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THE SUBSET-STRONG PRODUCT OF GRAPHS

MEHDI EL1ASI

Abstract. In this paper, we introduce the subset-strong product of graphs
and give a method for calculating the adjacency spectrum of this product.
In addition, exact expressions for the first and second Zagreb indices of the
subset-strong products of two graphs are reported. Examples are provided to
illustrate the applications of this product in some growing graphs and complex
networks.

1. Introduction

A graph product G x H is a binary operation that is applied on two graphs
G and H, such that V(G«H) = V(G) xV(H), and E(G*H) is determined by
a function on the edges of the factors. Graph products enable us to decompose
a graph with large number of vertices into the small factors that are easier to
study [14]. Graph products also apply in graphics and theoretical computer
science to generate models of complex networks [2, 3], and in engineering to
describe discretized structures of objects in structural mechanics [I7, [I8]. The
study of spectra properties and topological indices (graph invariants) of graph
products, by using their factor, is an attractive subject among researchers
and many papers have been written on this topic [9, [16] 19, 20, 26]. In graph
theory, the Cartesian, direct, strong product, and lexicographic product are
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four really important products, each with its own set of applications and
theoretical interpretations. For more details, we refer the reader to [14].

Barriére, Dalfo, Fiol, and Mitjana [5] introduced a generalization of the
Cartesian product of two graphs with respect to a fixed subset of vertices of
one of them. In the Cartesian product GOH, two vertices (g, h) and (¢', h’)
are adjacent if g = ¢’ and hh' € E(H) or h = b/ and g¢’ € E(G), but in the
generalized hierarchical product with respect to U C V(G), denoted G(U) M
H, the condition g = ¢’ is replaced by g = ¢’ € U. It follows immediately
that G(U) M H is a subgraph of GOH. Many papers have been devoted to
the generalized hierarchical product of graphs and its applications |4, 8, [24].
Similar to the Cartesian product, the strong product, introduced by Sabidussi
in 1960 [27], is one of the oldest products that has been widely investigated;
see, for instance, [10, 11, 13], 14, 2], 22 28]. The first aim of this paper is to
introduce a generalization of the strong product with respect to the subsets
of factors, we call it subset-strong product, similar to the Cartesian product.
Then, we give a method for investigating the eigenvalues and characteristic
polynomial of the subset-strong product of two graphs. We design our new
methods to estimate the spectrum of the adjacency matrix of some class of
growing graphs including strongly n-prism networks.

The first and second Zagreb indices were introduced more than thirty
years ago by Gutman and Trinajsti¢ [I2]. These indices were found to be
useful for modeling physicochemical, pharmacologic, toxicologic, biological,
and other properties of chemical compounds [6, 25, 29, 30, B1]. In this paper,
we compute the Zagreb indices of the subset-strong product of two graphs.

This article is organized as follows. Section [2] introduces the subset-strong
product of graphs and some preliminaries. Section [3| explains our method for
computing the spectra of the adjacency matrix of the subset-strong product
of two graphs. Section [4 indicates how this method can be used. In section [5]
we give an exact expression for the first and second Zagreb indices of the
subset-strong product of two graphs. Section [6] gives us a generalization of the
subset-strong product. Finally, in section [7] we summarize our conclusions.

2. Preliminaries

In this paper, we work entirely with simple graphs, with no loops or mul-
tiple edges. Let G = (V(G), E(G)) be a graph on a vertex set V(G) =
{v1,...,v,}. The adjacency matrix of G is defined to be the matrix A(G) =
(@ij)nxn, where a;; = 1 if v;u; € E(G) and 0 otherwise. Denote by degq(v;)
the degree of the vertex v; of G and ¢y () the characteristic polynomial of
the square matrix M. In particular, if G is a graph and M = A(G), then we
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write ¢ 4(q)(x) by ¢g(x). Similarly, eig(M) (eigenvalue spectrum of M) and
eig(G) (adjacency spectrum of () indicate the set of eigenvalues of M and
the set of eigenvalues of A(G), respectively.

