinality of J.
Among others, in [4] the following is proved.

THEOREM 1. Let A be a commutative ring with identity and let M be a
free A-module. Let A contain elements u and v such that y — uv(u + v)y
is an injection from the A-module N into itself, and let, for some integer
n > 2, (n— 1)! be a unit in A. Then, given a mapping f : M — N, the
condition

(2 Laf=0 (a€A™)
implies that there is some n-linear mapping g : M™ — N such that f is the

diagonalization of g, i.e. f = goé, (with §,(z) = (z,... ,x) € M™ for all
reM).
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REMARK 1. In the case that n! is a unit in A - which implies that also
(n —1)!is a unit - the converse is also true:

Let A be a commutative ring with identity such that forn € N, n > 2,

the number n! is a unit in A. Let M, N be arbitrary A-modules, and let

f: M — N be the diagonalization of some n-linear mapping g : M™ — N.
Then f fulfils (2).

PROOF OF REMARK 1. In the case considered g may be supposed to be
symmetric since f = g o §,, implies f = g’ 0 6, where ¢’ defined by

1 o |
. g'(mh'" ,a:n) = m Z g(:l:,r(l),..'. ,a:,’,(n)) -
" reS, ' S

(S denotes the group of all permutations of n), is n-linear and symmetric.
But then by the multinomial theorem (for the diagonalization of symmet-
ric n-linear functions) and using the relation

Iff(yla"' ’yn) = " é,y,,f(o)

as well as
"y (9' 0 6:)(0) = nlg'(y15--. s ¥n)
110 2¥n

(see [3]) we get

f (Z;a.-x,-) =g' ((Z; aﬂ.‘) ) = ;a?!]'(zin)'l' Z Z—:asg'(:cs)

SES

= Yol f(e) + 3 ot K (=),

i=1 ses '

which - when multiplied by Ly, - is the desired result. 0

Now we consider a non trivial valuation | | on the field Q of rational
‘numbers. For the following facts on valuations we refer to [6].

It is well-known (Ostrowski’s theorem) that such a valuation is either
equivalent to the usual absolute value or to one of the (non-archimedean)
valuations | |, where p is some prime and |r|, = p~™* f Q > r = p*e.k €
Z,a,b € Z,a,b # 0, and (a,p) = (b,p) = 1 (and 0], = 0). Furthermore we
may embed (Q,| |) in a complete valuated field (@,] |). Normed spaces and
Banach spaces may be defined as usual.

We have the following.
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THEOREM 2. Let A be a commutative ring containing Q as a subring.
Let Q 5 1 be the identity of A. Let furthermore M, N be A-modules and let
(N, I) at the same time be a Banach space over the completion (Q,| |) for
some absolute value | | of Q. Then, for f : M — N and n > 2, the condition

(3) Lo f(z)ll <e(@)  (z€ M a€ A",

where € : A™ — R, is some given function, implies that there is a (unique)
A-n-linear and symmetric function g : M™ — N, such that f —.go 6, is
bounded.

Proor. Using (3) foray =m € Aand a; =0for2 < i'g n gives
(4) lIf(mz)-m"f(z)]| <" (¢ :=¢e(m,0,...,0)/|L],z € M,m € A).

Now we consider two cases. R
Casg 1. | | is the usual absolute value (and Q@ = R). In this case (4) for
m € N,m > 2 reads as

f(771w)

ant

@

!
- f(:,;)“ < 7::1_" (z € M,m € N).

Fix m > 2 and put ¢i(z) := L2 f(’n 2. Then by (4)

E'

= lk+)n’

(k+1)n mkn

mmFz m*z
||sok+1(z)-¢k(z)“_uf( ) f(m*z)

Thus using standard arguments the sequence (¢i(z)| k € No) is Cauchy
with

lor+i(2) = pr(@)l| <e'(m™0HD oo p mnh40)
(8) e -
SW(I —m n) .

Denoting the limit function by ¢ and putting & = 0 in (5) we get for I — 00

!

<¢g.

(6) lo(a) - f(2) € —— <

By the explicit formula for K,, f as given above we see that

Kow(z1,... ,2,) = m K f(mka:l, ey m"':cn).
n n

11 - Annales...
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Thus (3) (with 2 replaced by mFz) yields

(7) ILapr(@)l < .

