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FAMILIES OF COMMUTING FORMAL POWER SERIES,
SEMICANONICAL FORMS AND
ITERATIVE ROOTS

Lubpwic REIcH

Abstract. We consider for a given formal power series F(x) = pz + c2z? 4

-»p # 0, with complex coefficients and for a given integer N >.1 the
functional equation G¥ = F where G is again a formal series (G is called
an iterative root of F). If pis a root of 1 and F is not conjugate to its
linear part we derive a criterion for the existence of solutions G and describe
the general solution. Representations of the coefficients of G by means of
universal polynomials are given, also in the case where p is not a root of
1 (where existence is almost trivial). Our main tools are maximal families
of commuting series (i.e. the *Aczél-Jabotinsky equation of third type) and

" semicanonical forms.

1. Introduction. Much is known about iterative roots of formal power
series F(z) = pz + caz® + ..., p # 0, over C. By an iterative root G of

order N of F we understand a formal series G(z) = oz + dy2® + ..., such
that '
(1) : GN = F,

where GV is defined in the sense of iteration theory. This means that GN =
GN™' oG, G' = G, o being the substitution in the ring C[z] of formal series
over C. Some important results on existence and construction of solutions
G of (1) are nicely collected in the monograph [2] (Ch. 11.6). But also the
theory of semicanonical forms of formal power series transformations (also
in several indeterminates), as developped by J. Schwaiger and the author,
leads to criteria about existence of iterative roots which are in our present
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situation of power series in one indeterminate rather explicit (see [8], [7],
[5]). Last but not least, the theory of families of commuting formal series
and its relations to the Aczél-Jabotinsky differential equations of third type
is also closely connected with the functional equation (1), as pointed out
in [4].

So the present paper has the following task. We want to apply our theory
of families of commuting series and the theory of normal forms to present
the known results on (1) in a systematic and rather short way in two cases:
a) In F(z) = pz + cz? + ..., the "multiplier” p is a root od unity (possibly
1) and F is not conjugate to its linear part pz. b) In F(z) the multiplier p
is not a root of unity. But we will also go beyond these results which are
known in most cases, and we will show how the coefficients of solutions G of
(1) can be expressed as universal polynomials in the coefficients of F. (The
notion "universal” will be made precise in Section 4.)

The most interesting case is certainly a) where the full power of the theory
of families of commuting power series is needed. Here, in general, for a
given N, F does not have an iterative root of order N. Furthermore, if for
given F and N a solution of (1) exists, then the total number is finite, and
we will describe the set of solutions in great detail (Section 2). We will
prove this result as a consequence of a basic criterion on the existence of
solutions of (1) when F and N are given, and which is formulated in terms
of elementary number theory. Only three integers are involved. Let p be.
p = e*mik/m i > 1 and such that F™(z) = 2 4+ dppr2™t! + ..., where
= m/ ged(k,m), dmy1 # 0. (We will see that this m exists, . > 1 and
is uniquely determined by F.) Then the criterion (in Theorem 1) refers to
m, k and N only.

In case b) we have a different picture. For each F and each N, in this
situation, there exist solutions of (1), their number is finite, and we will
again give a detailed description of the set of all solutions (Section 3). Our
note will not cover the cases of iterative roots of the series F(z) = = and
more generally series F(z) = pz 4 ..., where p is a root of unity and F
is conjugate to its linear part pz (and which are exactly the iterative roots
of z). These cases are somewhat different in the sense that for each F and
each N there is a continuum of solutions for which 1-1 parametrizations can
be given. Moreover, the problem of finding groups or families of commuting
series with Tespect to substitution in the set of all iterative roots of F(z)==x
turns out to be an interesting question. Hence these cases will be the topic
of a separate paper.