The tensor product A ® B of two matrices A = (a;;) and B of orders m x p
and n x g, respectively, is the partitioned matrix (a;;B) of order mn X pg:

CLllB alpB
AR B =

am1B - apmpB

We denote by M,,, the set of n—by —n real matrices. A matrix A € M,, is said
to be symmetric if A = A’ (transpose). Let A and B be symmetric matrices.
Simultaneous reduction to diagonal form shows that an orthogonal matrix P
(with P'P = I) exists such that P’AP and P’'BP are diagonal if and only if
A and B commute [I5]. P, is the path on n vertices {uy,us,...,u,} such that
uui+1 € E(P,), fori=1,...,n— 1. In addition, by adding an edge between
uy and u, in P,, we obtaln a cycle with n vertices, denoted by C),. Note that
eig(P,) = {2 COS(n+1>|’L =1,...,n} [

The first and second Zagreb indices of a graph G, denoted by M;(G) and
Ms(@G), respectively, are defined as

3 degg0)?= Y [degg(u) +degg(v)],

veEV(G) weE(G)
Z degq (u) degg (v).
weE(G)

Given a vertex v in G, the neighborhood of v is defined as I'g(v) = {u €
V(G)luv € E(G)}. Tt is easy to see that

M@= Y Y degglw)

vEV(Q) uEl g (v)

and

My(G)= ) ) degg(u)degg(v).

vEV(Q) u€l g (v)

If wv € E(G), then we may sometimes write u ~ v in G. For n > 3, an easy
computation shows that M;(P,) = 4n — 6 and Ms(P,) = 4n — 8.

The strong product G H of two simple graphs G and H is the graph with
vertex set V(G) x V(H) and (g,h)(¢',h') € E(GX H) whenever gg' € E(G)
and h =R’ or g = ¢’ and hh' € E(H), or g¢' € E(G) and hh' € E(H). Now
we give the following generalization of this product.



Mehdi Eliasi

DEFINITION 1. Let G = (V(G),E(G)) and H = (V(H),E(H)) be two
simple graphs and U C V(G). Then, the U-strong product of G and H is the
graph denoted as G(U) X H, and defined by

V(GWU)X H) ={(g9,h)|lg € V(G) and h € V(H)},

g=¢ €U, hh' € E(H),
(9,h)(¢',h) e E(GU)X H) @{ g9’ € E(G), h=h € V(H),
99’ € E(G), hh' € E(H).

DEFINITION 2. Let G; = (V(G1), E(G1)) and G2 = (V(G1), E(G2)) be
two graphs. The edge sum of these graphs is defined as follows:

G1 & Gy = (V(G1), E(G1) U E(G2)).
The above definition yields
GU)XH=(GU)NH)® (G x H).
Therefore, for (g,h) € V(G(U) X H),

(1) degeunmu(g:h) = degg(9) + xu(g) degy (h) + deg(g) degy (h),

where yy denotes the characteristic function of the set U.
Equation leads us to the following result.

LEMMA 3. Suppose that G and H are two graphs with |V(G)| = nq,
[V(H)| =n2, |E(G)| =m1 and |E(H)| =mz. IfU C V(G), then

‘E(G(U) X H)| = minz + m2|U\ + 2m1m2.

Proor. We have

1
|E(GU)XH)| = ) Z degG(U)xH(ga h)
(g,R)EV(G)XV (H)

=2 Y S (dergle) + xule) ey () + desg (o) dey (1)
geV(G) heV (H)

>y degG(g)—i—% S ) xulg)degy(h)

geV(G) heV (H) geV(G) heV (H)

—}—% Z Z degq(g) degg(h)

geV(G) heV (H)
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(ur,1) (u1,2)

(un1) b (02.2)

(u3,1) (u3,2)

Figure 1. The graph Ps({u1,us}) X P>

1 1 1
= §2m1n2 + §2m2 Z xu(g) + §2m12m2
uelU
= Mming + Mo Z 14+ 2mims :m1n2+m2\U| + 2mims. O
uelU

Suppose that V(G) = {u1,...,u,} and |V (H)| = n. Then, the adjacency
matrix of G(U) X H is

(2) Agwyreg = Du @ Ag + Ag @ I, + Ag ® A,
where Dy = diag(xuv(u1), xu(u2), - - - xv(um))-

