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A CLASSIFICATION  THEOREM  FOR Q U AD RATIC FORMS 
OYER SEMI-LOCAL RINGS

Abstract. Let R be a semi-local ring with 2 e U(R) and such that all residue class fields of R 
contain more than 3 elements. It is proved here that bilinear spaces over R  are classified by di­
mension, determinant, Hasse invariant and total signature if and only if the third power o f the 
fundamental ideal of Witt ring W(R) is torsion free. This is a generalization of the same result 
when R is a field due to Elman and Lam.

1. Introduction. In notations and terminology we primarily follow [10]. Unless 
otherwise stated we will assume R  is a connected semi-local ring with 2 e  U(R) 
and such that all residue class fields of R  contain more than 3 elements. As a conse­
quence all bilinear spaces over R  are free and can be diagonalized (see [9]). The 
Witt ring of R  will be denoted by W(R) and the ideal of W{R) generated by the 
bilinear spaces of even dimension will be denoted by I(R).

The purpose of this paper is to prove that bilinear spaces (forms) over R  are 
classified by dimension, determinant, Hasse invariant and total signature if and 
only if I 3(R ) is torsion free. This is a generalization of the same result when R 
is a field due to Elman and Lam [7, Theorem 3]. Finally we show that this result 
remains valid if we remove the condition that R  is connected.

The author has learned that R. Baeza has independently given another proof 
of this result (see [2]). It would be interesting to know if such a result could be 
generalized to an arbitrary abstract Witt ring. The main difficulty in generalizing 
either proof is that they both depend on the usage of quadratic extentions.

We start by recording some preliminary results due to Elman and Lam whose 
proofs generalize either verbatim of with a slight modification using [3, Satz 2.7].

For a form <p over R  we will denote the set of units represented by ę  by DR{<p) =  
=  D(cp).

PROPOSITION 1.1 ([5, Corollary 2.3]). Suppose <p is a 2n-dimensional form
n

over R such that 2<p = 0 in W(R). Then — £  <«;) <C — fo r  suitable a t e U(R) 
and W; e £>(<!, 1>). 1 = 1
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COROLLARY 1.2. Let cp =  ^ b l , ... ,  bn̂  be an n-fold Pfister form  over R. 
2<p=0 in W{R) i f  and only i f  c p ~ ^  — w, . ..^  where w e£)(<  1, 1)).

PROPOSITION 1.3 ([7, Lemma 1]). Let 1. Suppose there is no anisotropic 
n-fold Pfister form  cp such that 2<p = 0 in W(R). Then there are no anisotropic m-fold 
torsion Pfister forms for any m >  n.

r

PROPOSITION 1.4 ([4, Theorem 2.8]). L e tq > ~ Y , <at> w;» wi,h a i 6 U(K)
1 =  1

and wt e D ( oo). I f  cp e I 2(R) then <p = €.bj, —Cj'fr in W(R) where bj-e U(R) and 
Cj e Z)(oo).

PROPOSITION 1.5 ([6, Lemma 2.5]). Suppose cp is a 2n-dimensional form  in 
I 2(R). There exist 2-fold Pfister form s (pt , ... ,  (pn- i  and alt  a„^1 e U(R) such

n — 1
that cp =  £  (a t} (pi in W(R). 

i = i
2. The classification theorem. Let d e U(R) and suppose S  =  R {\/d). The residue 

fields of S  are field extensions of residue fields of R, thus S' is a connetced semi-local 
ring with 2 e  U(R) and each residue field of S  contains more than 3 elements.

LEMMA 2.1. Let d e U(R) — [U(R)]2, S  =  R (\'d )  and suppose ip is a 2-fold 
Pfister form  in IF(5). There exist a t , a2 e U(S) and r e  U(R) such that <p~^a1, a2}> 
and <̂ a1r~ 1, a2> m <̂ st , fo r  some e U(R) and s2 e U(S).

P ro o f. Write ę  — <t b l ,b 2'^ for some bt , b2 e U(R). By [11, Lemma 2.2] 
, b2y — i a l , a2> where a l —ul + v1 \?d, a2 = u 2 + v2 V d  with vx , v2 and ux v2 -

— u2v1 eU (R ). Let r = - v l v2 l . Then a l r~ 1+ a2 = u2 — ul v2v ^ 1 e U(R). Take 
= a i r " 1 + a2, then there exists s2 e U(S) such that (a 1r~ 1, a2> s2>. Con­

sequently, (p ~  , a2y  and r~ \  a2> a; , s2».

Let d  be a unit of R  which is not a square and suppose 5 : R ( \ d )  -* R  is the 
.R-linear map defined by s ( l)  =  0 and s(\/d )  = 1. s is non-degenerate so that the 
transfer map s* : W (R s/d ) -* W(R) is ^ (^ - l in e a r  [8, section 4], We will denote 
the inclusion map R -* R {\jd )  by i and the induced map W(R) -» fV(R(\^d)) by i*.

