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THE GENERALIZATION OF GAUSSIANS AND
LEONARDO’S OCTONIONS

Renata Passos Machado Vieira , Milena Carolina
dos Santos Mangueira, Francisco Régis Vieira Alves,

Paula Maria Machado Cruz Catarino

Abstract. In order to explore the Leonardo sequence, the process of complex-
ification of this sequence is carried out in this work. With this, the Gaussian
and octonion numbers of the Leonardo sequence are presented. Also, the re-
currence, generating function, Binet’s formula, and matrix form of Leonardo’s
Gaussian and octonion numbers are defined. The development of the Gauss-
ian numbers is performed from the insertion of the imaginary component i in
the one-dimensional recurrence of the sequence. Regarding the octonions, the
terms of the Leonardo sequence are presented in eight dimensions. Further-
more, the generalizations and inherent properties of Leonardo’s Gaussians and
octonions are presented.

1. Introduction

Historically, the origin of the Leonardo sequence reports that this sequence
was possibly created by Leonardo of Pisa (1180-1250) [2]. This fact is due to its
great similarity with the Fibonacci sequence and also because the sequence
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has the same name as the Italian mathematician. It is possible to find the
mathematical evolution of this sequence in the works [3, 1, 7, 10, 8].

The Leonardo sequence satisfies the following recurrence relation:

Ln = Ln−1 + Ln−2 + 1, n ≥ 2, L0 = L1 = 1.

On the other hand, for n + 1 we can rewrite this recurrence relation as
Ln+1 = Ln + Ln−1 + 1. With this, we can add the term −Ln+1, resulting in
another recurrence relation. Hence, we have:

Ln − Ln+1 = Ln−1 + Ln−2 + 1− Ln − Ln−1 − 1,

i.e.,

Ln+1 = 2Ln − Ln−2,

where L0 = L1 = 1 are initial conditions.
In 1981 Harman ([4]) introduced the Gaussian numbers denoted by z =

a+ bi with a, b ∈ Z and i2 = −1, which will be associated with the Leonardo
sequence, improving the process of mathematical complexification of this se-
quence. Regarding octonion numbers, according to Vieira, Alves, and Catarino
(2020) [9], it can be said that in the work of Karatas and Halici (2017) [5]
the algebra in sixteen dimensions was studied and Horadam octonions by Ho-
radam sequence which is a generalization of second order recurrence relations
were defined.

Octonions were defined as the R numerical field, writing as ([6, 5]):

p = p′ + p′′e,

where p′, p′′ ∈ H = {a0 + a1iii + a2jjj + a3kkk | iii2 = jjj2 = kkk2 = −1, ijkijkijk = −1,
a0, a1, a2, a3 ∈ R}.

For the operation of adding and multiplying between two octonions,
p = p′ + p′′e and, q = q′ + q′′e:

p+ q = (p′ + q′) + (p′′ + q′′)e,

pq = (p′q′ − q′′p′′) + (q′′p′ + p′′q′)e,

where q′ and q′′ are the conjugates of the quaternions q′ and q′′, respectively.
Therefore, O is the algebra of the octonions, on a natural basis in the space
over R formed by the elements: e0 = 1, e1 = iii, e2 = jjj, e3 = kkk, e4 = e, e5 = iiie,
e6 = jjje, e7 = kkke and the multiplication of these numbers is shown in the
Table 1.
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Table 1. Multiplication of the octonions of O.
Source: [6]
· 1 e1 e2 e3 e4 e5 e6 e7
1 1 e1 e2 e3 e4 e5 e6 e7
e1 e1 -1 e3 -e2 e5 -e4 -e7 e6
e2 e2 -e3 -1 e1 e6 e7 -e4 -e5
e3 e3 e2 -e1 -1 e7 -e6 e5 -e4
e4 e4 -e5 -e6 -e7 -1 e1 e2 e3
e5 e5 e4 -e7 e6 -e1 -1 -e3 e2
e6 e6 e7 e4 -e5 -e2 e3 -1 -e1
e7 e7 -e6 e5 e4 -e3 -e2 e1 -1

Thus, the following notation is used for octonions:

p =

7∑
p=0

pses,

where ps is the real coefficient, with p ∈ O, in format p = Re(p) + Im(p),
where Re(p) = p0 represents the real part and, Im(p) =

∑7
s=1 pses represents

the imaginary part.
Therefore, in this work, it is intended to continue the mathematical evo-

lution of this sequence, presenting the Gaussian and octonion numbers of
Leonardo’s sequence.

