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REMARKS ON MAPS OF INVERSE LIMITS

Abstract. The aim ofthis note is to give ashort proofofthe Séepin theorem concerning
maps of inverse limits. This theorem was generalized by several authors; see e.g. W. Kulpa
[5], A. Archangelskii [1] and M.G. Tkac¢enko [7], [8].

Our method of the proofgives also the most general version of the Séepin theorem due
to Tkacenko. It can be also applied for obtaining in a very general setting the theorem of
H.H. Corson and J.R. Isbell [3], [4] concerning maps from products.

LEMMA 1 LetZ be a Hausdorff space and f: X g :X~>~Z be
continuous maps. |f the space Z has a base ZSsuch thatfor each t/eH
there exists an open set W ¢ Y such that

(1) g~HU)=ri1iw ,

then there exists a continuous map h:Y-*- Z such that h°f= g.
Proof. Let usverify that for each yeY the set g(f~1(y)) consists of
a single point. It suffices to show that:

(2) if UeS and Ur\g(f~ Ly)) ~ 0 and g~1(U) =f ~1(W),
where W is open in Y, then yeW.

To show (2), letzeUn g(f~1(y)). There exists a point x ef~1(y) such
thatz = g(x). Hence x e g 1(W). Thereforey =f(x)e W. Thus, defineh(y)
to be the single point in the set g(f~ 1liy). Clearly, h°f=g. The map
h:Y -* Z is continuous. Indeed, let us fix a point yeY and an open set
Ue 7Bsuch that h(y) e U. By the condition (2), there exists an open subset
W of Y such that yeW and 1(U) =f~1(W). Hence h(W) = g if1W)) =
= g(g 1(U)) c v, i.e. hiw) ¢ U. The lemma is proved.

An inverse system {Xapp: a< /2< x} of topological spaces and
continuous maps, where x is an (uncountable) cardinal, will be called
continuous if Xy= |im {Xa p{:a< £2< y}for each limit ordinal y< x
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A continuous inverse system {Xap{: a< P < x) will be called regular
iftisaregular cardinal and weight ofXa(denoted by w(X4@)) isless than «.

Let C(T) denote the family of all cozero-sets of the space T.

LEMMA 2 Letus assume that the inverse system {Xap{:a< p < x}
is regular, where all Xas are compact and let X =}im {Xa
pE£:a< P < t}. If g is a continuous map from X into a compact space
Z and there exists a base 78c: C(Z) such that |S] < x, then there exists an
a <t such thatfor all p ™ a/? < %and UeB there exists a We C(Xp) such
that

Proof. Let S = {U(:£ <y}, where y<x = cf(t). Clearly,

e C(X) for each £ Thus g~1(17{) is an open Faset, i.e. there exists a family
{F,:n < <o} of compact subsets ofX such that gr_1(L™ = (J {F,, :n < co}.
Clearly, sets of the form pai(W), where W is open in Xafor act, form
a base in X. Then for each n < a>there exist an a, < x and an open set
W, ¢ Xa such that F,, a p~'(W,,) z g~ LUi). Since cf*t) > oo, <x(0 = sup
{an:n <"(u} < t. It is easy to calculate that g~2(Ug = p~}o(We), where
W, = (J {(Pafp) _XW,):n < co} is an open subset of X a4).

Let P = sup { :£< y}. Since y< cf (t), we have p <x. Therefore
{9~1U():£ <y} c {pM(W): WgC(X”™)}, which means that for some
W from C(Xp) we have g_1 (/) = Thus, our lemma is proved.

THEOREM 1 (E.V. Séepin). Let us assume that X =(im(X.,
a<p<x}andY =Jjm{Ya gp:a< p< x}, where all Xxs and Yds are
compact and the inverse systems are regular. Thenfor each continuous
map (homeomorphism)f : X -* Y there exist a closed unbounded setS <x
and afamily of continuous maps (homeomorphisms) /a:Xa-*- Ya, aesS,
such that

f*°Va = <I|*°f f°r aeS-

Proof. Letact and Sac: C(Ya) be abase in Yasuch that |SJ < x
Let g = gaof. From Lemma 2 it follows that there exists a /@) < x
such that for each UeZSx the exists a WeC(Xm) such that
o~[(V) = pMa(W). Hence, by Lemma 1, there exists a continuous map
/E@):Xm -mYasuchthatgao/ = /f@@ opm .We may assume that a < /2(a).
We construct by induction a sequence {a,:n < <} ¢t such that:
a) a0 is an arbitrary ordinal less than x
and
b) an+1 = P(an.
Thus, we get maps/, n < w<such that