For instance, let G = P3, H = Po, V(G) = {u1,u2,us} and U = {u,us}.
Then

010 100 01
Ac=|( 10 1], Dy=|0 0 0], and AH:(10>.
010 00 1

Thus, by Equation , the adjacency matrix of K = G(U)X H (see Figure|l)
turns out to be

Ak =Dy @ Agp+Ac @I+ Ag ® A

011100

101100

An I+ An 02 110011
= L+ Axg 02 I +Ay | = 1100 1 1
02 L+ Ap An 001101
001110
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3. The spectra of the subset-strong product of graphs

Suppose that G and H are two graphs and U C V(G). In this section, we
give a method to compute eig(G(U) X H) and ¢ )=m-

THEOREM 4. Suppose that eig(H) = {\,..., A} and K = G(U) X H.
Then

eig(K) = | eig(Ac + \i(Ag + D)),
=1

¢ () = [ [ dac—riac+De) (@)
=1

PROOF. Assume that K’ is a graph with V(K') = V(H) x V(G) and
(h,g)(h',¢") € E(K') if and only if (g,h)(¢',h") € E(K). Then the function
f:V(K') = V(K) defined by f(h,g) = (g, h) is a graph isomorphism and, by
Equation , the adjacency matrix of K’ is Agr = AgQ@Dy+1,QAc+Ag®
Ag. Therefore eig(K) = eig(K') and ¢x(x) = ¢k (z). Since Ay and I,, are
commuting symmetric matrices, Ay and I,, are simultaneously diagonalizable,
that is, there exists a orthogonal matrix P such that P’Ag P and P'I,P are
simultaneously diagonalizable. Without loss of generality, we can assume that
P/AHP = diag()\l, . ,)\n) Let £ = (P & Im)/AK/(P(X) Im) Then,

E=(P ®I,)(Ag ® Dy + I, ® Ag + Ag ® Ag) (P ® I,)
= (P'Ag ® I,Dy + P'I,, ® I, A + P'Ag ® I, Ag) (P ® I,,)
= (P'"AgP)®(InDyly) + (P'I,P)® (I Acly) + (P Ay P)@ (Im ALy

A1 1 A1
= ®Dy + ®Ag + ®Ac
An 1 An

A1 Dy Ag MAc

)\nDU AG /\nAG

Ag + M (Ag + Dy)

Ac + M(Ac + Dy)
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Now, P'P = I,, gives that (P ® I,,) (P ® I,) = I, ® I, = Ly,. Conse-
quently, if

Ag + M (Ag + Dy)

AG + )\n(AG + DU)

then ¢ (z) = dx(z) = dur ().
M is a diagonal block matrix and, hence, s () =]/ d a4 1; (A+Du) (2),
which completes the proof.

4. Some examples of the subset-strong product

Theorem [] provides a method for calculating the eigenvalues and charac-
teristic polynomial of the adjacency matrix of the subset-strong product of
some classes of graphs and networks. In this section we explain this method.

Let Qo := P3(0) X Py, Q1 := Ps({u1}) W Py, Q2 := P3({ua}) X Py, Q12 1=
Ps({uy,u2})XP, and Q1 3 := P3({u1,us})XP,, see Figure Then, Theorem
yields the following statements:

n
. T
eig(Qo) = U eig (Ap3 + 2cos <n—i— 1) (Ap, + D@))
n 0 1—|—2cos(n+1 0
= Ueig 1—|—2cos(n+1) 0 1—|—2cos(n+1)
i=1 0 1+2 cos(nJrl 0
:U{O,:I:\/i<1+2cos< :@1)>},
~ n
) n 7‘[‘
eig(Q2) = U <Ap3 + 2cos <n g )(Ap3 + D{UQ})>
n 0 1+ 2cos(;55 0
= Ueig 1+ 2cos TL+1) 2cos(n+1) 1+ 2cos TL+1)
= 0 1+ 2cos(;55) 0

n . .
:U{O cos( >i 90082( m >+2+8605<m)},
= +1 n+1 n+1
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Figure 2. Graphs A: P3;({w1}) X P,, B: P3({u2}) W Py,
C: P3s({u1,u2}) ¥ P, and D: P3({u1,us}) X P,