2. Leonardo’s Gaussians

Henceforward, Leonardo’s Gaussian numbers will be introduced, beginning
complex studies around this sequence, with the insertion of an imaginary unit.
Thus, their respective mathematical aspects are portrayed.

Definition 2.1. For n > 0, Leonardo’s Gaussians are defined by:

GLn = Ln + iLn+1,

where L0 = L1 = 1. In particular, GL0 = 1 + i, GL1 = 1 + 3i.

From the previous definition, it is easy to see that for all n > 3 and n ∈ N,
the recurrence formula of Leonardo’s Gaussian is given by:

GLn = 2GLn−1 −GLn−3,

where GL0 = 1 + i and GL1 = 1 + 3i.
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Definition 2.2. For n > 0, Fibonacci’s Gaussians are defined by:

GFn = Fn + iFn+1,

where F0 = 0, F1 = 1. In particular, GF0 = i and GF1 = 1 + i.

From the previous definition, it is easy to see that for all n > 2 and n ∈ N,
the recurrence formula of Fibonacci’s Gaussian is given by:

GFn = GFn−1 +GFn−2,

where GF0 = i and GF1 = 1 + i.

Definition 2.3. Leonardo and Fibonacci’s Gaussian recurrence formula
is given by:

GLFn = GLn +GFn,

where n ∈ Z.

Theorem 2.4. The generating function of Leonardo’s Gaussians is given by:

g(GLn, x) =
1 + i+ (1− i)(−x+ x2)

(1− 2x− x3)
.

Proof. Let us consider the function

g(GLn, x) = GL0 +GL1x+GL2x
2 + . . .+GLnx

n + . . . .

Multiplying this function by 2x and x3, we get

2xg(GLn, x) = 2GL0x+ 2GL1x
2 + 2GL2x

3 + . . .+ 2GLn−1x
n + . . . ,

x3g(GLn, x) = GL0x
3 +GL1x

4 +GL2x
5 + . . .+GLn−3x

n + . . . .

Subtracting the previous equalities and after some calculations, we obtain:

(1− 2x− x3)g(GLn, x) = GL0 + (GL1 − 2GL0)x+ (GL2 − 2GL1)x
2,

(1− 2x− x3)g(GLn, x) = 1 + i− (1− i)x+ (1− i)x2,

(1− 2x− x3)g(GLn, x) = 1 + i+ (1− i)(−x+ x2),

g(GLn, x) =
1 + i+ (1− i)(−x+ x2)

(1− 2x− x3)
. �
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Theorem 2.5. The Binet formula of Leonardo’s Gaussians, with n ∈ Z, is:

GLn = Ag(1 + ir1)r
n
1 +Bg(1 + ir2)r

n
2 + Cg(1 + ir3)r

n
3 ,

where r1, r2, r3 are the roots of the characteristic polynomial r3− 2r2+1 = 0,

Ag =
(r2 − 1)(r3 − 1)

(r1 − r2)(r1 − r3)
, Bg =

(r1 − 1)(r3 − 1)

(r2 − r1)(r2 − r3)
,

Cg =
(r1 − 1)(r2 − 1)

(r3 − r1)(r3 − r2)
.

Proof. Through the Binet’s formula GLn = αrn1 + βrn2 + γrn3 and the
recurrence of Leonardo’s Gaussians GLn = Ln+ iLn+1, with the initial values
GL0 = 1 + i, GL1 = 1 + 3i and GL2 = 3 + 5i, it is possible to obtain the
following system of equations:

α+ β + γ = 1 + i,

αr1 + βr2 + γr3 = 1 + 3i,

αr21 + βr22 + γr23 = 3 + 5i.

