JAN FRYDA*

QUASIORTHOGONAL PROJECTIVE SPACES

Abstract. In the preceding paper (see [2]) we defined and investigated quasibilinear functionals
on vector spaces, quasiorthogonal and weakly quasiorthogonal vector spaces. In the present paper
we give certain applications of these concepts in projective geometry.

In Section 1 we define quasiorthogonal projective spaces (Definition 1) and
give analytical representation of these structures (Theorem 1). Theorem 1 may
be treated here as an analytical definition of quasiorthogonal projective spaces.
In Section 2 the polarity and duality of quasiorthogonal projective spaces is
investigated and the main results are given in Theorem 2.

Quasiorthogonal projective spaces are some generalization of real projec-
tive spaces with general projective metrics (see [4]). This is shown in Section
3 (Theorem 3).

1. Basic notions. Let us consider an (n+ 1)-dimensional vector space V over
a commutative field F of characteristic different from 2 and a relation
~ < V' xV defined by the condition

u~v:eId,ueF\{0} (lu= ).
The factor space

P(V):= (V\{®})/~

is (see [1]) an n-dimensional projective space over F and for arbitrary
k-dimensional vector subspace U < V an image n(U\{®}) is a (k— 1)-dimen-
sional projective subspace of P(V), where n denotes a canonical projection of
V\{®} onto P(V). Projective subspaces are also projective spaces and
O-dimensional subspaces are called points while (n— 1)-dimensional subspaces
are called hyperplanes of P (V). The set of all hyperplanes of P (V) is denoted
here by 5 (P (V). Since we may identify structures & (P (V)) and P(V*), where
V* denotes a conjugate vector space, then we put
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P*¥):=P(V*)=#(P(V))

and we say that P*(V) is dual to the P (V) projective space. Analogically we
adopt

P**(V):= (P*(V)* =P (V).

In [2] we defined weakly quasiorthogonal vector spaces as structures
(W, 1), where W is some vector space of finite dimension and L is a relation of
orthogonality of vectors determined by some quasibilinear functional on W.
Now we adopt the following:

DEFINITION 1. A structure (P(V), 1) is called a quasiorthogonal projec-
tive space (or shortly a qps) if and only if (V*, 1,) is a weakly quasiorthogonal
vector space and :

H1lG:e@ '(H)u{8))L,r"'G)v {8}
for every H,GeX¥ (P(V)). ‘
A hyperplane He ) (P(V)) is said to be singular if

VGeX (P(V) (HLG).

A quasiorthogonal projective space (P(V), L) is said to be nondegerated
(degenerated, totally degenerated) iff there is no singular hyperplane of P(V)
(there is a singular hyperplane of P(V), all hyperplanes of P(V) are singular).

A hyperplane He ) (P(V)) is said to be isotropic iff H L H.

Since each nonzero vector ueV determines some 1-dimensional vector
subspace Lin(u) of V then we can define a mapping ¢: V\{®} - P(V) as
follows:

¢ @)= n(Lin@\{®)) for ueV\{®}.

A tuple {a®,..., a**1) of points of n-dimensional projective space P (V) is said
to be (see e.g. [1]) a co-ordinate (n+2)-frame of P (V) iff there exists a basis
{el,...,e"*" > of V such that a®=gp(e'+...+¢€"*!) and o' = op(e)) for
i=1,..,n+1. Each fixed co-ordinate (n+2)-frame (a°,...,a"*') of P(V)
uniquely determines homogeneous coordinates (py,..., P,+ )~ Of any point
peP(V) and (HY,..., H**').. of any hyperplane H € o (P (V)). Now by virtue
of results of [2] we can formulate the following:

THEOREM 1. Let P(V) be an n-dimensional projective space over a com-
mutative field F of characteristic different from 2. A structure (P(V)), 1) is
a quasiorthogonal projective space if and only if there exist integer numbers
r=r(l), ng,...,n,, scalars A,,...,A,. €F and a co-ordinate (n+2)-frame
{d®,...,a"* 1) of P(V), such that
@ , 1<r<n+l,

(ii) O=ny<ny...<n_y<m=n+l,
(i) #r>1then Vje{l,..,r—1} Jie{n_,+1,...,n} (4 #0)
and for every H,Ge X (P(V))
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(iv HLlGe3dje{l,..,r} (Vie{n;+1,...,n+1} H'=G'=0)
Adie{n;_;+1,..,n} H'#0v G #0) A TLH'G =0),

where ZIAH'G' denotes the summation over all i with ie{n;_ +1,...,n}.
Moreover, (P(V), 1) is nondegenerated iff

) Vie{l,....,n+1} (4,#0)
and totally degenerated iff '
(vi) : Vie{l,...,n+1} (4, =0}.