Obviously limg_, o0 Lar(z) = Lap(z). Accordingly (7) implies Lo¢(z) = 0.
By Theorem 1 this means that there is some symmetric and n-linear g such
that ¢ = goé,. Moreover, using (6), we have that f—goé, is bounded. The
uniqueness is shown in the usual way. If ¢’ is another n-linear and symmetric
mapping such that f — g’ o 6, is bounded, then (g — g') 0 é, is bounded and
thus (by homogeneity) 0. But then (usmg the relation mentloned in the
proof of Remark 1)

0= " A v (9~-9')06,(0)= nl(g - !]’)(yl, cee s Un)

implying g = ¢', as desired. o
Caskg 2. | | = | |, for some prime p. Then (3) for a; = l/p and a; =0
for i > 1 leads to

If(z/p)—p7"f(@) <" (' :=¢(1/p,0,... ,0)/IL], = € M).

Multiplying this by |p"| and observing that now lpl = |pl, = 1/p we get

(4") lp" f(z/p) - f(@)l| < o (ZEM)
In this case we define er(z) := p™* f(x/p¥). Similarly as in the first case we
have = -

, : e’ e 1
lek+1(2)— pr(2)l] < ey and  l@e4i(z) - pr(2)]l < AR T =

p~m’

which shows that the sequence (¢x(z)) is a Cauchy sequence and that for
k=0 and ! — oo (with ¢ := limg_,e i)

o) = @ < -

From thls point on we may argue as in the first case. O
Let us point out that restricting ourselves to the cases considered is no

real restriction of generality since replacing a valuation by an equivalent ore,
up to a change in the function ¢, does not aﬂ'ect the validity of the condition

(3)- -
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The case n = 1 (i.e., the linear case) is not contained in this theorem.
But we have the following generalization of the result mentloned in the
Introduction.

THEOREM 3. Let A be a commutative ring containing Q as a subring.
Let Q > 1 be the identity of A. Let furthermore M,N be A- modules and
let (N, ]| ||) at the same time be a Banach space over the completion (Q,l 1)
for some absolute value | | of Q. Then, for f : M — N the condition

(8) Nz + By) ~ af(z) - B < e(a, B) (a,ﬂ €A zyeM),

where € : A2 — Ry is some given function, implies that there is a (unique)
A-linear g : M — N, such that f — g is bounded.

ProoF. In the case of the (usual) archimedean absolute value the sub-
stitution @ = 8 = 1 shows that the conditions for applying the well-known
stability result of Hyers (see e.g. [5]) are fulfilled. Thus there is a unique
additive function g such that f — g is bounded. Moreover g is given by
9(z) = limg_, o (f(kz)/k). We have to show that g is A-linear. But (8) for
B =0 gives

[f(az) - af(z)l| < € := ¢(e, 0)

which holds true for all & and all z. Replacing = by kz, dividing by k'and
letting tend k to oo then yields ||g(az) — ag(z)|| = 0. This shows that g is
homogeneous and thus A-linear.

In the non-archimedean case | | = | |, we may use similar arguments.
Again a = § =1 leads to
(8" If(z+9) - f(z)- fWll <€ (z,9€ M),

where ¢’ = £(1,1). It is easy to see by induction that this implies || f(nz) —
nf(:L)” < (n—1)¢’ for all n € N. For n = p this means that

If(z) = pf(e/p < (p-1)' =: 6"  (x € M).
Using this for z/p™ yields

||I)71f(m/])n) _ ])11+1f(1/1111+1 ” <. ]I’nlfu . 6‘"/[)"

Thus the sequence (gn(x)),gn(z) := p"f(z/p") is Cauchy. Exphc1t bounds
(as-ip the proof of the theorem above) show that the norm of f — g, is
bounded by some constant mdependent of n. So f — g, g :=1limy, o gn, is
bounded. Finally (8') for p"z and p™y shows that

low(e 4 9) - 9a(2) ~ i)l < /5"

1*
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which for n — oo implies that g is additive. This g is the only additive
function such that f — g is bounded. In fact, the boundedness of f—h,h
additive, implies that p™ f(z/p") — h(z) = p"(f(z/p") — h(z/p™)) tends to
0 for n — oco. Thus h = g.