Solving the system, we get:

α =
(3 + 5i) + (−r2 − r3)(1 + 3i) + r2r3(1 + i)

r21 − r1r2 − r1r3 + r2r3
,

β =
(3 + 5i) + (−r1 − r3)(1 + 3i) + r1r3(1 + i)

r22 − r2r3 − r1r2 + r1r3
,

γ =
(3 + 5i) + (−r1 − r2)(1 + 3i) + r1r2(1 + i)

r23 + r1r2 − r1r3 − r2r3
.

Through Girard’s relations: r1r2r3 = −1, r1+r2+r3 = 2 and r1r2+r2r3+
r1r3 = 0, it is easy to see that:

α =
(r2r2 − r2 − r3 + 1)

(r1 − r2)(r1 − r3)
(1 + ir1)=

(r2 − 1)(r3 − 1)

(r1 − r2)(r1 − r3)
(1 + ir1) =Ag(1 + ir1),

β =
(r1r3 − r1 − r3 + 1)

(r2 − r1)(r2 − r3)
(1 + ir2)=

(r1 − 1)(r3 − 1)

(r2 − r1)(r2 − r3)
(1 + ir2) =Bg(1 + ir2),

γ =
(r1r2 − r1 − r2 + 1)

(r3 − r1)(r3 − r2)
(1 + ir3)=

(r1 − 1)(r2 − 1)

(r3 − r1)(r3 − r2)
(1 + ir3) =Cg(1 + ir3).�
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Based on the work of Vieira, Mangueira, Alves and Catarino ([10]), one
can establish the matrix form of Leonardo’s sequence in the complex form.

Proposition 2.6. For n > 2 and n ∈ N, the matrix form of Leonardo’s
Gaussians is given by:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

n
 GF2 GF0

GLF−2

Ln+2
GLF−2

Ln+1
GF−1 GF0

−GF0
GLF−2

Ln
GF−1



=
[
Ln+2 Ln+1 Ln

]  GF2 GF0
GLF−2

Ln+2
GLF−2

Ln+1
GF−1 GF0

−GF0
GLF−2

Ln
GF−1


=
[
GLn+2 GLn+1 GLn

]
,

where GLFn = GLn +GFn, for n < 0.

Proof. By the principle of finite induction, we have for n = 2:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

2
 GF2 GF0

GLF−2

L4
GLF−2

L3
GF−1 GF0

−GF0
GLF−2

L2
GF−1



=
[
9 5 3

]  GF2 GF0
GLF−2

9
GLF−2

5 GF−1 GF0

−GF0
GLF−2

3 GF−1


=
[
9GF2−3GF0+GLF−2 9GF0+5GF−1+GLF−2 GLF−2+5GF0+3GF−1

]
=
[
GL4 GL3 GL2

]
.

So, assume it is true for any n = k, with k ∈ N:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

k
 GF2 GF0

GLF−2

Lk+2
GLF−2

Lk+1
GF−1 GF0

−GF0
GLF−2

Lk
GF−1

 =
[
GLk+2 GLk+1 GLk

]
.
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Let us show that it is still valid for n = k + 1:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

k+1
 GF2 GF0

GLF−2

Lk+3
GLF−2

Lk+2
OF−1 GF0

−GF0
GLF−2

Lk+1
GF−1



=
[
Lk+2 Lk+1 Lk

]  2 1 0
0 0 1
−1 0 0


 GF2 GF0

GLF−2

Lk+3
GLF−2

Lk+2
GF−1 GF0

−GF0
GLF−2

Lk+1
GF−1



=
[
Lk+3 Lk+2 Lk+1

]  GF2 GF0
GLF−2

Lk+3
GLF−2

Lk+2
GF−1 GF0

−GF0
GLF−2

Lk+1
GF−1


= [Lk+3GF2 − Lk+1GF0 +GLF−2 Lk+3GF0 + Lk+2GF−1 +GLF−2

Lk+2GF0 + Lk+1GF−1 +GLF−2]

=
[
GLk+3 GLk+2 GLk+1

]
. �

3. The generalization of Leonardo’s Gaussians

Next, the behavior of terms with non-positive integer indices of Leonardo’s
Gaussians will be analyzed.

Definition 3.1. For all n > 0 and n ∈ N, Leonardo’s Gaussians, for
non-positive integer index, are defined by the equation:

GL−n =
7∑

s=0

L−n+ses.