®3)
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Let &= sup {a,:n < a3}. Since cf (t) > o, then &< t. Since a, < a,+
then 8 is a limit ordinal. Let us set Xx=(im(X, ,p~+1l: n < co}
and Yd=”"im{Ya, g™+1i:n<co}. There exists the limit map
fs =aim {/,: n < cod. To finish the proof, we shall show that/aops = gdof.
Suppose that there exists an xe X such that/gpax>) ™ qs(f(x)). Since
these points belong to Yd there exists n< o such that
gf.,.(Za(Pa(™») * Qinfqs(/(x))) = gX(j(x)). Since ft=4im {/,:n < co},
Qan"f» =/»° P«mt1°So/,,(hWF 1(pdx>)) = /,,(pan+1 (x)) # qan(/(x)), which
contradicts the condition (3). The proofis complete.

For every topological space X, let X3(X) be minimal cardinal number
t such that for every open covering of X there exists a subcovering

@z jb such that pf~ t. Note that for every compact space X,
a (X) ™ ko

THEOREM 2 (M.G. Tkacenko). Let assume that X =(im (X,, p{\
a < P < x}, where all Xas are completely regular, and the inverse system
isregular and J2(X) < x. Thenfor each continuous mapf:X----»X there
exists a closed unbounded setS, Scz xsuch thatfor each aeS there exists
a continuous map fx:Xx — m Xx such that faopx= px°f for each
aesS.

Proof. The complete regularity of Xa and £(X) < x imply the
existence of a base c: C(X3g such that |SJ < x If UeBx then H =
=f -1(Pa1U)) is an open Fo-set. Thus H = \J Fn where all F,'s are
closed subset of X. The family £5 = {p ,*(ET):Ue/Sxand a < x} is abase in
X.

Let7?, = {WerZ>:Fnn W ~ OandW ¢ H}. But/?”") < /2(X),Fnbeing
closed and J2(X) < x. Hence there exists 7?, c: 7*nsuch that |7?,] < x and
F, ¢ 1j7?,. Thus there exist pn< x and an open set Gnof Xfi such that
Uu?* = py(Gn.

Let B(U) = sup { /2,n < co}. Then there exists an open set W' of Xpm
such that H = pp\W)(W).

Let /2 = sup {P(U) :Ue S .} <t. For each Ue'B” there exists an open
set W ofX g such that/- x(p~ U)) = Pp\X(W). Now, it suffices to apply
Lemma 1 Thus the theorem is proved.

H.H. Corson [3] and H.H. Corson and J.R. Isbell [4] have proved that
every continuous function which maps a product of spaces with
countable bases into a metrizable space depends only on countable
number of coordinates.

By the use of our methods we are able to prove a more general
result.

Note that the relations between the Séepin theorem and the theorems
on maps defined on products were pointed out by Tkac¢enko [7].
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THEOREM 3.Let 7? be afamily oftopological spaces and X ¢ 77{X:
Xe7?}. Iffisa continuous mapfrom Xinto aregular space Z, then there
exist afamily and a continuous map h:Il (X) —*Z such that
I7%|™ w(Z) + J2(X) and holl =f. n'

Proof. Let Sbe a base in Z such that |S] = w(Z). Let z= w(Z) +
+ J2(X). Since Z isregular andw(Z) < : for each UeS, there exists afamily
~v of closed subsets of X such that 11 < x and =/" 1(V).

Let us fix an element Fe”~B. For each xeF there exists a basic set
a CTI{X:Xe 7?} suchthatxeWxn Xc/ _1(U). Then {WxnX:xeF} u
{X —F} is a covering of X. Since X~X) ™ x, there exists a family of
basic sets of I1{X:Xe7Z} such that F a y jbFnX &f ~1(U) such that
171 ™ +. Hence there exists a family of basic subsets of /7{X:XeR}
suchthat/-1(U) =X n and 1M1 < ¢, because 1"ul ™ T-Clearly, each
elementH e isofthe form 77 \G), where Tv ¢ 7?isfinite and G is open
in /7{X:Xe77?'}. Hence there exists 7?(,c7! such that 171 ~ r and
/- 1(C7) = IT"\(Wv)r\X, where isanopen setin n{X:Xe7iu}. Let us
set 72V. Clearly, |73 |< xand for each U eB there exists an open

set Wy ¢ n{X:Xe7"1} such thatf I(U) = i7”1(W;) nX. Now it suffices
to apply Lemma 1 Thus the theorem is proved.
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