2. Iterative roots of series F(z) = pz+cyz’+..., where p is a root
of unity and F is not linearizable. This case is the most interesting one.
We know from [4] that F(z) = pz + cz? + ..., where p is a root of unity
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and F(z) is not conjugate to pz is contained in a unique maximal family
F of commuting (invertible) formal power series. This family F is on the
other side, the set of all solutions of a unique normalized Aczél-Jabotinsky
equation of the third type. Those equations, from the point of view of formal
series, are studied in [3].

Now assume that G is an iterative root of order N of F,i.e.
(1) GN=F

Then clearly G o FF = F o G and therefore by what has been said above
G € F. Now it is known from [4] and from [3] that F can be assumed to be
in its normal form. This means that each ¢ € F (hence in particular F and
() is of the form :

. QL
$2) = 02 + pmira™ + Y gimpe™, o= T,
i22

in particular

1 im+1.
F(z) = pz + cppprz™t! + chm.,.mﬂm"' ,
Jj22

s k
where p = ?™'mw | ¢, #0.

Furthermore it is known that there exists an isomorphism © of the abelian
group F onto a group of (2,2)-matrices, namely

o@)=(5 =),

on-{(; 77

The group operation on F is clearly the substitution of formal series. Now,
the equation GN = F is therefore equivalent to the matrix equation

@ (5 75) = (5 =)

We introduce py = %", and observe that for each NeZ

N :
(3) 0 Pm+1 — ol N"N_I‘Pm+1
0 o 0 o '

Um = l, 991n+] GC} .
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Therefore (1) and (2) are equivalent to

: N-1)l
(4) p(I)W = Pé’ Cm41 = N/’f) R Pm+1-

If the first equation (4) has a solution [ € Z then @41 = 'ﬁp;(N_])lcm.H
always, therefore it is sufficient to consider p{’' = pg, which is equivalent to

(5) Nl = k(mod m).

It is well known from elementary number theory that (5) has a solution if
and only if

ged(N, m)|k.
If this is the case, then from (5) we deduce
N v m
= ]l ——— .
(6) ged(N, m)l gcd(N,m) (mo( ged(N, m))

Since ged N . UG = 1, (6) has a unique solution l; mod
g gcd(N,m)* gcd(N,m)
T dINm) and we get all solutions of (5) (mod m) by

(7) lu=10+uﬁv-,—n—5(mod m), ;z:O,l,...,gcd(N,ﬁz)— 1.

For each pu we obtain a solution

Iy (1)
) (”° “’"::*), b= 0. ged(N.m) -
0 po

of the matrix equation (2), where

I _ N—i !
9955-)5-1 = NPO( )“0m+1-

By
Ly (P(I‘) .
(9) G,:=0""! Pg ml ) u=0,...,gcd(N,m) -1
Po

we find all solutions of (1). If G, G, are two solutions of (1), then G, G, €
F and therefore they commute, and we find

(Gro GV (@) = GY 0 G5N(z) = Fo F7'(z) = id(2).
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This means that G, o G;‘ is an iterative root of id of order N, which lies
in F. Conversely, if W € F and WN(z) = id(z), then Gy o W = W 0 G,.
Therefore (G o W)N = F. We determine all roots of identity, of order N,

which are in F. Since O(id) = ((1) (1)), we deduce from (3) that for W

O(W):(g 2) with o™ =1,

and conversely, so that the matrix representation of the roots of order N of
id in F is characterized by

(527G )

L

with 6™ = 1. Hence, if 0 = e*™'= we get Nr = 0 (mod m) and aed ’X,,m)r =

O(mOdW%)’ and hence r = O(modm—";,‘—my), and r =, = p -
zeatNmy #=0,... ,gcd(N,m) — 1. The set (8) is also given by

0) K gedlNm
P P ) [P0
0 ple 0 plwtimy |

p=0,...,g8cd(N,m), or by applying O~!:

G, =GooW,, W,‘=0-1(”0 9,,).
0 po

We summarize these results in

THEOREM 1. Let F(z) = pz+ Gz +...p = pf, po = exp 2, m > 1,

m ?
which is not conjugate to its linear part, and let its semicanonical form be

] 1
H(.’E) = px + Cm+11‘m+1 + Zij+]I]m+
i22

with ¢myy # 0. (This initial jet pz + ¢my12™F! is an invariant of F, see [5].)
Then:

(i) F has an iterative root G of order N,GN = F, if and only if

(10) ged( N, m)lk.