From the previous definition, it is easy to see that for all n > 0 and n ∈ N,
the recurrence formula of Leonardo’s Gaussians for non-positive integer index,
is given by:

GL−n = 2GL−n+2 −GL−n+3,

where GL0 = 1 + i, GL1 = 1 + 3i and GL2 = 4 + 6i.
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Proposition 3.2. The generating function of Leonardo’s Gaussians for
non-positive integer index, is expressed by:

g(GL−n, x) =
1 + i+ (−1 + i)x+ (−1− 3i)x2

x3 − 2x2 + 1
.

Proof. Let us consider the function

g(GL−n,x) =

∞∑
n=0

GL−nx
n = GL0 +GL−1x+GL−2x

2 + . . .+GL−nx
n + . . . .

Multiplying this function by 2x2 and x3, we have:

2x2g(GL−n, x) = 2GL0x
2 + 2GL−1x

3 + 2GL−2x
4 + . . .+ 2GL−n−2x

n + . . . ,

x3g(GL−n, x) = GL0x
3 +GL−1x

4 +GL−2x
5 + . . .+GL−n−3x

n + . . . .

Subtracting the previous equalities and after some calculations, we obtain:

(x3 − 2x2 + 1)g(GL−n, x) = GL0 +GL−1x+ (−2GL0 +GL−2)x
2,

(x3 − 2x2 + 1)g(GL−n, x) = 1 + i+ (−1 + i)x+ (−1− 3i)x2,

g(GL−n, x) =
1 + i+ (−1 + i)x+ (−1− 3i)x2

x3 − 2x2 + 1
. �

Proposition 3.3. For n>0 and n∈N, the generating matrix of Leonardo’s
Gaussians, with a non-positive integer index, is given by:

[
3 1 1

] 0 0 −1
1 0 2
0 1 0

n
 GF2 GF0

GLF−2

L−n+2
GLF−2

L−n+1
GF−1 GF0

−GF0
GLF−2

L−n
GF−1



=
[
L−n+2 L−n+1 L−n

]  GF2 GF0
GLF−2

L−n+2
GLF−2

L−n+1
GF−1 GF0

−GF0
GLF−2

L−n
GF−1


=
[
GL−n+2 GL−n+1 GL−n

]
,

where GLF−n = GL−n +GF−n, GF−2 = i− 1, GF−1 = 1 and GF0 = i.

Proof. Similarly to the demonstration performed in Proposition 2.6, this
property can be validated. �
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4. Leonardo’s octonions

In this section, Leonardo’s octonions will be studied, addressing their re-
spective mathematical properties.

Definition 4.1. For n > 0, Leonardo’s octonions are defined by:

OLn =

7∑
s=0

Ln+ses,

where OL0 =
∑7

s=0 Lses, OL1 =
∑7

s=0 L1+ses, OL2 =
∑7

s=0 L2+ses.

From the previous definition, it is easy to see that for all n > 3 and n ∈ N,
the recurrence formula of Leonardo’s octonions is given by:

OLn = 2OLn−1 −OLn−3,

where OL0 =
∑7

s=0 Lses, OL1 =
∑7

s=0 L1+ses, OL2 =
∑7

s=0 L2+ses.

Theorem 4.2. The generating function of Leonardo’s octonions, OLn, is
given by:

g(OLn, x) =
1

(1− 2x− x3)

7∑
s=0

(Ls + Ls−2x+ Ls−1x
2)es.

Proof. Let us consider the function

g(OLn, x) = OL0 +OL1x+OL2x
2 + . . .+OLnx

n + . . . .

Multiplying the function by 2x and x3, we get:

2xg(OLn, x) = 2OL0x+ 2OL1x
2 + 2OL2x

3 + . . .+ 2OLn−1x
n + . . . ,

x3g(OLn, x) = OL0x
3 +OL1x

4 +OL2x
5 + . . .+OLn−3x

n + . . . .