REMARK. In this paper we adopi the following convention:
Vn,mkeZ (ke{n,..m}jeon<k<m),

where Z denotes the set of integer numbers. Moreover, the symbol =/ always
denotes the summation over all i with ie{n,_,+1,...,n}.

This theorem gives an analytical representation of any qps. A co-ordinate
(n+2)-frame {a°,...,a"*') of P(V) such that the relation L is described by the
formula (iv) is called here orthogonal (with respect to L). Since by Theorem
1 we may represent any relation 1 in some co-ordinate (n+2)-frame
{d®...,a"*1) by a suitable sequence (Agseees 2p)seees (Anp_ 4154005 gt 4)), then
we say that this sequence is a canonical form of L with respect to {a°,..., a"*1)
and we write {(L)¢po,.,en+1) = (1,-ees Ap)sves (Rnooy 15005 Apyq)). Since (see
[2]) two congruent quasibilinear functionals determine the same relation of
orthogonality, then we have:

COROLLARY L If(P(V), 1) is gps and (L) (s, ens1y = (PR )
Oones s 1505 Agiy))  then (LD, anery = (84 4y5--n, 83An)seees (€ eyt 1seees
&Ay+ 1)) Jor every e,,...,e,€ F\{0}.

1t is obvious that the concept of quasiorthogonal projective space is some
generalization of the concept of an orthogonal projective space (see e.g. 31,
[5]) and we have

COROLLARY 2. 4 gps (P(V)), 1) is an orthogonal projective space if and
only if r(L)=1.

Additionally, it is clear that we also obtain: :

COROLLARY 3. If (P(V), 1) is a qps then the relation 1 is symmetric, i.e.
H1G<GLH for every H,Ge ¥ (P(V)).

Now let us assume that (1> 0, . sty = (A4, ..., Andsees Rpp st 15eees A1)
and let us put

To:=P(V),
T;:= {peP(V): Vie{l,..,n} (p,=0} for j=1,..,r.

It is evident that T,...,T, are projective subspaces of P(V), P{V)=
L3N 22T, 2= and HlGe3je{l,...,r} (TcHAGA
T_ ¢ HNnG A ZAH'G'=0) for H,Ge # (P(V)). Let us define a relation
LicHPWV)xH(P(V)) as follows:
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HL1,G:eX\H'G'=0 for H,Get (P(V)).

It is evident that HL,G<e(T,_,cHVvT,_,cGvT_ ;¢ HUGAHLG)
for H,Ge# (P (V)) and (P(V),L,) is an orthogonal projective space. More-
over, if T_, #P(V ) (ie. r(L)#1) then T,_, is a singular subspace of
(P(V),L1,). The set P(T,_):={HeH# (P(V)): T,_,cH}= {Heo (P(V)):
Vie{n,_,+1,...,n+1} (H' = 0)} is an (n,_, — 1)-dimensional projective space
whose points are hyperplanes of P(V) and putting

Hl,G:eX JH'G'=0 for H,GeP(T,_,)
and defining a relation 1, ¢ # (P(V)) x # (P(V)) as a union

we easily find that H1 ,G<>((H¢P(T,-)) v G¢P(T,_)) AHL,G v HEP(T,_y) A
GeP(T_,) AHL,G) for H,GeX¥ (P(V)), (P*(T,,), L,) is an orthogonal
projective space, (P(V),L,)isaqps,r(Ll,)=2andif T,_, # P(V)then T,_, is
a singular subspace of (P (V),1 ,). Continuing this procedure for j=1,...,r we
obtain orthogonal projective spaces (P (V), 1,), (P*(T,—,), L,),..., (P*(T}), L,)
and quasiorthogonal projective spaces (P(V),L,), (P(V),L,),....(P(V),L,)
suchthatl ;= 1,1 =1, r(L)=1r(L,)=2,...,r(L,)=1,P(T)=P(V),
P(T_) = {He #(P(V): T, c H},..., P(T) = {He# (P(V)): T, < H}, and
for every je{2,...,r} we have:

HleézjliHiGi=0 for H, GEP(7;+1_1),
L=,  \P(G41-)xP(Tuy- )V L,
VHeP(T,-) VGeP(T+,-) (HL;_,G).

This shows the principle concept of quasiorthogonal projective spaces
and the method of construction of such structures. To construct a qps (P (V), 1)
it is sufficient to choose a sequence of subspaces Ty,...,T, such
that P(W) =Ty 2T, 2..2T,_,2T,=, and next to define relations
L,ckPWV)xHPW), L, c P(T,_,)xP(T,_,),..., L, = P(T}) x P(T}) such
that (P(V), 1,), (P*(T,—y),L1,),...,(P*(T)), L,) are orthogonal projective
spaces. Then (P(V),L,) is a qps and r(L,)=r.

2. Polarity and duality. Consider an arbitrary n-dimensional gps (P (V), 1).
Each point pe P (V) such that any hyperplane passing through p is orthogonal
to a given hyperplane H e & (P(V)) is called a polar of H. The set of all polars
of a given hyperplane H is denoted here by the symbol p(H), ie.

p(H):= {peP(V): VGeHX (P(V)(peG=>HLG)} for HesH (P(V)).
Denoting by p* a pencil of hyperplanes passing through p ie.
p*:= {HeH# (P(V): peH} for peP(V),
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we may write
(1) p(H) = {peP(V): VGep* (HL G)} for Heox (P(V)).

Analogically we define a polar hyperplane of a given point pe P(V) and a set
P(p) of all polar hyperplanes of p by the formula

%) P(p):={HeH# (P(V)): VGep* (HLG)} for peP(V).

In other words we have the equivalence H € P (p) <> pep(H). Now we have the
following:

LEMMA 1. Let {(1)p,.., ety = ((Agseees An)seees Apee gt 1505 Ay ),
HeX (P(V),1<j<r,Vie{n+1,...,n+1} (H' =0) and ie{n,_ +1,..,
n;} (H* #0). Then

@) if Vie{n,_;+1,...,n} (A, #0) then pep(H) iff

Vie{l,..,n,_,} (p,=0)

dpeF\{0} Vie{n,_,+1,..,n} (p,=piH),
@) f no+1<ky<m, Vie{n_,+1,..,k} (4 #0)

and

Vie{k,+1,..,n} (4 =0)
. then
@) if Jie{n,_,+1,...,k;} (H' #0) then pep(H) iff

ViE{l,..., "]_1} (pi=0)’ ViE{kj'l'l,..., nj} (pi=0)
and

3peF\{0} Vie{n,_,+1,....k} (p,=piH",

®) if Vie{n,_,+1,...,k} (H' = 0) then p(H)= P(}V),

(iii) if j=rand Vie(n,_1+1,...,n+1} (A4;=0) then p(H) = P (V).

Proof. (i) “=". According to our assumptions there exists an
se{n;_,;+1,...,n;} such that H*#0. Let pep(H) and P=(PrseeesPpsy)~-
Then from Theorem 1 and (1) it follows that P, ¥ 0, since if this were not true
we could put G* = 1 and G' = 0 for ie{l,..., n+1}\{s} and obtain Gep* and
H [ G, contradicting the assumptions. Now let us suppose that j=2 and
p, #0 for some te{l,...,n,_,}. Putting G*=p,,G'= —p, and G'=0 for
ie{l,...,n+1}\{t, s} we again find that Gep* and H L G. This contradiction
proves that:

L Vie{l,...,n;_,} (p,=0}.