This additive function, g, is also homogeneous. This follows from equation
(8) multiplied by [p®| for 8 = 0 and n — oo, when z is replaced by z/p™. O

REMARK 2. Inspecting the proof of the second part one sees that we have
also proved the following;:

Let G be an abelian group which, for p prime, is uniquely divisible by p.
Let E be a Banach space over Q,, the completion of Q with respect to | |,.
Then for any f : G — FE the condition

If(z+y)- f(z) - Fy)ll < e

implies that there is a (unique) additive mapping g : G — E such that f —g
is bounded.

This was shown for G = Q, in [2].

3. A characterization of homogeneous functions arising from
n-linear mappings. Corollary 3 from [3] may be formulated as follows.

THEOREM 4. Let H be an abelian semigroup and G an abelian group
satisfying the condition: for each a € G the equation (n!)z = a has a
unique solution x = a/(n!). Then a necessary and sufficient condition that
f+ H — G has the form f = go é,, where g is symmetric and additive in
each variable is that

Zif:n!f(u) forall ue H.

Our aim now is to get a characterization for functions f to be of the form
f = g o é,, where g is n-linear and symmetric.

We assume as above that A is a commutative ring with identity which
is uniquely divisible by n!, where n > 2 is'a fixed integer. M and N are
A-modules. For z = (zy,...,2,) € M™ and s = (s1,...,8,) € N™ we use
the notion

EA Sn
A:=Ao---0A.
) z* 3 Ty
For f: M - N, a = (a1,...,a,) € A", and y € M we consider the
operator H, , defined by

(9) Hayf(z):=n! [f (Z a,-xi) - Za?f(xi)] -y Z—fa’gf(y)-

=1 i=1 SES,
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Then the following holds true.

THEOREM 5. Let A, M, N, and n be as above. Then a necessary and
sufficient condition that f : M — N has the form f = g o é,, where g :
M™ — N is n-linear, is that

(10) H.,f(z)=0 (a€ A"z e M",ye M).

PRroor. At first we show that the condition is necessary. So, let f = goé,,,
where g is n-linear. As in the proof of Remark 1 we may assume that g is
also symmetric. From [3] we know that

(11) IIY”A.’w"(goé-n)(y) = nlg(21y. .. s Tn).

Using (11) , the definition of H,,y, and the multinomial theorem one gets
the desired result in a way similar to the corresponding part in the proof of
Remark 1.

The condition is also sufficient. For, suppose that (10) holds. Then for
ar = 3, a; =0 for i > 2 we get

(12) n!(f(Bzy) = B f(z1)) =0 (Be Az e M)

since for this o we have a® = 0if s € S,,. Using (10) for z = (a,... ,a) with
all the z; = a € M we get (since Az = A? for s € ;)

() () (53 mee

But f((Xis1 ai)a) = (Xis, ai)"f(a) by (12) and

(2 %'a) Zl'a - S at= (gai>n—izla?.

SES, teT tel,

Thus

= ((Z“‘) Z"‘)(n'f(a ~Ri@) =0 (ayeMaca.
i=1

By Lemma 1 below this implies

n!f(a)‘-—-éf(y) \(a’ye M)a
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and by previous statements that f = god, for some symmetric and n-additive

function g (which in fact is given by g(z1,...,2,) = ()" As, 2, f(Y)).

We still have to show that g is n-linear. Fix a and z and write az :=

(a1z1,...,apzy). Let furthermore m = (my,... ,m,) € (Z-1)* C A™ and
ma = (myay, ... ,myay). By (10) and (9)

n! (f (2”: aiz,~> - ia}‘f(m ) Z —l—' A! =0
i=1 i=1 s

€S,

Since f = go é, and n'g(z!) = A, f(y) for all t € T we obtain

n! (f (i a,-:ci> - Z %!a‘g(m‘)) =0.
i=1 teT

Dividing by n! and replacing a by ma leads to
n ’IL'
f (Z m,-aiwi) — Z F(ma)‘g(m’) =0.
i=1 teT