PROPOSITION 2.2. Let d e U (R ) , S  = R (\'d ) and suppose <p =  «.v, y ,  - z »  
with z e O s ( ( l ,  1)) and x , y  e U(S). I f  there are no torsion 3-fold Pfister forms 
over R  then s^ ię )  =  0 in W(R).

P ro o f. By Lemma 2.1 there exist a ,,  a2 e U(S) and r e U(R) such that Cx , }’> a; 
and s2»  with s1 e U (R )  and s2 eU (S ). In W(R),

(«jc, >■, - 2») =  J* («a1, a 2, - z » )  =  s * ( « - r , a 2, - z») + <r>J+(« a1 ',  a2, - z » )

since s# is ^(iJj-linear. Now, a2, — z^ a; s2, — zX  thus s„,(<p) =
= s * (& -r i,  a2, - z » )  +  < /-> j* « j1, s2, - z »  in W(R). Since /• and s t e U(R), to 
show s:t.((p) = 0 in W(R) we may assume x e U (R ) .  Again by Lemma 2.1 there 
exist a \ , a'2 e (J(S) and r0 e U(R) such that ( y ,  — z> ~  a \ , a'2 >̂ and ^ a ^ g 1, a 2)> ~
— ^2^  f° r some e U(R) and s'2 e U(S). Since

« « i , «2» =  «-#■<>» ««2» +  <'-o> « a 2»
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in W (S) we have in W(R),

■S * ( « } ’, - Z » )  =  « 2 » )  =  «  ^ 0 »  *̂>l* ( « ^ 2 » )  <^*0> 1*0 1»  « fl2 » )

= «  ~  ro))S* (« a2») +  </-0> «*;»** («*2»)-

Consequently .$*(«>', - z » ) e / 2(JR). Now s^(<p) =  « x » .s* (« j, - z » )  and 2 
—z>) =  (C l, y ,  — z>) =  0 in W(R) since z e / ) 5(< 1, 1>). By Proposition 1.1 and 
Proposition 1.4 we can write j# (0 >  — z > )=  £  i b j , — cy> where bj e J/(J?) and 
Cj-eDR(co). I t follows that s^(ę ) = I , ^ x , b j ,  —c^> in W'Cft). By the hypothesis 
we see that s*((p) =  0 in W(R).

For a, b e  U(R) let (a , b) =  j  and define y : 12(R) -* Br(i?) by

y(tp) =  Hasse (q>) (/<( — 1, —

where n =  dim<p. In [11, p. 464] Mandleberg observed that y is a well defined group 
homomorphism and that y ( /3( i? ) )= l .

LEMMA 2.3. I f  cp is a 2-fold P fster form  in l 3(R) then ę  = 0 in W(R). 
P ro o f . Write q> =  i^—a, —by. Since <p e I 3(R), y((p) = 1 in Br(i?) i.e. p,(— 1,

— 1) n(a, b) n ( - 1, —1)4<2)/8 =  1. Consequently n(a, b) =  1 and cp = 0 in W(R).
PROPOSITION 2.4. Let w e DR(co) and S  =  R ( \ /w). I f  there are no 3-fold 

torsion Pfister forms over R  then i* : I 3(R) -* I 3(S) is injective.
P ro o f. Let (p be a form in I 3(R) with i*((p) =  0 in W(S). By [1, Korollar 2.9], 

cp ~  — for some form tjj over R. If dim \j/ is odd then det cp = —w contradicting 
cp e I 2(R). Consequently dim i/r =  2m for some m e Z +. Write i// =  C (— l)md y  + ̂ /' 
where i]/'e I 2(R) and rf=deti/^, then cp — C — w, ( — +  It follows
that ^  — w , ( - l ) md y e I 3(R) thus < — w, ( — = 0  in W{R) by Lemma 2.3. 
As a result, cp is a Z-linear combination of torsion 3-fold Pfister form. By the hypo­
thesis, cp = 0 in W(R).

To prove the following lemma we employ the technique of [11, Theorem 2.1]. 
LEMMA 2.5. Let d e  U(R), S  =  R ( \d )  and suppose cp is an anisotropic 3-fold 

Pfister form  over S  with .v.;. (<p) =  0 in W(R). There exists a form  \ji in I 3(R) such 
that /*(i/0 =  <p in l¥(S).