Subtracting the previous equalities and after some calculations, we obtain:

(1− 2x− x3)g(OLn, x) = OL0 + (OL1 − 2OL0)x+ (OL2 − 2OL1)x
2,

g(OLn, x) =
1

(1− 2x− x3)

7∑
s=0

(Ls + Ls−2x+ Ls−1x
2)es. �
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Theorem 4.3. Binet’s formula for Leonardo’s octonions, with n ∈ Z, is
given by:

OLn = αrn1 + βrn2 + γrn3 ,

where r1, r2 and r3 are the roots of the characteristic polynomial r3−2r2+1=0,

Al =
(r2 − 1)(r3 − 1)

(r1 − r2)(r1 − r3)
, Bl =

(r1 − 1)(r3 − 1)

(r2 − x1)(r2 − r3)
, Cl =

(r1 − 1)(r2 − 1)

(r3 − r1)(r3 − r2)
,

αol =

7∑
s=0

rs1es, βol =

7∑
s=0

rs2es, γol =

7∑
s=0

rs3es,

α = Alαol, β = Blβol, γ = Clγol.

Proof. Through the Binet’s formula oLn = αrn1 + βrn2 + γrn3 and the
recurrence of Leonardo’s octonions OLn =

∑7
s=0 Ln+ses, with the initial val-

ues OL0 =
∑7

s=0 Lses, OL1 =
∑7

s=0 Ls+1es and OL2 =
∑7

s=0 Ls+2es, it is
possible to obtain the following system of equations:

α+ β + γ =

7∑
s=0

Lses,

αr1 + βr2 + γr3 =

7∑
s=0

Ls+1es,

αr21 + βr22 + γr23 =

7∑
s=0

Ls+2es.

Solving this system, we have:

α =

( 7∑
s=0

Ls+2es

)
+ (−r2 − r3)

( 7∑
s=0

Ls+1es

)
+ r2r3

( 7∑
s=0

Lses

)
r21 − r1r2 − r1r3 + r2r3

,

β =

( 7∑
s=0

Ls+2es

)
+ (−r1 − r3)

( 7∑
s=0

Ls+1es

)
+ r1r3

( 7∑
s=0

Lses

)
r22 − r2r3 − r1r2 + r1r3

,

γ =

( 7∑
s=0

Ls+2es

)
+ (−r1 − r2)

( 7∑
s=0

Ls+1es

)
+ r1r2

( 7∑
s=0

Lses

)
r23 + r1r2 − r1r3 − r2r3

.
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Through Girard’s relations: r1x2r3 = −1, r1 + r2 + r3 = 2 and r1r2 + r2r3 +
r1r3 = 0, it is easy to see that:

α =
(r2r2 − r2 − r3 + 1)

(r1 − r2)(r1 − r3)

7∑
s=0

rs1es =
(r2 − 1)(r3 − 1)

(r1 − r2)(r1 − r3)

7∑
s=0

rs1es = Al

7∑
s=0

rs1es,

β =
(r1r3 − r1 − r3 + 1)

(r2 − r1)(r2 − r3)

7∑
s=0

rs2es =
(r1 − 1)(r3 − 1)

(r2 − r1)(r2 − r3)

7∑
s=0

rs2es = Bl

7∑
s=0

rs2es,

γ =
(r1r2 − r1 − r2 + 1)

(r3 − r1)(r3 − r2)

7∑
s=0

rs3es =
(r1 − 1)(r2 − 1)

(r3 − r1)(r3 − r2)

7∑
s=0

rs3es = Cl

7∑
s=0

rs3es.

Defining αol =
∑7

s=0 r
s
1es, βol =

∑7
s=0 r

s
2es and γol =

∑7
s=0 r

s
3es, it is easy to

see that:

α = Alαol, β = Blβol, γ = Clγol. �

The matrix form of Leonardo’s octonions is based on the work of Vieira,
Mangueira, Alves and Catarino ([10]), in which we found a development on
the matrix form of the one-dimensional Leonardo sequence.