Putting in this equality @ = (1,1,...,1) and then replacing z by az we get

f <Z mia,-:v,-) = Z —m ‘9((az)h).

i=1 teT
Equating the right-hand sides of these equations and using Lemma 1 again
finally ends up with
at!l("”t) = g((az)") (teT =T,)

which for ¢t = (1,...,1) implies the homogeneity of g in each variable. [

LEMMA 1. Let A be a commutative ring with identity containing a set U
consisting of n (> 2) units and the 0-element of A. Let U be such that the
set E := U — U of all differences uw — v, u,v € U is contained in U(A)U {0},
where U(A) is the group of units of A. Let M be an A-module. Then for
any k > 1 the relation

Z wz; =0 (u=(uy,...,u;) € E¥)

leLy

implies that all the z; € M vanish. Here Ly := {l = (Iy,---,l;) € N§|.
I, ..,k < n}
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Proor. The proof is by induction. For k = 1 the relation reads as
n .
Zu'm, =0 (v € E).
=0

Next we choose (which is possible) n + 1 distinct elements ug,... ,u, € E.
Then we have a system of linear n + 1 linear equations

n
Zu(',ml =0,
1=0
n
ley=0
ulxl —_ )
1=0

~—

=0
The determinant of the matrix C := (ué-)os,-g,. is the Vandermonde deter-
0<i<n

minant H (u; — u;) which by our assumptions is a unit in A. Thus C

0<i<j<n _ L
has an inverse C~! in the ring of (n X n)-matrices over A. This implies that
the above system of equations has only the trivial solutions. The induction
process then uses that the original relation may be written as

Zuj Z vrgn | =0 (weE, ve E* 1,

j=0 €Lk 1

Fixing v and varying u then yields that the inner sums vanish for all v. Then
we may apply our induction hypothesis. O

Now we investigate the stability properties of (10).

THEOREM 6. Let A be a commutative ring containing Q as a subring.
Let Q > 1 be the identity of A. Let furthermore M, N be A-modulef and let
(N, |l II) at the same time be a Banach space over the completion (Q,]]) for
some absolute value | | of Q. Then, for f : M — N and n > 2, the condition

(14) [Hoyf(2) Se(a)  (v€ M",a€ A", ye M),

where € : A* — R, is some given function, implies that there is af(um’que)
A-n-linear and symmetric function g : M™ — N, such that f — go 4, is
bounded. L
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PrROOF. The proof completely follows the lines given in the proof of
Theorem 2. For some estimates one has to use the following explicit formula
for Az, ...z, f which may be found in [5, p. 367]:

LA @)=Y+ )

JCn

a

4. The stability of some functional equations for polynomials
and homogeneous polynomials in the non-archimedean case. In [5,
Ch. XVII] the stability properties of the equations

(15) A f@)=0, "N fw=0, ad Afy)=nf)
Tyyeee s Tn4l T T

are investigated when the underlying Banach spaces are real spaces, i.e., the
archimedean situation is considered. Here we want to do the same in the
non-archimedean case. In doing so we follow the lines as given in the above
reference.

Let | | = | |, be a fixed non-archimedean valuation of Q@ and Q, the
completion thereof. Let furtheremore M be a vector space over Q and N a
Banach space over Q,. This notations are held fixed in this chapter.

Then we have the following generalization of Remark 2.

THEOREM 7. Let n > 2 be a fixed integer. If f : M™ — N satisfies for
eVery Tiy... ,Tn,Y1,--- yYn € M the system of inequalities

”f(xla"' ami+yi,"',mn)—f(zlv'-vwiv"' 7"1:71)
f@ ey m) < e (1<i<n),

(16)

where €;, 1 < i < n are positive numbers, then there exists a unique n-
-additive function g : M™ — N such that f — g is bounded. Moreover, if f
is symmetric, then g also is symmetric. The bound for f — g may be chosen
to depend on € only.