Now, if nj—n,_, =1, then s=n;_y+1,pn,_,+1 #0 and putting p =
Ay, + 1 H¥= ") "2p, oy we have p,, 4y = ply,_, 4 H-1*1. Let us assume
additionally that m,—n,_, > 1. Then for any ten;_,+1,...,n}, taking
into account a hyperplane G such that G*=p, G = -p,,G' =0 for
ie{l,..,n+1}\{t,s} we sec that Gep* and H1G iff P, = pA,H* and
p.= pAH* for pe F\{0}. In this way we obtain
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2 3peF\{0} Vie{n,_,+1,...,n} (o= pAH.
“«". We assume that p=(0,...,0, Ay _,+  H¥**4, .., 4, HY, Ppjvyseees
n+1

Pn+1)~ and Gep*. Hence DA H!G'+ Y p,G'=0. Now, if G’ # 0 for some
I=ny+1

ie{n,+1,..,n+1} then from Theorem 1 we have HL1G because
Vie{n,+1,..,n+1} (H'=0). In the opposite case, if Vie{n+1,...,n+1}
(G* = 0) then /1, H'G" = 0 but this equation gives HL G as well. Thus H1 G
for every Gep®, ie. pep(H).

The proof of the case (ii) (a) is similar to the proof of (i) and in the cases (ii)
(b) and (iii) it is sufficient to observe that H is a singular hyperplane, ie.
VGeX(P(V) (HLG).

REMARK. For the simplicity of notation we shall denote the canonical
form of a relation L by (¢), i.e. the symbol (») always denotes here the equation
(LY @rmarrty = gy eees Ay eves Uyt 150002 A )-

Now, from Lemma 1 we can easily deduce the following:

LEMMA 2 If(+), Vie{l,..,n+1} (4, #0), 1 <j<7,p=(0,....Pay_ 1 +15--
Pas1)~ and Jie{n,_ +1,...,n} (p, # 0) then He P(p) if and only if 3 pe F\{0}
Vie{n,_y,....n} (H'=(A)"'p) and Vie{n+1,...,n+1} (H'=0).

We may say that points p, ge P(V) are conjugate with respect to a relation
L in a qps (P(V), 1) and we may write p L *q if and only if p lies on some polar
hyperplane of q, ie.

(3) pl*q <> 3HeP(p) (qeH) for p,qeP(V).

From (1), (3) and Lemma 2 we directly obtain the following

LEMMA 3. If () and Vie{l,..,n+1} (4#0) then Vp,qeP(V)
(pL*q<e@@ie{l,...,n;} (@;#0v q,#0)AZ' () 'pq;=0vIje{2,..,r}
(Vie{l,...,n_;} @m=q=0A3ie{n_+1,..,n} @E#0Ovg#0Aa
Z(A)~'pg, = O).

These lemmas describe the polarity and the relation L* in any non-
degenerated qps. We may now consider the case of a degenerated qps. First we
have the following: .

LEMMA 4. If (%), je{l,...,1}, n_; <s<n;, 4, =0 and Vie{l,...,n+1}\
{s} (A, #0) then

@) if j=1 then pL*q<>p,q,=0 for p,qeP(V),

@) if j>1 then pl*qe@ic{l,...,n_,} (0, #0 v q #0) v Vie{l,..,
ny-1} (pr=4¢,=0) A p,q,=0)).

Proof (i). We consider three cases:

L If g, = 0, then putting H*=1 and H' =0 for ie{l,...,n+1}\{s} from
Theorem 1 we obtain H_ L G for every G e (P(V)), hence for any pe P(V) we
have HeP(p) and consequently p_L*q.
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II. if g, 0 and p, =0, then putting H' = ()~ 'p, for ie{l,...,n \{s},
H'= —(@) (A 'Pads+ e + A )" Ps 1 ey + (s ) Pyt 1 Qi1 F oo +
(Aa,) " *Pa,4s,) and H' = Ofor i€ {n, +1,...,n+1} we obtain ge H and H | G for
every Gep* and consequently again pl*q.

IIL Let p, #0 and q, # 0. There is le{n,_,+1,...,n+1} such that [ # 5
and there is an Hegq* such that H' # 0. Putting G' = 1, G* = —p,(p)~* and
G'=0for ie{l,...,n+1}\{l, s} we obtain pe G and H L G because 1, H' # 0.
Hence p L*q and also g L*p because we can exchange p for q.