Proposition 4.4. For n > 2 and n ∈ N, the matrix form of Leonardo’s
octonions is given by:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

n
 OF2 OF0

OLF−2

Ln+2
OLF−2

Ln+1
OF−1 OF0

−OF0
OLF−2

Ln
OF−1



=
[
Ln+2 Ln+1 Ln

]  OF2 OF0
OLF−2

Ln+2
OLF−2

Ln+1
OF−1 OF0

−OF0
OLF−2

Ln
OF−1


=
[
OLn+2 OLn+1 OLn

]
,

where OLFn = OLn +OFn.
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Proof. By the principle of finite induction, we have for n = 2:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

2
 OF2 OF0

OLF−2

L4
OLF−2

L3
OF−1 OF0

−OF0
OLF−2

L2
OF−1



=
[
9 5 3

]  OF2 OF0
OLF−2

9
OLF−2

5 OF−1 OF0

−OF0
OLF−2

3 OF−1


=
[
9OF2−3OF0+OLF−2 9OF0+5OF−1+OLF−2 OLF−2+5OF0+3OF−1

]
=
[
OL4 OL3 OL2

]
.

So, assume it is true for any n = k, with k ∈ N:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

k
 OF2 OF0

OLF−2

Lk+2
OLF−2

Lk+1
OF−1 OF0

−OF0
OLF−2

Lk
OF−1

 =
[
OLk+2 OLk+1 OLk

]
.

Finally, the validity for n = k + 1 is verified:

[
3 1 1

]  2 1 0
0 0 1
−1 0 0

k+1
 OF2 OF0

OLF−2

Lk+3
OLF−2

Lk+2
OF−1 OF0

−OF0
OLF−2

Lk+1
OF−1



=
[
Lk+2 Lk+1 Lk

]  2 1 0
0 0 1
−1 0 0


 OF2 OF0

OLF−2

Lk+3
OLF−2

Lk+2
OF−1 OF0

−OF0
OLF−2

Lk+1
OF−1



=
[
Lk+3 Lk+2 Lk+1

]  OF2 OF0
OLF−2

Lk+3
OLF−2

Lk+2
OF−1 OF0

−OF0
OLF−2

Lk+1
OF−1


= [Lk+3OF−2−Lk+1OF0+OLF−2 Lk+3OF0+Lk+2OF−1+OLF−2

Lk+2OF0+Lk+1OF−1+OLF−2]

=
[
OLk+3 OLk+2 OLk+1

]
. �
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5. The generalization of Leonardo’s octonions

Next, the behavior of terms with non-positive integer indices of Leonardo’s
octonions will be analyzed.

Definition 5.1. For all n > 0 and n ∈ N, Leonardo’s octonions, for
non-positive integer index, are defined by the equation:

OL−n =

7∑
s=0

L−n+ses.

From the previous definition, it is easy to see that for all n > 0 and n ∈ N,
the recurrence formula of Leonardo’s octonions for non-positive integer index,
is given by:

OL−n = 2OL−n+2 −OL−n+3,

whereOL−1=
∑7

s=0 L−1+ses, OL−2=
∑7

s=0 L−2+ses, OL−3=
∑7

s=0 L−3+ses.

Proposition 5.2. The generating function of Leonardo’s octonions for
non-positive integer index, is expressed by:

g(OL−n, x) =
OL0 +OL−1x+ (−2OL0 +OL−2)x

2

x3 − 2x2 + 1
,

with the respective initial values:

OL−2 =

7∑
s=0

L−2+ses, OL−1 =

7∑
s=0

L−2+ses and OL0 =
7∑

s=0

Lses.

Proof. Let us consider the function

g(OL−n,x) =

∞∑
n=0

OL−nx
n = OL0 +OL−1x+OL−2x

2 + . . .+OL−nx
n + . . . .

Multiplying the function by 2x2 and x3, we have:

2x2g(OL−n, x) = 2OL0x
2 + 2OL−1x

3 + 2OL−2x
4 + . . .+ 2OL−n−2x

n + . . . ,

x3g(OL−n, x) = OL0x
3 +OL−1x

4 +OL−2x
5 + . . .+OL−n−3x

n + . . . .
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Subtracting the previous equalities and after some calculations, we obtain:

(x3 − 2x2 + 1)g(OL−n, x) = OL0 +OL−1x+ (−2OL0 +OL−2)x
2,

g(OL−n, x) =
OL0 +OL−1x+ (−2OL0 +OL−2)x

2

x3 − 2x2 + 1
.