13 - Annales...
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(ii) Each iterative root G of F 'beIongs to the unique maximal family F.
of formal series containing F, and so all roots of F' commute.

(iii) If F has an iterative root Gg of order N then the set of all solutions
of GN = F is given by

Gu=GooW,, p=0,...,g¢ed(N,m)-1,

where W, runs through all roots of id of order N which belong to F. This
- set forms a cyclic group of order ged(N,m).

It is now useful to study some special cases.

A. Suppose firstly that k = m,i.e. F(z) = 246a%+... = z+Cmpra™ 1+
.-+ Cm41 # 0. Then condition (10) is fulfilled, and F has therefore iterative
roots of order N for each N. This could also be deduced from the fact that
F is embeddable in exactly one analytic iteration group (Fi)iec, Fi(z) =
T+ Crp1(t)z™H + ..., and Fyn(z) = 2 + Gy (F) 2™ .-+ is therefore
one of the roots of order N. ~

If moreover gcd(N,m) > 1 then according to Theorem 1 the general
solution of GN = F is

{FiynoW,| p=0,...,gcd(N,m)— 1}

where W, is defined as above. v
B. Suppose that gcd(N,m) = 1. Then (10) is also true, F(z) has exactly
one iterative root of order N.

3. Iterative roots of series F(z) = pz +c22% +..., where p is not a
-root of unity. We deduce from the theory of families of commuting power
series [4] that F is again contained in a unique maximal family F, which is
in this case

F = {T’I(UT:l{)I- ceC}.

Let o be an arbitrary solution of
o =p.

Then there are N distinct solutions G, of GN = F, and they can be written
as
Go, = Go, - Wy, u=0,...,N-1,

where 0, = 0o - ¥, = exp (%’%), and gy is a fixed solution of o’ = p.

The roots of F belong to the unique maximal family F containing -F, and
hence they all commute. Moreover, in the above representation the series W,
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* form thé set of all iterative roots of id-which belong to F. This set is a cyclic
~group of order N and W, = T~! (n#Tz), where T is the uniquely determined
automorphism T(z) = z + t,2% + ... such that T-1o F o T(z) = pz.
Assume now that G(z) = oz + ... solves the equation GN = F. Then
GoF =FoG,s0G € F,and G(z) = T"(cTz), oV = p. Conversely,
if oV = p, then T~1(oTz) is an iterative root of order N of F. So we get
(similarly_to Theorem 1)

TH‘EO,REM‘ 2 "Suppose that in F(z) = pz + cz® +...p is not a root of
unity. Hence let T(z) = z + tz% + ... be the unique power series such that
F(z) =T (pT(z)).

Then F has iterative roots of order N for each N, namely

Gq(z) = T~YoTx),

where o runs through the solutions of o™ = p.

All iterative roots of F of order N belong to the unique maximal family of
commuting formal series containing F and each iterative root has the form
given above.

4. Coefficients of iterative roots F!/N(z) represented as universal
polynomials, when F is not conjugate to its linear part. We start
out with a series F(z) = pz+cyz+.. ., in case a) again. Before formulating
our result about the coefficients of iterative roots of fixed order N as values
of certain universal polynomials we have to discuss once more in detail the
integers m and k, used in Section 1 (Introduction), as well as in Theorem
1. Assume that p = e2"k/% where i > 1, ged(k, ) = 1. Then clearly the
iterate of F of order m has multiplier 1. But we can say much more (cf. [5)).