n .
7

eig(Q13) = U eig (Ap3 + 2 cos <1> (Ap, + D{uhug})>

= n+1

" 2cos(n7_r:1) 1+ 2cos(;25) 0
= U eig 1+ QCOS(n:_il) 0 1+ 2COS(n:—i1)

i=1 0 1 +2005(n7fl) QCOS(n:_il
= U {2cos (m>,cos< ™ )i 9 cos? <m)+2+8cos< ik )}

i1 nt1 n+1 n+1 n+l
Moreover,

n i ’
_ 3 _ 2_

d)Ql_zl:[l[x 2005(n+1>x 2<1+2C08<n 1)) x

. 2 .
+2(1+2cos _m cos [ - )
n+1 n+1

The eigenvalues of ()1 can be obtained by solving n cubic equations.
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Uy, Un

Figure 3. Networks A: An n-prism p(g) and B: p(g,n, {u1,us,us})

Strongly n-prism networks

An n-prism network is built in an iterative way [23]. Let p(g) (with g > 2)
be the family of this graph after g — 1 iterations. Initially, at g = 1, p(1) is an
n-polygon. For g > 2, P(g) is built from p(g — 1), where every existing node
in p(g — 1) gives birth to a new node and the n new nodes form a new n-
polygon, so that each new node is also connected to its corresponding mother
node. Figure [3]A shows the characteristic structure of the n-prism network
p(g). With a suitable labeling for nodes of the n-prism network, we obtain
p(g) = P,0C,,. This observation leads us to the concept of a strongly n-prism
network.

DEFINITION 5. Let g and n be two positive integers and V(C),) = {uq,
..yup}. For U C V(C,,), the strongly n-prism network p(g,n,U) is defined
as p(g,n,U) = C,(U) K P,. In fact, we delete the edges on the interior that
are bisectors of angles that not belong to U from p(g) (see Figure [3|B).

The Laplacian spectra of the 3-prism network and its applications were
reported in [7]. Also, Liu, Cao, Alofi, AL-Mazrooei, and Elaiw calculated the
Laplacian spectra of the n-prism network [23]. Now, we consider the strongly
n-prism network.

By Lemma |3, the number of vertices and edges in p(g,n,U) are gn and
3ng + (g — 1)|U| — 2n, respectively.

Assume that G = Cs, and V(G) = {u1, u2, us}. We distingue the following
cases:

Case I. Let U = {u1,us}. Then, for p(g,3,U), illustrated in Figure [4B,
Theorem [ yields
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Figure 4. Networks A: 3-prism, B: p(g, 3, {u1,u2}) and C: p(g, 3, {u1})

eig(p(g,3, {u1,u2}))

p 2COS 1 1+2COS(9+1) 1+2COS(97”:1)
— U eig 1+ QCos(gﬂ) 2 cos( Jrl) 1+ 2cos(F45)
i=1 1+ 2005(9’11) 1+ 2005(9+1) 0

. :
U{—li \/480052< )4—40003(7”)"’9
g+1

Moreover,

g ; ]
i v
Q9.3 {ur uz}) = H [373 —dcos <g+1>x2 B <3 12 cos <g+1>

i=1
T \° e T\’
+ 8cos () >a: — 8cos <> — 8cos (> — 2}
g+1 g+1 g+1
Case II. Set U = {uy}. Then, for p(g,3,U), see Figure C, Theorem
gives

eig(p(g,3, {u1}))

g 2COS(g+1) 1+ 2(:05(9’:1) 1+ 2608(97::1)
i=1 1+ QCos( ) 1+ QCOS( ) 0
9 )
l
= U —1—2cos S B
i=1 g+l 2

o

1 :
+ \/32cos2 (m> + 32 cos (
2 g+1
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Moreover,