P ro o f. By [11, Proposition 2.1], there is an anisotropic form t]/' in W(R) 
with i*(>]/') = (p. If  dim i/f' >  8 then r(y /')  is isotropic. By [1, Satz 2.3] we can write 
ij/’ =  0 i +  <C — d^Q i with dim gt = 8 and dim q2 1^1. But then i*(ij/') =  i*(Qi) in 
IV(S) hence we may assume dim i/^'=  8. Write i/'' =  <m15 ..., w8)  in W{R) with 
uls u8 e U(R). Since <p 6 13(S), det i^' e [{/(S)]2 thus /*(<«! det iJ/',u2, ■■■, w8>) = cp 
as well. Consequently we may assume det(<!/l5 ...,w 8>) =  l and thus iJ/’ e I 2(R).

3

By Proposition 1.5, iA'=  £  <ci> ^  in IV(R) for some ct, a t, b t e U(R).
3 i =  1

Now, y(/*(i/0) = n  ~bi) =  I in B r ^ )  since ę  e I 3(S). Let iJ/0 = i .a ^ b ^ Ą -
i= 1

+  < -  dy ({a2, b2}) +  <e> { a 3, A3» where e e U(R) is yet to be determined. Clearly 
i/>'= ij/o (mod I 3(R)). By [6, Theorem 1.1 (1)], <al5 a 1fe1> +  < -rf>  <a2> ^2> «2^2>
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is isotropic over S  and by [6, Lemma 2.1] there exist f , g ,  h , k e  U(R) such that
i a u b l^  + { - d y i a 2,b 2y ^ i _ - d , f ' ^  + { g y i h , k '^  over R. Consequently,

•Ao -  « - d , / »  +  <fif> « / i ,  /c» + < e>  « « 3 , 6 3» .

Let e — —dg. Since i*(ip')-i*(il/0) e  I 3(S), =  y(/*(tA0)) =  1 in Br(S). As
a result, p(d, —/) /< (  —A, - k ) n ( - a 3, - b 3)=  1 in Br(S). As above there exist 
/, m , n ,p e  U(R) such that </z, /c> +  < -^ >  < a3, 63> ~ < (-d ,  />  +  < »  <«,/?>. But 
then

il/0 ~ ( - d ,  / »  + <0> « ~ ^ , /» + <gm> « n , /?»

and i*(iAo) =  € n ’P)> = 0 ‘n by Lemma 2.3. If wc take i/f =  ft' — [j/0 then 
i/r e / 3(-/?) and i*(i/0 =  /*(»/>') =  cp.

PROPOSITION 2.6. Leć w e DR(cc) and S = R (-Jw ). I f  there are no aniso­
tropic 3-fold torsion Pfister form s over R  then there are no anisotropic 3-fold torsion 
Pfister form s over S.

P ro o f . Let cp be an anisotropic 3-fold torsion Pfister form over S. By Pro­
position 1.3 we may assume 2 •</> =  () in W(S). By Proposition 1.2 we can write 
(p — € x , y ,  —z)) where x , y e U ( S )  and ze Z )s (< 1, 1)). Now by Proposition 2.2, 
s^{q>) = 0 and by Lemma 2.5 there exists a form i{/ in I 3(R) such that i*(>//) =  cp. 
It suffices to show i// =  0 in W(R). Assume not. As in [7, Lemma 3, step 2] we 
may assume i/^ =  <6 j> <(b2, b3, bAy  for some bt e U(R). But by Proposition 2.4, 
i* is injective hence ij/A e Wt{R). By the hypothesis, =  0 in W(R), a contradiction.

PROPOSITION 2.7. Suppose there are no anisotropic torsion 3-fold Pfister 
forms over R. Then l 3(R) is torsion free.

P ro o f. The proof given in [7, (A) => 2, p. 337] will work here. Replace their 
Proposition 2, Lemma 3 and Proposition 1 (3) by our Proposition 1.1, Proposi­
tion 2.6 and Proposition 2.4, respectively.

COROLLARY 2.8. Let w e D R( oc) and S = R (-Jw ). I f  13(R) is torsion free  
then I 3(S) is torsion free.

P ro o f. This follows from Proposition 2.6 and Proposition 2.7.
LEMMA 2.9. Suppose I 3(R) is torsion free, <p e I 2(R), 2cp =  0 in W(R) and 

y((p) =  1 in Br(7?). Then cp = 0 in W(R).
P ro o f. Assume (p=£0 in W(R). By Proposition 1.1 and Proposition 1.4 

<p =  Z<lbj, -Cj^> in W(R) for some b} e U(R) and Cj e DR(co). We may assume R

and (p are chosen so that n is minimal. Let S  = R{\]c\) and let >// = £  b j , — c ^ .
j - 2

Now 2«/> =  0 in W(S), ip e I 2(S), y(i/0 =  1 in Br(5) and I 3(S) is torsion free by 
Corollary 2.8. Consequently i// = 0  in IV(S) by the choice of n. By [2, Korollar 2.9], 
ę  = i . - c i y  (d t , . . . , d 2r}  in W(R) for some dt , ... ,  d2r e U(R). In W(R),

<P =  <</i> «  “  Ci, dv dr+! » + . . .  +  <dr)  «  -  c i , d, J 2r»

=  C _ c , , d{ dr+ ! > +  ... + C ~ Cj, drd2r~}

=  « ~ c , , ( — l),+ l(/| ... c/2r»(mod / 3(R».