LEMMA. If F(z) = pz + coa® + ..., with p = exp(27ri75/171), m > 1, ged
(h,) = 1, and F'is not conjugate to its linear part, then there exist integers
kandm (m > 1), such that p = exp(2rik/m) and F™(z) = z+dp ™t 4
.++, where dpm41 # 0 and m|m.

PROOF. Clearly, F™(z) has multiplier 1 and 7 is the least positive in-
teger v, such that F(z) has this property. Now we are going to show that
F™(z) # z. From the theory of semicanonical forms (cf. [8]) it is known
that there exists a transformation S(z) = z + 5,22 + ... transforming F' by

conjugation to a semicanonical form $71o Fo §(z) = pz + ¥ € im0+,
v21

Since §~' 0 F 0 § cannot be linear (by assumption) there is a minimal 1,
with €741 # 0, 1.e. §71 0 F o §(z) = pz + &,y m412°™+1 + . ... For each

l € N we calculate the [-th iterate as

(S'oFo S)'(:c) =plz + lpl_""é',,oﬁ+1z”°ﬁ‘+l +...,

13*
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from which F™(z) = 2 + dppp12™t! + ..., with d,,pq # 0, and Mm|m imme-
‘diately follows. This proves the Lemma. a

It is obvious that, fixing m and m, for the set of all series F' as considered in
the Lemma there exists a universal sequence (P,),>m+1 of polynomials such
that dimyj = Pmtj(pyc2y... ym4j), J = 1. We denote by Fi ., the set of
all formal series F(z) = pz+c22% +..., p = exp (27ri1:/171) , ged(k,m) =1
for which the same numbers k£ and m are determined by the Lemma, and let
N € N be fixed such that F has an iterative root of order N. We recall that

in Theorem 1 we proved a necessary and sufficient condition (involving k,m
and N) for the existence of such a root W of F. Then we are going to prove

THEOREM 3. Let the family Fy ,, be defined as above, and let N be a
positive integer. Then for Fy ., and N there exists a sequence (Q,).>2 of
polynomials with the following property: If F(z) = pr + c;2% 4+ ... has an
iterative root W(zx) = oz + u32* + ..., of order N, then

: 1
Uj=Qj (0‘;’0,02,...,0]', )7

Prti(pscay.o s Cms1)

Jj=2,3,..., where Py 41(p,c2,. sCm+1) # 0 is the coefficient of z™+! in
F™(z), according to the Lemma.

ProOF. We denote now F™(z) by ¢(z) = z4+dmp12™t +... , dpyr # 0.
Then it is well known ([1]) that ¢ is embeddable in exactly one analytic
iteration group (¢¢)iec, ¢1 = ¢. The coefficients of the series ¢;(z) are
polynomials in ¢ and the parameters d,,41,d,,42,... hence also polynomials
in t and in p,cs,c€3,.... In particular

¢t(x) =z+ dmﬂt:c"""l +...

Moreover, we deduce from [3] that each ¢, is a solution of the formal Aczél-
-Jabotinsky differential equation of the third type

(1) (Go¥)(a) = 5 - Gla),

where G(z) = %%"(x)lmo = gm412™F! + ... with gy1 := dimgr. From
the structure of the coefficients of ¢;(z) we deduce that each g,.4+; is a
polynomial in p,c¢3,... ,Cm4j, these polynomials being universal for fixed k
and m (or equivalently m and m). In Section 1 we had already extensively
used that all iterative roots of F(z) belong also to the set of all solutions
¥(z) = oz + byz? + ... of (11), and we are now going to consider in detail
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expressions for the coefficients of solutions of (11), as developped in [3]. It is
clear that equation (11) has exactly the same solutions ¥ as the normalized
equation

d\I’ =
(12) (Go¥)(e) = - G(2),
with G(z) = z™+! + fmi2gmt? 4 ... In both cases it follows from (3]

that the coefficients of an individual solution ¥ of (11) or (12) can be fixed
by prescribing the multiplier ¢ being an m-th root of unity and b,,41. All

other coefficients b, are polynomials in o, bm+1;—1—f .. ,gg—"‘&. Moreover,
m
one can easily find expressions for b; as linear forms in g—ﬁ, cen ,5—"‘:7 with
m
coefficients polynomials in a,by,...,b,_;. For our purposes we have also to

consider the transformation of Aczél-Jabotinsky equations (in their normal-
ized form), see again [3].