. _ . 2
i i
Pp(g,3.4u}) = H {m?’ 2008 (g-l— 1)3: _3<1 2 eos <9+ 1)) ’
i=1

—1OCOS< m )—16C082< ™ )—2—80083< K )}
g+1 g+1 g+1

Case III. Let U = {uy,u2,uz}. Then, p(g,3,U) is the 3-prism network,
see Figure [4lA. Theorem [4] yields

g

eig(p(g,3, {u1, us, u3})) = | J el (L(H) + 2cos (gj_il)D({ul, s, u3}))

i=1
g 2 cos( 45 4 1+ 2COS(9+1) 1+ Cos(gml)
= U eig 1+ 2005(97:1) 2 cos( +1) 1+ 2cos(57)
i=1 1+ 2cos(55) 1+2cos(g+1) 2008(9 )
! Uy
:U{ 1 1,2+6cos( 1>}
i=1 g+
Moreover,
: 3 Ly’ 2 ™
Pp(g,3,{uruz,us}) = H x” — 6 cos g1 z° — | 3+ 12cos Ti1 x
i=1

— 6 cos (m> - 2}.
g+1
Assume that G = Cy, and V(G) = {u1, us,us, us}. We consider the fol-
lowing cases:

Case I. Let U = {uy,uz}. Then, for p(g,4,U), see Figure C, Theorem
gives

cig(p(g, 4, {ur,uz})) = ngelg< (H) + 2cos <9T1>D({U17U2})>

2 cos( +1) 1+ 2cos( +1) 0 1+2cos(g’_r:1)
:LgJelg 1) 2c05(g+1) 1) 0
= 0 1+ 2cos( 5 0 1+ 2cos( Jrl)
&5) 0 =) 0
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Figure 5. Networks A: The 4-prism, B: p(g,4,{u1,us2,us}), C: p(g,3,{u1,u2}),
D: p(g,4,{u1}) and E: p(g,4, {u1,us})

g , . .
U{—cos( )—1i 5cos2<m>+4cos o +1,
Par +1 g+1 g+1
e i e
14+3cos| —— ) +4/b5cos?2 | —— | +4cos| —— ) +15.
<9+1> \/ <9+1) <9+1> }

Case II. Set U = {uy,us}. Then, for p(g,4,U), see Figure E, Theorem
yields

e (pla. 4, {ur, ) ) = U elg< )+ 2008 (75 ) Dl({ua,ua)))

2 cos( +1) 1+2cos(g’_f1) 0 1 + 2 cos( +1)
B g 1—|—2COS(9+1) 0 1—|—2c0s(g+1) 0
—i:lee1g 0 1+2cos(g”1) 2 cos( +1) 1+2cos(g”1)
1+ 2cos( +1) 0 1+ 2cos +1) 0

g . . . R
i i i
2 441 2 —— — .
L:J{O cos( +1>,cos (g—i—l) \/7008 <g+1> +44-16 cos (g—f—l)}

Case [11. Set U = {uy,ug,us, us}. Then, p(g,4,U) is the 4-prism network,
see Figure [5] A, Theorem [4] implies that

cig(p(g, 4, {1, z, s, 1s})) = Oeig <L(H)+2cos (ﬂl)z)({ul, i, s, u4})>

i=1
2 cos( +1) 1 + 2 cos( +1) 0 1+ 2 cos( +1>
:LgJei 1) 1) 1—|—2cos(g+1) 0
= & 0 1—|—2€OS( +1) 1+cos(g+1) 0
1) 0 1+ 2cos( le) 1)
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g . . .
= U { — 2cos <m> — 2,6 cos <m> + 2,2 cos (m),
Par g+1 g+1 g+1
2005< m >}
g+1

Case IV. For U = {u1} or U = {uy,us,us}, see Figure f|D and B, we
can compute the characteristic polynomial of p(g,4,U).

g . LN 2
B g ! 3 e 2
Do, {ur}) _g [x 2 cos <g+1)x 4(1+2008 <g+1) )x
+ 4 cos (m> <1+2COS (m))x}
g+1 g+1

g .
T
(I)P(g,4,{u1,u2,u3}) :H |:JI4 — 6cos <g + 1>LL‘3

i=1

— <4+ 16 cos <m> + cos? < m >>x2
g+1 g+1
+(12cos <m>+480052 <m>+400083< m ))x
g+1 g+1 g+1
— 8 cos? m — 32cos? K — 32cos? K .
g+1 g+1 g+1

5. The first and second Zagreb indices of the subset-strong
product

In this section, we compute the first and second Zagreb indices of the
subset-strong product of graphs.