The proof of (ii) is analogous.

The next step is the following:

LEMMA 5. If (+) and 3k,le{l,..,n+1} (k#IA A =2 =0) then
Vp,qeP(V) (pL*q).

Proof. Let us assume 4, = 4, = 0 and ! # k for some /, ke{t,....n+1}. It
is evident that for every point ge P(V) there exists a hyperplane H €q* such
that H'=0 for ie{l,..,n+1}\{k,I}. From Theorem 1 we obtain
VGeH (P(V)) (HLG) and consequently p L*q for every pe P (V).

The Lemmas 3, 4 and 5 imply the following:

LEMMA 6. If (P(V), 1) is a gps then Vp,qeP(V) (pL*q<ql*p).

It was stated in Section 1 that P(V) and 5 (P(V)) are treated here as
mutually dual projective spaces. Now for any co-ordinate (n+2)-frame
@...,a"*!) of P(V) we define a dual co-ordinate (n-+2)-frame

@,...,a"* 1Y%= (4,,...., A,, >
of # (P(V)) = P*(V) putting 4o = (1,..., 1)_ and

1 when i=n+2—j,
A=

for i,je{l,...,n+1},
0 when i #n+2—j,

where (4, ..., A}*")., are homogeneous coordinates of the hyperplane A, with
respect to {a°,...,a"*') for j=0,1,...,n+1. It is well known that if a point
peP(V) has homogeneous coordinates (p,,...,p,,,). with respect to
{a°,...,a"*') then with respect to <a°,...,a"*'d* it has coordinates
@',....p"*").. where p'=p,,,_, for i=1,...,n+1. This property, Theorem
1 and Lemmas 3, 4 and 5 allow the following lemma to be formulated:

LEMMA 7. If (P(V), 1) is a gps then (P*(V), L*) is a qps. Furthermore, if
(%) then

@ if 4 #0 for ie{l,..,n+1} then (L*>po. morye=((Lys )", ..,
eyt 0 ey ()™ Dy (),

(i) if there is an se{l,..,n;} such that A, =0 and A4, #0 for
iE{l,..., n+ 1}\{3} then <J-*>(a°,....a"+‘)‘ = ((“1?'"’ Bari ) where Hnt2-5= 1
and p, =0 for ie{l,...,n+1}\{n+2—s},

(iii) if there are je{l,...,r—1} and se{n;+1,...,n,, ,} such that A, = 0 and
4 #0 for ie{l,...,n+1}\{s} then LD, amt 1ye = (Bgseees Hnt 2-n 0, .., 0))
where py,;_,=1 and p,=0 for ie{l,..,n+2—n}\{n+2—s},
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@iv) if there are s,le{l,...,n+1} such that 2y =2,=0 and l#s then

(L* ...+ 1y = (0,..., 0)).
According to our convenuons we have (P V)** = (P*(V))* = P(V) and
(«a®,...,a" 1)*)* = {a%...,a"" ') and there is a relation

L**:= (L¥)* < # (P(V)) x # (P (V).

A direct consequence of Theorem 1 and Lemma 7 is the following:
THEOREM 2. If (P(V), 1) is-a quasiorthogonal projective space then
(P*(V), L*) and (P(V), L**) are also quusiorthogonal projective spaces. The
equation L = L** is satisfied if and only if (P (V), 1) is either nondegenerated or
totally degenerated or is a 1-dimensional quasiorthogonal projective space. If
(P(V), 1) is a degenerated quasiorthogonal projective space and dimP(V) > 1
then (P(V), L**) is a totally degenerated quasiorthogonal projective space.

