AMAR BAOUCHE*

ON THE EXISTENCE OF SOLUTIONS
OF A NICOLETTI PROBLEM
FOR AN INTEGRO-DIFFERENTIAL EQUATION
WITH ADVANCED ARGUMENT

Abstract. Our purpose isto prove the existence of solutions ofa Nicoletti problem for an
integro-differential equation with advanced argument of the form

MO
Q) x'(t) = \f(t,x(t + ) da(t,s),tsR +,

) NXx = A

The problem (1)—(2) is called the generalized Nicoletti problem (see
[4], [7]). The field of our study is a Banach space, and we apply the theory
ofmeasure ofnoncompactness, and the fixed point theorem ofDarbo (see
[1]). The literature on the differential equations with advanced argument
is not very rich. In particular, the studies are limited to the problem of
existence of solutions of the Cauchy or the Nicoletti problem (see for
example [2], [3], [4], [6], [7], [8]).

1 Notations and definitions. Let (B, |*) be aBanach space and O be
the zero of B. We shall write

— K (a, r) for the open ball centered at a and of radius r,

— C (R +B) for the set ofall continuous functions mappingR +into B,

— <ZYR+ B) for the subset of Q. (R +, B) consisting of continuously
differentiable functions,

— X(s) = (x(s):xeX where X ¢ < (JJ+ B) and seJR+}.

2. Existence theorem.

HYPOTHESIS (H).

(i). The function/ maps R + x B into B, is uniformly continuous and
satisfies the inequality
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\fLt,y)\*M() + mt)\y\a teR +,

where M ,N :R +—O, 00) are continuous functions and 0 1 We put
L=M+N and

A(t) = | Lt) dt, teR +.

(i). The function h maps R + continuously into R + and satisfies the
inequality

At + h(t) ~ cT1(A(t) + k~1Inf), teR +

for a k> 1.
(iti). The functionr maps R + x R +into R + in such a manner that, for
anyteR + r(t, 0) = o,r(t, ¢ is non-decreasing, and there exists a constant
h(t)
O0< V< 1suchthat sro r(t,s) <V, teR +, and
m
li c])‘ F(t,s) - r(t,u\ ds = o.
t-u
(iv). N:C (JBt+,B)-*-B is a Nicoletti linear bounded operator, with the
norm |l and such that for any constant function xsC (R + B) we have
Nx = where x(t) = £ teR +.
(v). There exist positive numbers andA ™ max (1, §\+ /) such that
the condition

U] ™ fceA <L (t) sexp (fcmA(t)) = Ju(t) - N\ < ftmexp (fc *A(t))
holds for every function veC (R +, B) and teR +.

(vi). Letnbe asublinear measure of noncompactness andlet be the
set of all functions xeC (R +, B) which satisfy the inequality

IXO] ~ A exp (kmJL(t) dr™, teR +.
Assume that there exists a locally integrable function P:R +-*R +
satisfying the condition
t+ h(t)
J P(t) dr<c, teR+,
t
for a positive number ¢ and such that
liftt, X))~ P(t)n(X), teR+, X e O

Fix a positive number X and denote by E the set of all functions xe
C1(R ,B) such that

lor|| = sup jjar(t)] exp fc- J L(t)dr - j- < + oo.

Then (see [3]) the set P is a non-empty, closed, bounded, and convex
subset of E. For all X a <pput
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My(X) = sup Jju(X(t)eexp ™ | L(r) dr™:teid+],

where yis a positive constant such that 0 < exp (c7 y < 1 One can easily
verify that the function Myis a sublinear measure of noncompactness.
REMARK. The hypothesis (H) is sufficient for the continuity of the
function z:R +-+R given by
h(v
z(t) = I(t, x (t + ) d,r(,s), teR+.
o]
The argument does not differ from that one given by A. Bielecki and M.
Maksym [3] in the case of the space R".
DEFINITION. Any function xe C (R + B) satisfying equalities (1) and
(2) is said to be a solution of problem (1)—(2).
THEOREM. If the hypothesis (H) holds, then there exists a solution
x of problem (1) — (2) satisfying the inequality

In the proof of Theorem we shall need the following lemma.