Note that OL−2 =
∑7

s=0 L−2+ses, OL−1 =
∑7

s=0 L−2+ses and OL0 =∑7
s=0 Lses. �

Proposition 5.3. For n > 0 and n ∈ N, the generator matrix of Leonardo’s
octonions, with non-positive integer index, is given by:

[
3 1 1

] 0 0 −1
1 0 2
0 1 0

n
 OF2 OF0

OLF−2

L−n+2
OLF−2

L−n+1
OF−1 OF0

−OF0
OLF−2

L−n
OF−1



=
[
L−n+2 L−n+1 L−n

]  OF2 OF0
OLF−2

L−n+2
OLF−2

L−n+1
OF−1 OF0

−OF0
OLF−2

L−n
OF−1


=
[
OL−n+2 OL−n+1 OL−n

]
,

where OLF−n = OL−n +OF−n.

Proof. Similar to the demonstration performed in Proposition 4.4, this
property can be validated. �

6. Leonardo’s Gaussians and octonions properties

Next, some properties inherent to Leonardo’s Gaussians and octonions are
studied.

Proposition 6.1. The sum of the first n numbers of Leonardo’s Gaussians
is given by:

n∑
m=3

GLm = 2GLn−2 + 2GLn−1 − (2 + 4i) +

n−3∑
s=2

GLs.



The generalization of Gaussians and Leonardo’s octonions 131

Proof. Using the recurrence relation of Leonardo’s Gaussians with n ∈ N,
we have:

(6.1) GLn = 2GLn−1 −GLn−3.

Thus, evaluating the relation given in (6.1) in values of n ≥ 3, we get:

GL3 = 2GL2 −GL0,

GL4 = 2GL3 −GL1,

GL5 = 2GL4 −GL2,

GL6 = 2GL5 −GL3,

GL7 = 2GL6 −GL4,

...
GLn−2 = 2GLn−3 −GLn−5,

GLn−1 = 2GLn−2 −GLn−4,

GLn = 2GLn−1 −GLn−3.

Through successive cancellations, we obtain:

n∑
m=3

GLm = GL2 −GL0 +GL3 −GL1 +GL4

+ · · ·+GLn−3 + 2GLn−2 + 2GLn−1

= 2GLn−2 + 2GLn−1 − (GL0 +GL1) +
n−3∑
s=2

GLs. �

Proposition 6.2. The sum of the numbers with even indexes of Leonardo’s
Gaussians is given by:

n∑
m=3

GL2m = 2GL2n−1 −GL1 +

n−2∑
s=1

GL2s+1.

Proof. Using the recurrence relation of Leonardo’s Gaussians with n ∈ N,
we have:

GLn = 2GLn−1 −GLn−3.



132 Renata Passos Machado Vieira et al.

Thus, evaluating the recurrence relation in values of n ≥ 3, we get:

GL4 = 2GL3 −GL1,

GL6 = 2GL5 −GL3,

GL8 = 2GL7 −GL5,

...
GL2n−2 = 2GL2n−3 −GL2n−5,

GL2n = 2GL2n−1 −GL2n−3.

Through successive cancellations, we obtain:

n∑
m=2

GL2m = GL3 −GL1 +GL5 + · · ·+GL2n−3 + 2GL2n−1

= 2GL2n−1 −GL1 +

n−2∑
s=1

GL2s+1. �

Proposition 6.3. The sum of the odd index numbers of Leonardo’s Gaus-
sians is given by:

n∑
m=2

GL2m−1 = 2GL2n−2 −GL0 +

n−3∑
s=0

GL2s.

Proof. Using the recurrence relation of Leonardo’s Gaussians with n ∈ N,
we have:

GLn = 2GLn−1 −GLn−3.

Thus, evaluating the recurrence relation in values of n ≥ 3, we get:

GL3 = 2GL2 −GL0,

GL5 = 2GL4 −GL2,

GL7 = 2GL6 −GL4,

...
GL2n−3 = 2GL2n−4 −GL2n−6,

GL2n−1 = 2GL2n−2 −GL2n−4.
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Through successive cancellations, we obtain:

n∑
m=2

GL2m−1 = GL2 −GL0 +GL4 + · · ·+GL2n−4 + 2GL2n−2

= 2GL2n−2 −GL0 +

n−3∑
s=0

GL2s. �

Proposition 6.4. The sum of the first n numbers of Leonardo’s octonions
is given by:

n∑
m=3

OLm = 2OLn−2 + 2OLn−1 −
7∑

s=0

(Ls + Ls+1)es +

n−3∑
s=2

OLs.