Proor. By (the proof of) Theorem 3, for every zy,... ,z,, € M the limit
9(Z1,...,2s) = kl&gopkf(zl/pk,mg,.. 5 Zn)

exists, and with fixed z,,... ,z, is additive ifi z;. Moreover, for some ¢’

| f(z1,... 1 Zn) = g(T1y. @) < 4
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forall zy,...,2,, € M. Foreveryi=2,...,nand all 2,... ,2,,y: € M we
have by (16)

“f(-""l/]’k,--- s Ti T+ Yiye oo awn)_f(ml/pk"" 1 iy e s‘tn)_
_f(:l:l/pkv'-' sYiseoo 71"77.)“ Ssis

whence, on multiplying by |p"'l and passing to the limit as & — oo, we
obtain that g is n-additive. Uniqueness follows from the fact that (as in the
archimedean case) a bounded n-additive function vanishes.

The symmetry of g for symmetric f can be seen as follows. Let 7 € S,,
be fixed. Then the function h, h(xy,...,z,) := I(Er(1ys- -+ s Tr(n)), IS M-
-additive. The symmetry of f then implies

”f(mlv--' ,-'L'n) - h(.’l:l,. .. a:l"n)” S 51,

whence by the uniqueness part of the theorem ¢ = h. Since 7 was arbitrary
this means that g is symmetric. The bound for f — ¢ can be given in the
form &' = ¢ ¢ where ¢, depends only on the prime p. This follows from the
proof of Remark 2. ' ()

Generalized polynomials (with Z-I-homogeneous components) can be de-
fined as the solutions of the first or second equation of (15). The following
two theorems deal with the stability of these equations.

THEOREM 8. Let, for fixed n € Ny, the function f: M — N satisfy (with
certain € > 0)

(17) ”1' A +lf(y)”S6 (yaxh'--smn+l EAI)

Taeeesdn

Then there exist symmetric k-additive functions Fj, : M* — N,0<k<n,
unique except for Fy, such that

(18) f—9g is bounded,

where

(19) g::ZFkoﬁk.
k=0

ProoF. For the existence proof one may use the arguments of [1] with
almost no changes. These arguments can also be found in [5, Ch. XVII].
. The uniqueness result follows from the fact that the boundedness of

n
h = Z Hyo by
k=0
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implies that A is constant, when Hy is k-additive for all k. In our non-
-archimedean situation this can be seen by considering the values h(z/p™) -

Hy = Zk21 1/p™*(Hy, 0 §,)(z) and letting tend m to oo. a

THEOREM 9. Let, for fixed n € Ny, the function f : M — N satisfy (with
certain € > 0)

(20) IR sl <e (v e M.

Then there exist symmetric k-additive functions Fj}, : M* > N, 0< k<,
unique except for Fy, such that )

(21) f —g is bounded,
where
n
(22) o g= ZFk°5k-
k=0

PRrRooF. This is derived from the previous theorem in the same way as
this was done in [5, Ch. XVII] for the archimedean case. O

Finally we formulate a result which in the archimedean case is formulated
as an exercise in the reference above. Details in this case are to be found in
[1]. Compare also with Theorem 4.

TﬁEOREM 10. Let, for fixed n € N, the function f: M — N satisfy (with
a certain € > 0)

(23) 1A fW)-nf@l <e (a,y€M).

Then there exists a unique symmetric n-additive function F : M™ — N,
such that

(24) f—Foé, isbounded.

PRroOOF. (23) implies that

I'a f(y)ll =|l Af(l‘ +y) - Af(y I

sugﬂz+w—nvum+n§ﬂw—n9umsaa
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Thus by the previous theorem we have symmetric k-additive functions Fy,
0 < k < n, unique up to Fy, such that for some ¢’

(2

2

) 1= Feobill <e'
k

Put h:= f— 3, Fi06;. Then ||h(y)|| < & for all y € M. The formula

A fw=3 (- 1"-“'f(y+z,em)

JCn

mentioned in the proof of Theorem 6 then leads to

< 2! = gty

(=) ’( )h(y+Jw)

1Aswis Y

j=0

But, as A7 Fr 06, = 0 for k < n and A} F, 06, = n!Fy(z,...,z), we

obtain AZ h(y) = A? f(y) — n!(Fy 068,)(z). This together with (23) and the
inequality above then shows that f — F, o §,, is bounded. Obviously F, is
also unique. ' g
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