LEMMA.Let0O™ a<b< ooandletg:[a,b]-*R be a non-decreasing
function. Thenfor every sublinear measure of noncompactness n on B
and for any equicontinuous and bounded set X a C (R + B) we have

X(s) dg(s)j < In(X(s)) dg(s),

where
JX(s) dg(s) = jj x(s) dEf(s):xeX].

Proof. By the definition of the Stieltjes integral we have

b ni

J x(s) dg(s) = /lln; & X (E)Tg(xi+l) - g(x)I xeX,
a nK =0

where X\h= max (xi+1l- xt), a=x0< x1< .. <X, = b, &e [a,, xi+J,
L J

*eO»n-I

ieO,n - 1, neN. Forevery s> 0, using the equicontinuity ofX, we can
choose a sequence (tf: i e NQ such that the set {tf: i e M} is dense in [a,b],
for every neN, a=t0< fo<tj <" <...N 1™ tn= b and



x(s) dg(s) - £x(&) - - 0] < e xeX.

a x=0

We have also

b b nl
I X(s) dg(s) ¢ [Ix(s) dg(s) - £ x(£,)<[g(t(+]) - g(t,)]:1e X

+ I x7~i)-[g(ti+i) - g(t()]:xexj, neN,
whence
Ai(jX(«) dg(*)) <em i) +I>(£)m [g(tj+,) - g(t)], ne
and, consequently,
/iQx(s) dg(s)™ < j>(X(s)) dg(s).

Proof of Theorem. We know that x is a solution of problem (1)
— (2) if and only if x is a fixed point of the operator

H:C (R+B)~C (R +B)
defined by
Hx =1- N(Tx) + Tx,

where

t h)
(Tx) (t) =j | If(u,x(u + sj\ dg(u,s)\ du.
0O

a) We shall show that Hxe@ for every xed> At first we estimate
[(Tx)'(t)]. We have

ht)

ITY®1 7 sup [f(tx(t + )] V r(t.s).

O<s<h(t)
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Using (H)(i) and (H)(iii) we obtain

1M1 ~ VvV tM(t) + N(t) *sup )lX(t + S)Iu_ll'

Taking into account that xe<D and using the hypothesis (H)(ii) and the
inequalities A l1and O™ a” 1we deduce that

sup x(t + 9] < kmA eexp (kmA(t)Y

0«sShi(t) \ /
Finally we obtain the estimation
[(MX)'()] <A k L(t) exp(A(t)).
Since TxeC 1(R + B) we have, by (H)(v),
1(Tx)(t) - N(Tx)] SP exp (k- A(t)J
and the definition of the operator H implies the condition
(Hx)(t) I< A <exp (k mA(t)].

Consequently H (<P) c: (Pwhich was to be proved.

b) Now we shall show the continuity of the operator H. Put
1e)= A 1(In4 - Ine), O<e 4, and let (xn:neN) be a sequence of
functions from <Pwhich converges to an x e in the topology of C (R+,

B). In the case t > 1(e) we establish easily that for any neN

[HxD(t) - (Hx) (i) [exp (- fceA (1) - Asi) < e<A /2,

whence

\\Hx, - HX\\ ~ e-A/2, neN.
For te |\,1(eJand ne N we have the estimation
\(Hx(t) - (HX)(O] ™ 1INl ITxn~ DA\ + \{Tx, - Tx){t)\

and deduce that
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\\FN -HANAANNAN + 1)-\\Txn-Tx\\.

Observe also that we have

L2

and, putting d = max h(t),

O«t=S«e)

«e)+d

whence the condition

Tim [(TxrHD) - (TX)(O\ = 0

easily follows. This means that H is continuous in the topology of
2 (R + B).
c) Finally we shall show that there exists a g e [0,1) such that

MyHX) ~ g MyX), X c o>

In fact, since q- N(Tx)eB we have (see [1]) - N(Tx)Jd = 0, whence

Now, using Lemma, the hypothesis (H)(vi) and the definition of the
function My, we obtain

t u+h(u)
/zZ(HX)(t)) » VM y(X)$jP(u) exp (yj P(x) dr)) du.

(H)(vi) applied to the function P gives the inequality

/i((HO®) Avml

Thus, due to the fact that O < egy/y < 1, we obtain the required property.
Making use of the fixed point theorem of Darbo we complete the
proof of Theorem.
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