Proof. Using the recurrence relation of Leonardo’s octonions with n ∈ N,
we have:

(6.2) OLn = 2OLn−1 −OLn−3.

Thus, evaluating the relation given in (6.2) in values of n ≥ 3, we get:

OL3 = 2OL2 −OL0,

OL4 = 2OL3 −OL1,

OL5 = 2OL4 −OL2,

OL6 = 2OL5 −OL3,

OL7 = 2OL6 −OL4,

...
OLn−2 = 2OLn−3 −OLn−5,

OLn−1 = 2OLn−2 −OLn−4,

OLn = 2OLn−1 −OLn−3.

Through successive cancellations, we obtain:

n∑
m=3

OLm = OL2 −OL0 +OL3 −OL1 +OL4 + · · ·+ 2OLn−2 + 2OLn−1

= 2OLn−2 + 2OLn−1 − (OL0 +OL1) +
n−3∑
s=2

OLs.
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Considering the initial values through Definition 4.1, it is concluded that:

2OLn−2 + 2OLn−1 −
7∑

s=0

(Ls+0 + Ls+1)es +

n−3∑
s=2

OLs. �

Proposition 6.5. The sum of the numbers with even indexes of Leonardo’s
octonions is given by:

n∑
m=2

OL2m = 2OL2n−1 −
7∑

s=0

Ls+1es +

n−2∑
s=1

OL2s+1.

Proof. Using the recurrence relation of Leonardo’s octonsion with n ∈ N,
we have:

OLn = 2OLn−1 −OLn−3.

Thus, evaluating the recurrence relation in values of n ≥ 3, we get:

OL4 = 2OL3 −OL1,

OL6 = 2OL5 −OL3,

OL8 = 2OL7 −OL5,

...
OL2n−2 = 2OL2n−3 −OL2n−5,

OL2n = 2OL2n−1 −OL2n−3.

Through successive cancellations, we obtain:

n∑
m=2

OL2m = OL3 −OL1 +OL5 + · · ·+OL2n−3 + 2OL2n−1

= 2OL2n−1 −OL1 +

2n−3∑
s=3

OLs.

Considering the initial values through Definition 4.1, it follows that:

2OL2n−1 −
7∑

s=0

Ls+1es +

n−2∑
s=1

OL2s+1. �
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Proposition 6.6. The sum of the numbers with odd indices of Leonardo’s
octonions is given by:

n∑
m=2

OL2m−1 = 2OL2n−2 −
7∑

s=0

Ls+0es +

n−3∑
s=0

OL2s+2.

Proof. Using the recurrence relation of Leonardo’s octonions with n ∈ N,
we have:

OLn = 2OLn−1 −OLn−3.

Thus, evaluating the recurrence relation, in values of n ≥ 3, we get:

OL3 = 2OL2 −OL0,

OL5 = 2OL4 −OL2,

OL7 = 2OL6 −OL4,

...
OL2n−3 = 2OL2n−4 −OL2n−6,

OL2n−1 = 2.

Through successive cancellations, we obtain:

n∑
m=2

OL2m−1 = OL2 −OL0 +OL4 + · · ·+OL2n−4 + 2OL2n−2

= 2OL2n−2 −OL0 +
n−3∑
s=0

OL2s+1.

Considering the initial values through Definition 4.1, it follows that:

2OL2n−2 −
7∑

s=0

Ls+0es +

2n−4∑
s=2

OLs. �
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7. Conclusion

This work presents a discussion about the evolutionary process of
Leonardo’s sequence. When complexifying this sequence, it is possible to
present the dimensional growth of the sequence from the insertion of the imag-
inary unit i, thus presenting Leonardo’s Gaussians. And yet, it was possible
to approach the terms of Leonardo’s sequence in eight dimensions, obtaining
Leonardo’s octonions.

Moreover, the generating functions, Binet’s formula, matrix forms, gener-
alizations and properties linked to these numbers were also presented. Finally,
this article makes it possible to contribute to the mathematical field and pro-
vides mathematical researchers with knowledge about Leonardo’s sequence
and its evolutionary process.
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