It follows that <p — <( — c \, ( — l)r+1</1 ... d2ry  e I 3(R) H  Wt(R) =  0. Consequently
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<P =  « - C i , ( - l ) r+1f/1 . . . * / 2 r »  in W(R). Since 1 =  y(q) = v ( « - C j , ( - l)r + 1dl ... 
... d2r> )=  /i(c j, ( - 1)'^! ... d2r) we must have (p =  0 in W{R), a contradiction.

THEOREM  2.10. Forms over R are classified by dimension, determinant, 
Hasse invariant and total signature i f  and only i f  13(R) is torsion free.

P ro o f. (=>) By Proposition 2.7 and Proposition 1.3 it suffices to show that 
there is no anisotropic 3-fold Pfister form q  with 2 • q = 0 in W(R). Suppose there 
is such a form q . By Corollary 1.2 we may write q  s: y ,  -  vv> with x ,  y e  U(R) 
and w e D R{<\, 1>). The two forms i . x ,y ,  — w> and <1, 1, —1> both have dim­
ension 8, determinant 1, Hasse invariant 1 and total signature 0. Consequently 
q  =  0 in W(R), a contradiction.

(«t=) Suppose I 3(R) is torsion free and suppose and q 2 are forms over R 
with the same dimension, determinant, Hasse invariant, and total signature. q x — q 2 
has total signature 0, thus q l - q 2 e W,(R). Since det q l =  d e tq 2 and d im q i = 
=  dim q 2, q l - q 2 e I 2(R). Consequently, l i q ^ - q 2) e / 3(i?) O  Wt(R) =  0. Since 
y ( q i ~ q 2) =  1, q i ~ q 2 = 0 in W(R) by Lemma 2.9. By W itt’s cancellation theorem 
q 1 ~  q 2 as desired.

Finally, we show that Theorem 2.10 remains valid if we remove the restriction 
that R  is connected. Suppose R is a semi-local ring with 2 e U(R) and whose residue 
class fields contain more than three elements. We can write R ^ R y x  ... x R ,  
with U(R) ^  U iR i)*  ... xU (R ,)  where each R t is connected and where R t = 
=  Re;, e2 =  <?;, etej =  0 for i #  j  and c, +  ... +e, = 1. Moreover W (R )^  W (R y) x 
x ... x W{Rt) with I"(R) = I"(Ri) x ••• x In(R t) (see [8] and [9]). Consequently 
two forms q  and ift are equivalent over R if and only if etq  sz et\ft for i — 1, 2, ..., t 
and In(R) is torsion free if and only if /"(/?,) is torsion free for i = 1 ,2 , ..., t.

LEMMA 2.11. Forms are classified by dimension, determinant, Hasse invariant 
ond total signature over R i f  and only i f  form s are classified by the same invariants 
over each R t .

P ro o f. (<=) is clear. (=>) Let q  and \ft be forms over Ri with the same invariants. 
Write q  =  <tf1; ..., «„> and ift = (b t , . . . ,  b„}. Let m; =  e1+ e2 + ... + a(+ ... +e, 
and vi = ei + e2 + ... + b t+ ... + et . Write q t =<m1? ..., «„> and \ftx =  O j ,  . .., v,,}. 
e jq y =  ejifti = <ej, ... ,  e}> if i #./' and eiq l =  q, ei\l/l =  ift. Clearly dim q y =  dim \ftt 
and d e t^ i = det\ft1. A signature on R gives rise to a signature tr,- on some Rj [8, 
Corollary 2.8] hence q y and \ftl have the same total signature. Since n(uk, u/) = 
= n(etuk, e ^ j )  we see also that Hasse ( q ^  = Hasse(iftt). Consequently q i ~ ift1 
over R and thus q ^ i f t  over R t.

In view of the above remarks it is now easy to see that Theorem 2.10 remains 
valid if we remove the connected condition.

We conclude this paper with the example which motivated this work.
Let R be a valuation ring whose field of fractions K  is a finite extension of Q 

(e.g. Z (p) for all primes #  2 ,3 ). And suppose q  is a totally indefinite form of 
dimension 5 over R. A signature on K  restricts to a signature on R  thus q  is totally 
indefinite over K. By the Hasse-Minkowski Theorem, q  is isotropic over K  hence q  
must be isotropic over R. Consequently I 3(R) is torsion free and forms over R 
are classified by dimension, determinant, Hasse invariant and total signature.
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