3. The connection between real quasiorthogonal projective spaces and projec-
tive spaces with general projective metrics. Let us consider an n-dimensional
projective space P(R"'!) with an arbitrary co-ordinate (n+2)-frame
{@°,...,a"*1) and let us fix arbitrary integer numbers r, ny, n,,..., 1, ly,..., [,
suchthat 1<r<n+land O=ny <y <my <L <..<n_; <L <n=n+l
Let us put ~

1 when ie U {n_,+1,.... 1},
i=1 ’

—1 when ie | {;+1,...,n},
Jj=1

Ty:= P®"*") and T;:= {pePR"*Y): Vie{l,...,n} (p, =0} forj=1,.
Now defining the quadric surface Q:= {peP®R"Y): Z &(p)> = 0} and the

set P':= P(R"*)\Q we may deﬁne the following subsets of the Cartesian
product P'x P":

Dy:={(p,q)eP xP': Vi, pueR (Vie{l,...,n,} (Ap;+pg, = 0)= A = p=0)},
D,:={(p,)eP’xP': I1eR\{0} Vie{l,..,n_.} (5 =4q)},
D;:={(p,q9)eP’xP: 31eR\{0} (Vie{l,..,n._,} (p,=4q)
Adie{n_ +1,...,n} (p, # Aq))} for je{2,...,r—1}.

It is easy to verify that D, u..uD, =P xP and D;nD;= for i#j,
i,je{l,...,r}. Moreover, if pg denotes the projective line passing through
distinct points p,q, then D, ={(p,q)eP’'xXP': p#qAapanT =3I},
D,={(p,q9)eP'xP:p=qvp#qAapdnT,_; = &} and D; = {(p, g)e P' X
P:p#EqapgnT_ # B ApgnT =Z} for je{2,...,r—1}.
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Now we may define mappings é,:D, —»C, 8,:D,—C,...,6,:D,> C as
follows:

cos? 6,(p,q) - (zlslpiqi)z
P Ete(p)®) E'e(a)®)

@,(p, 9)* = Ze(p,~q)* for (p,q)eD, and je{2,...,1},

where p is some fixed nonzero real or pure imaginary number, the homo-
geneous coordinates of points p,q are normalized by the condition:

(p,9)eD;=E'(p)* = +p* A Vie(l,..., ny_1} (7= 9))

for je{2,..,r}, and for every je{l,..,r} and (p, g)eD; we adopt
Im é,(p, q) > 0. The sequence (4,,...,4,) is said to be (see [4]).a general
projective metric on P(R**!) and the structure (P (R"*1), (3,,..., 4,)) is called
either a semi-elliptic projective space S™:-™-t (when l,=n, for every
ie{l,...,r}) or a semi-hyperbolic projective space **++4§"*-1 (when [, # n,
for some ie{l,...,r}).

It is evident that each authomorphism of the structure (P (R"*?), (3,,..., 8,))
(an isometry) is a projective transformation ¢:P(R**!) - P(R"*1) such that
(M) =T, p([,_1)=T,_;, (@ =Q and 5(p,q) = d,(0(p), 0(q)) for
every ie{l,...,7} and (p,q)eD,. Moreover, we can define similarities of
(P(R™*Y), (3y,...,6,)) as projective transforations ¥ :P (R**1) - P(R**1) such
that'p(Tl) = T;.s"-: lI’(T‘—l) = T;—l! '//(Q) = Q a‘nd Vp, q,s, teP’Vje{l,...,r}
(2. 9)eD; A (s, 1)€D; A 3,(p, q) = &,(s, t)=>6,(¥ (1), ¥ (@) = 6,0 (5), ¥ (£))-

Now we can easily prove the following:

THEOREM 3. If (PR**?Y), (3,,..., 8,)) is a real projective space with general
projective metric (0, ..., d,) and ¢: P (R"*') - P(R"*1) is an arbitrary projective
transformation, then ¢ is a similarity of (P R**'), (8,,..., ,)) if and only if @ is an
automorphism of a quasiorthogonal space (P(R™*!), L), where (L) (s, ... e+ 1y =
«81’ oty 8:“)’ ] (8ﬂr— tHlreees Ot 1))'

This last theorem shows that quasiorthogonal projective space is a common
generalization of orthogonal projective spaces (see [3], [5]) and real projective
spaces with general projective metrics (see [4]).

This work is second part of the author’s doctoral thesis entitled “Weak
structures of orthogonality on projective spaces of finite dimension” (in Polish),
completed under the supervision of doc. dr Edward Siwek at the Silesian
University in Katowice. The authors wishes to thank dr hab. Marek Kordos
for valuable suggestions.

for (p,q)eD,,
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