If S(z) = x+s;22+. .., then the set S~1oWo S(z), where ¥ runs through
all solutions of (12) is the set of all solutions of the equation

(13) (@o¥)= 2. G(a),

with (G)(z) := (48 ) -(G o §)(z). This type of transformation can be used
to introduce certain normal forms for Aczél-Jabotinsky equations. In our
case it is sufficient to transform G in (11) to the simplified form G(z) =
e™t 4 Gomy122™+1 + ... A "Koeffizientenvergleich” as in [3] yields that
this can be achieved by a transformation S(z) = z 4 s2% + ..., which is
unique if we require
Sm4j =0, j2 L

Moreover, the coefficients s,...,s,,, are polynomials in _IT ,3‘73%,
and the same holds for the coefﬁaents of the inverse transformation S~1(z)

and for (42 - , and eventually for the coefficients of G(z) since G is given
by (13) Since the coefficients b; of ¥ are linear in the coefficients § Gu, <1,

of G, We see that each solution ¥ of (12) has the special structure
U(z) = 0z + bpyprz™t! + b me2Z™ 4,

and hence we get that the coefficients bm+r, r > 1, are polynomials in

o, bm+1 and in z::f .. ,g—""n—‘ﬁ hence eventually they are polynomials in

o, bm+1,p,c2, v yCmq1 and 1/Ppyq(p,cay. .., Cmyr), namely

(14) Em+r = Q:n+r (O’,Zm+1,p,(,'2,... yCmtrs 1 )
Pm+l(pac21 s acm+l)

(r21).
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Now let W be an iterative root of order N of F . As already men-

-tioned, F is a solution of (11), and 50 F = 810FoS is a solution
of (13). The same holds for W and W =510WoS§ resp. Let F(z)
be F(z) = pz + 'Em+1:1:m+1 (€m+1 # 0), and observe that ¢, 41 is a
polynomial in p,c2,... ,Cm41, %:ﬁ_f .. ,—993—— hence also in p, ¢, .. cm+1
P,..+1(c2,1....c,..+1) Moreover, the coefficients of W are given accordmg (14)
by Ym4r = Q:n-}-r g, 'NT,Wchm+lapa €25+ yCmtry Pm+i'(P’021w-vcm+x))’ and»
hence :

~ : 1
Tmtr = Q:1:+r (0’ PiC2y v s Cmtrs : ) ’
m+1(c2a Cm-'{-l)

where now the sequence Q) depends on k,mand N and o is the multiplier
of W, satisfying o™ = p.

Indeed, to obtain the coeflicients of the root w of F we have to insert
"in (14) on the second place the coefficient of 2™+ in W. But W(z), being
a solution of (13) has the form W(z) = 02 + Ym412™! + ... and its N-
th iterate is therefore WN(z) = oNz + NoVN-1F,,412™+1 . ... So we find
Y41 = NoW=TCmi1-

In the final step of the proof we return to ' = S o FoSand W =
S o W o §-1. This shows, by what we know about S, W and S-! that the
coefficients of W are now -polynomials in o,p,¢,... ,¢m+1, B
and in Z2t% . Putting this together we get

Im+1
1
Ur = Q'r‘ TyPy€C2y- 4+ 3Cry
m+1(62a C1n4r-l)

| the sequence (Q)r>2 dependmg on k,m and N. This proves Theorem 3. O

1
Prg1(c2,ee sCm41)

5. Coeflicients of iterative roots F'/N(z), when F is conjugate
to its linear part and not an iterative root of z. We now want to give
explicit expressions of the coefficients of the solutions G, (z) = T~'(0,Tx)
of GN = F, where F is conjugate to its linear part pT and- not an iterative
root of z (case b)).