THEOREM 6. Suppose G and H are graphs with |V(G)| = n1, |V(H)| = na,
|E(G)| =ma1, and |E(H)| =me. If U C V(G), then

+ My (G) My (H) + [4ma + 2My(H)] Y degq(u).

uelU
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PROOF. By the definition of the first Zagreb index, we have

M(GUU)X H) = Z degevymm (9; h)?
(9,h)EV (G(U)RH)

= Y D ldegg(g) +xul9) deg(h) +degg(g) degu(W)]*  (by ()
g€V (G) heV (H)

= Z Z degs(9)% + Z Z xu(g)? degg (h)?

geV(G) heV(H) geV(G) heV (H)

+ ) > degg(g)’degy(h)*+2 ) D xulg)degg(g)degy (h)
9EV(G) heV (H) 9eV(G) heV (H)

+23 ) degg(g)idegy(h) +2 > D xulg)degg(g)degy (h)?
geV(G) heV(H) geV(G) heV(H)

= ny M (G) + Z xu(9)? M1 (H) + M1 (G)M:(H)
geV(G)

+ 4mo Z xu(g) dege(g) + 4ma My (G) + 2 Z xu(g) dege(9)Mi(H)
geV(Q) heV (H)

= no M (G) + |U|My(H) + My (G)My(H) + 4my » _ degg (u)

uelU

+4maMy(G) +2 ) _ degg(u) My (H)
uelU

= [ng + 4mo| M, (G) + |U|M1(H) + My (G)My(H)

+ [4mg + 2My (H)] Y~ degg(u). 0

uelU

The following corollary, already reported in [26], can be derived by direct
consideration of Theorem

COROLLARY 7. Suppose G and H are graphs with |V (G)| =n4, |V(H)| =
ng, |E(G)| =m1, and |E(H)| = ma. Then,

PROOF. Let U = V(G). Then, ), ., degg(u) = 2m; and the desired
result is obtained from Theorem [@l O
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EXAMPLE 8. Let K := P, ({u;,, %, ..., u;, }) ¥ P,. Then,

t
M;(K) = 36nan; — 54ng —40n1 4+ 60+ (4ng — 6)t + (12ny — 16) Z degp (ui;).
=1

In particular, if u;; # u1, U, then
M1 (K) = 36?12721 - 54%2 - 40711 + 60 + 28n2t — 38t.

THEOREM 9. Suppose G and H are graphs with |V (G)| = ny, |V(H)| = na,
|E(G)| =m1, and |[E(H)| =mq. If U CV(G) and K := G(U)X H, then

My(K) = [mg + My(H) + My(H)] Y | degg(u)?

uelU
+ [My(H) + 2My(H)] Y deg(u
uelU
+ [2mg + 2My (H) + 2Ma(H)] Y~ > degg(g)

u€U gel'(u)
+ [U|Ma(H) + 2M>(G)M2(H)

+ g9’ € E(G)lg, g’ € U}|[Mi(H) + 2M>(H))

+ MQ(G)[HQ + 6mo + 3M1(H)].

PROOF. By the definition of the second Zagreb index:

My(K) = > deggl(g,h)degg (g, h)
(g9,h)(g’,h")EE(K)
= > (degglg) + xu(g) degy (k) + degq(g) degy (h))

(g:M)(g",h")€E(K)

(degg(9) + xu(g') degg (h') 4 degg(g') deg (R'))]

> A+ Ar++ A,

R € T'(h), s : g € T'(¢)) N h = h' and

Ay = degg(g) deg(9'), As = xu(g') degg(g) degg (h'),
Az = degg(g) degg(g') degy (h), Ay = xu(g) degg(g') degg (),
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(9)degy (h) deg(g') degy (h'),

=xv(g')degq(g) degy (h) degy (B),

As =xu(9)xu(g’) degy (h) degy (h'), As =xu
A7 = degg(g) degy (h) degc(gl)a Ag
Ag = degq(g) degy (h) degG(9,> degH(h/)‘

We compute the above sums separately.