We start from pT'(z) = T(F(z)), T(z) = z + t22? + ..., and easily find
(k22)

(b= Ptk =Flprcan o it stict)
=ck + Rk(P,C%- ey Ck—1,y t2,... ,tk—ll)

with a universal polynomial Ry over Z. Therefore, by induction

e 1
tk:Ek( ALk P’CZa---,CL),
p—p |
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Forming T-Y(z) = ¥ ra!, we see that
i>2

T = 0i(ts,... ), 1>2

with universal polynomials 6§, over Z, and so, by what p‘receeds also

~ 1
T1=01(
p—p

with universal polynomials 6, over Z. Therefore we get eventually from

A Sl, PsC2y. .. ,C[)

Gu(z) =T 0,T(2)) = o4z + d2? + ...
d) = P ('p.——_lp,l 2<5 <N e, ,c,-) , ix2

with universal polynomials P;") in the arguments over Z.

There is a different method to construct such representations of the co-
efficients dg“). Notice that in our situation, when p is not a root of unity,
F(z) = pz + ¢32® 4+ ... can be embedded into an analytic iteration group
(Fi)iec, Fi(z) = eMz 4 pa(t)z? + c22® + ..., where A is a determination of
In p, and that to each A there is exactly one such embedding (see [6]). Fur-
thermore it is well known in iteration theory that to each analytic embedding
(Fi)tec there exists exactly one formal differential equation

d
(15) 7 =W H@ =g+ ..

with the following property: The unique formal solution y = Fy(z) = e Mz +
p2(t)z? + ... of (15) satisfies the boundary condition Fi(z) = F(z). This
yields the following (necessary and sufficient) conditions for H(y) and Fy(z) :
A =lInp and '

(16) l ‘sz(t) =Ap,(t) + Qu(ekta @2(8), ..., pu-1(t), ha, ... who),
?,(0) =0,,(1) = ¢, for v > 2,

where @, are universal polynomials over Z. Using that p is not a root of
unity one sees that the system ( 16) can be solved in a uniquesway, and we
find eventually (by induction over v)

1 .
(17) 99v(t)=¢u (eMap_pp QSISV; p,C2,.-.,C,,)
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with polynomials ¢, over Z, universal for all series F in case b).

We omit here the details of the calculation, similar calculations can be
found in [6].
Putting t = & we get in (17)

1
¢u(eVN; Pyt 2< 1< p,C:»,---,cu)

the coefficients of the element Fy, of the analytic iteration of F' belonging

to the choice of A of In p. This Fy , is clearly an iterative root of F' of order
N.

As final step we have to show that all iterative roots of F' can be found
by this procedure. Let G(z) = oz + da2® + ... be an iterative root of F' of
order N. Then o is also not a root of unity and hence G can be embedded
into a unique analytic iteration group (G;)sec belong to a fixed choice p of
Ino. From oV = p we deduce that Ny is a certain choice of Inp. Since
GN = GV = F we obtain from (G,)sec an analytic iteration of F* belonging
to Ny by the following change of the group parameter:

Fy =Gy = (Gt)N-
So everything is proved, and we may summarize in

THEOREM 4. Let F(z) be a formal series pz + c2z* + ..., where p is
not a root of unity (case b)). Let N € N be given and assume oN = p for
o € C. Then there exists a sequence @, of polynomials over Z (universal for
series in case b)) with the following property: G(z) = oz + dyz? + ... is an
iterative root of order N of F if and only if

1
dl/=QV (;)—:7’ 251SVs pvc%--"cu)’

forv > 2.
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