Ya-yY Yoy

degg(g)? = 2my Z degg (u)?.

g€V (G) heV (H) k' €T (h),g'=g€U uelU
Similarly,
> Ay =M(H) Y degg(u), Y As=DM(H)) degg(u)?,
* welU * uelU

ZA4—M1(H ZdegG )

uelU

> Ag = 2M,(H)
> Ag =2My(H

Moreover,

-

uelU

uelU

Similarly,

ZAQ— 2my Z Z degq(9),

u€lU gel'(u)

ZA4— 2myo Z Z dega(9),

u€elU gel'(u)
ZA(;: M1 Z Z degG(g
*ok u€U gel'(u)

ZASZMI Z Z deg(9),

u€U gerl'(u)

Z degG (’LL),
) Z degG (u))

)DND DY

geV(G) heV (H) g'€l'(g),h'=h

> As =2|U|Ma(H),

> A7 = Mi(H) ) degg(u)?,
* uelU

D A9 =2My(H) > degq(u)
* uelU

degq(g) dega(g') = 2na My (G).

Z A3: 4m2M2(G),

ZA5_ oMy (H

Z A7 = 4m2M2(G)

Mgg'€ E(G)lg.g'c U},

ZAQ— 2M>(G) M (H).
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Finally,

A= > > > > deggly) degaly)

ook geV(G) heV(H) g’el’(g) h'€l'(h)

== 2M2(G) 2m2 == 4m2M2(G)

Likewise,
ZA2:M1(H)Z Z deg(9), ZA3=2M2(G)M1(H)7
ok ok ueU gel'(u) *okk
D Ag=Mi(H)Y Y degglg), Y As=4My(H)|{gg'€ E(G)lg, g €U},
*ok ok u€U gerl'(u) ook
ZA(;: 2M2(H)Z Z degq(9), ZA7= 2M>(G)M:(H,),
KoKk welU gEF(u) ok ok
D Ag=2My(H)) Y degglg), Y Ag=4My(G)M(H).
k% u€eU gel'(u) *kk
Replacing the above quantities in completes the proof. O

COROLLARY 10. Suppose that G and H are graphs with |V (G)| = nq,
[V(H)| = ngo, |E(G)| =m1, and |E(H)| = mso. Then,

MQ(G X H) = nlMg(G) -+ nlMQ(H) -+ 2M2(G)M2(H)
+ 3M,(G)(ma + My (H) + My(H))
+ 3M1(H)(m1 + MQ(G)) + 6(m2MQ(G) + mlMg(H))

PROOF. Let U = V(G). Then, Y, ,degs(u)?=Mi(G), 3, cpdega(u) =

2m17 ZueU def‘(u) degG(g) = Ml(G)a and ’{gg/ € E(G)‘ gvg/ € U}’ =my.
By replacing these quantities in Theorem [9] we obtain the desired result. [

Corollary [10| has already been proved in [26].

EXAMPLE 11. Let U := {uy,us, ..., usn+1}, and K := Py 11(U) X Poyyg1.
Then, we have Ml (P2n+1) = 8TL—2, M1 (P2m+1) = 8m—2, MQ(P2n+1) = 8TL—4,
and My (Pypmq1) = 8m—4. Moreover, > o, degg(u) = 2n, Y-, oy degg(u)? =
10 =2, T ey Dyperw dogalu) = 4n, and |{gg’ € E(G) | 9.9’ € U} = 0.
Hence,

MQ(P2n+1({U1, Uus, ... ,UQn+1}) X P2m+1) = 704mn — 200n — 244m + 60.
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EXAMPLE 12. For strongly 3 and 4-prism networks, by Theorem [9] it may
be concluded that

MQ(P(gv 37 {ul})) :4609 - 7127 MQ(P(gv 37 {U'l’ U,Q})) :6089 - 9667
M2(P(gv 47 {ul})) :5689 - 872’ MZ(P(97 4’ {ula UZ})) :7169 - 11265
M5(P(g,4,{u1,us}))="704g — 1104, M5(P(g,4,{u1,us,us}))=3864g9 — 1380,

where g > 3.

6. The generalized subset-strong product

DEFINITION 13. Given 3 graphs G; = (V;, E;) and vertex subsets U; C V;,
for ¢ = 1,2. The generalized set-strong product product G1(U;)KGo(Uz)KG3
is the graph with vertex set Vi3 x V5o x V3 and the following adjacencies:

(y1, w2, 23) if y121 € E(Gh),
(x1,y2,x3) if yoxo € E(G2) and z; € Uy,
(x1,22,y3) if yszs € E(G3), x1 € Uy, and x4 € Uy,
(1,2, 23) ~ < (y1,y2,23) if y1xy € E(G1) and yozp € E(Ga),
(¥1,Y2,y3) if yaxo € E(G2), yszs € E(G3), and 21 € Uy,
(y1,22,y3) if y1x1 € E(G1) and ysz3 € E(G3),
( ) if yiz1 € B(G1), yaw2 € E(G), ysas € B(G3).

Y1,Y2,Y3
From Definition it follows that:
Gl(Ul) X GQ(UQ) X G3 = (Gl(Ul) M GQ(UQ) M Gg) D (G1 X G2 X Gg)

THEOREM 14. Fori = 1,2, let G; be a graph and U; C V;. The generalized
subset-strong product satisfies

Gl(Ul) X GQ(UQ) X G3 = (Gl(U1) X GQ) (U1 X UQ) X G3

= Gy (U)) B (Go(U2) K Gs).

PROOF. To prove the first equality, we show that in the subset-strong
product (G1(Uy) B G2)(Uy x Us) ® Gy vertex ((z1,72),23) has the same
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adjacencies as vertex (z1,z2,z3) in G1(U;) K G3(Usz) X G3. Indeed,

((y1,92),23) if (y1,92)(71,72) € E(G1(Ur) W Ga),
((5171,1?2),3/3) if ysx3 € E(Gg) and (5171,1?2) € Uy x Uy,

((y1,92),y3) i (y1,92)(z1,22) € BE(G1(U1) K G2)
and ysx3 € E(G3).

((v1,22),23) ~

This is equivalent to

((y1,x2),z3) if y121 € E(Gy),
((x1,y2),23) if yowe € E(G2) and xy € Uy,
((x1,22),y3) if yszs € E(G3),x1 € Us, and x5 € Us,

(1, 22), 23) ~ ((y1,92), x3) %f vz € E(Gy) and yazo € E(G2),

T ((w1,92),y3) if Y212 € E(G2), ysz3 € E(G3), z1 € U,
((y1,22),y3) if yiz1 € E(Gy) and yszs € E(G3),
((y1,y2),y3) if y1x1 € E(Gh), yaz2 € E(G2),
and ysrs € E(G3).

Thus, the required isomorphism is simply ((z1,x2),z3) — (1,22, z3). Anal-
ogously, we can prove the second equality. O

EXAMPLE 15. Let G = Pg({ul,UQ}) X Pg({ul,U,Q}) X P3 (see Figure @
By Theorem [4] we have

w

eig(Ps({u1,uz}) W Ps) = U (Apy + pi(P3)(Ap, + Dyuy uny))

3 2 cos(Z) ' 1 +200$(%) 0
= Ueig 1+ 2cos(*F) 2cos(7) 1+ 2cos(F)
i= 0 1+ 2cos(F) 0

~ {4.552, —2.459,0.736,0, 1.414, —1.414,0.12, —1.876, —1.072}.

Hence, again by Theorem @ we obtain

eig(Q(?),(ul, uz))g) = U eig(Ap3 =+ 127 (P3({U1, Ug}) X Pg) (Ap3 + D{m,ug}))

=1
~ {11.59,2.451, —4.938, —4.195, —1.536,0.812, 3.0378,0.3761, —1.941,

0,1.414, —1.414, 4.552,0.736, —2.459, —1.876, —1.072,0.12, 1.676,

0.0603, —1.495, —2.895, —1.254,0.397, —1.147, —1.002, 0.004}.
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Figure 6. Graph B: = P3({u1,u2}) X Ps({u1,u2}) X Ps

7. Conclusion

In this work, we introduced subset-strong products of graphs and gave

a method for computing the adjacency spectra or the characteristic polyno-
mial of this product. Our method enabled us to compute the spectra of some
growing graphs and networks. Also, we deduced an exact expression for the
first and second Zagreb indices of the subset-strong product of two graphs.
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