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NEW RESULTS ABOUT QUADRATIC FUNCTIONAL
EQUATION ON SEMIGROUPS

AHMED AkkAOUI'®, BRAHIM FADLI

Abstract. Let S be a semigroup, let (H, +) be a uniquely 2-divisible, abelian
group and let ¢, be two endomorphisms of S that need not be involutive.
In this paper, we express the solutions f: S — H of the following quadratic
functional equation

flxo@) + fW(y)x) = 2f(x) +2f(y), =,y €S,

in terms of bi-additive maps and solutions of the symmetrized additive Cauchy
equation. Some applications of this result are presented.

1. Set up and notation

Throughout our paper the setup, notation and terminology are as follows:
S is a semigroup (a set equipped with an associative composition rule (z,y) —
xy), ¢ and 1 are two endomorphisms of S, and (H,+) denotes a 2-torsion
free, abelian group with neutral element 0. The group (H, +) is 2-torsion free
means that

2h=0 = h=0 forall he H.
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We say that (H, +) is uniquely 2-divisible, if the map h — 2h is a bijection of
H onto H. The endomorphism ¢ is said to be involutive if p? = id.
Let f: S — H be a function. We say that:
(i) fis g-even if fop = f,
(ii) f is additive if f(zy) = f(x) + f(y) for all z,y € S, and
(iii) f is central if f(xy) = f(yz) for all x,y € S.
Let B: S x S — H be a map. We say that:
(i) B is bi-additive if it is additive in each variable,
(ii) B is symmetric if B(z,y) = B(y,z) for all z,y € S, and
(iii) B is y-invariant if it verifies B(¢(x), ¢(y)) = B(z,y) for all z,y € S.
We recall that the Cauchy difference C'f: S x S — H of a function f: S — H
is defined by

Cflx,y) = flzy) = f(x) = fy), wy€S,

while its second order Cauchy difference C2f: S x S x S — H is defined by

C?f(w,y,2) = fwyz) = f(xy) = f(yz) = f(az) + f(2) + f(y) + f(2).

The functional equation C?f = 0 is called Whitehead’s functional equation
by Faiziev and Sahoo [10]. It is equivalent to

(11)  flzyz) + f(2) + fy) + f(2) = fzy) + f(yz) + f(z2), z,y,2€ 8.

This equation was studied and solved on semigroups by Stetkeer in [17].
The functional equation

(1.2) flzy) + flyz) = 2f () + 2f(y), x,y €S,

is called the symmetrized additive Cauchy equation. Some results about
can be found in |16, Chapter 2].

We say that the semigroup S is a topological semigroup, if S is equipped
with a topology such that the map (z,y) — zy from S x S to S is continuous,
with the product topology considered in S x S.
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2. Introduction

Jordan and von Neumann [12] proved that the norm of a normed vector
space (V,]|.]]) is pre-Hilbertian if and only if it satisfies the following parallel-
ogram identity:

lz +yl* + lle — yl* = 2]l2l* + 2y]*, 2.y €V.

By setting f(z) := ||z, we obtain the following quadratic functional equation
(2.1) fl@+y)+ flz—y) =2f(2) +2f(y), zyeV,

which was generalized to a group G by considering the following functional
equation

flxy) + flay™Y) =2f (@) + 2f(y), x,y € G.

This equation was investigated by several authors in different algebraic struc-
tures (see, e.g., [5HIL|11L/13H15] and |16, Chapter 13]).

In [9], Fadli et al. studied the solutions f: S — H of the quadratic func-
tional equation

flzy) + f(r(y)z) = 2f(x) +2f(y), =,y €S,

where 7 is an involutive automorphism of S. In [1], Aissi et al. studied the
following generalization of quadratic functional equation

fxo(y)) + f(r(y)z) = 2f () +2f(y), x,y€S,

where ¢ and 7 are two involutive automorphisms on S, by determining its
solutions f: S — H in terms of additive and bi-additive maps, and solutions
of the symmetrized additive Cauchy equation.

Note that the last equation was studied on abelian semigroups by Fadli
et al. in |8]. Also this equation was studied on abelian semigroups in the case
where ¢ = id and 7 is an arbitrary endomorphism by Sabour and Kabbaj
in |13], and was studied on abelian semigroups by Akkaoui et al. in [3] in the
case where o and 7 are two arbitrary endomorphisms such that at least one
of them is surjective.

Motivated by these recent results, we will solve in this work a generalized
variant of quadratic functional equation on a semigroup equipped with endo-
morphisms, which need not be involutive. More exactly, we find the solutions
f: S — H of the functional equation

(2.2) flxeW)) + fW(y)r) =2f(x) +2f(y), =z,y €S,
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in terms of bi-additive maps and solutions of the symmetrized additive Cauchy
equation. Since S is not necessarily abelian, and ¢ and 1 are not necessarily
involutive automorphisms, equation is a natural generalization of the
previous functional equations.

We note that the equations and play important roles in finding
the solutions of the functional equation ([2.2)).

Similar functional equations that have also been studied are

(2.3) flxo(y)) + f(W(y)x) =2f(x)f(y), =z,y€S,
(2.4) flep(y) + f(W(y)z) = 2f(x), =x,y€S.

The complex-valued solutions of were determined in |4, while the solu-
tions f: S — H of are determined in [2].

Our main contribution to the knowledge about the quadratic functional
equation is to solve on semigroups (not necessarily abelian) in the case
where (H,+) is uniquely 2-divisible and ¢, 1 are arbitrary endomorphisms.

3. Main result

To establish our main result Theorem [3.3] we present two important lem-
mas:

LEMMA 3.1. Let f: S — H be a solution of (2.2). Then
(i) the function fop+ fo1 —2f is a constant, and
(i) the function fop — f o1 is additive.

PrOOF. (i) Let f: S — H be a solution of (2.2). Making the substitutions
(p(x),y) and (¢¥(y),x) in (2.2)), we obtain respectively

(fow)(zy) + fF(W(y)p(x)) = 2(f o v)(x) +2f(y),
f(y)e(x)) + (f o) (xy) = 2(f oY) (y) + 2f (),

for all z,y € S. By subtracting the second identity from the first, we arrive at

(81) (fop—fou)(ay)
= 2(f o )(2) — 2(f 0 ¥)(y) + 2f(y) — 2f(x) for all a,y € .
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Now, making the substitutions (z,yz) and (zy, z) in (3.1), we get respectively
for all z,y,z € S

(fop—fo)(zyz) =2(f o p)(z) — 2(f o) (yz) + 2f(yz) — 2f(x),
(fop—fo)(wyz) =2(f o p)(wy) — 2(f 0 )(2) + 2f(2) — 2f (zy).

Subtracting the second identity from the first, we get that

2(f o p)(x) = 2(f o p)(wy) + 2f (wy) — 2f ()
=2(f o) (yz) — 2(f o ¥)(2) + 2f(2) — 2f(y2),
for all z,y € S. Since H is 2-torsion free, we can deduce that the expressions

(fow) (@)= (fop)(wy)+ f(zy) - f(z) and (fou))(y2) — (foup)(2)+ f(2) — f(y2)
depend only on y. Let h be a function on y such that

(3.2) h(y) = (fop)(x) = (f o )(zy) + f(zy) — f(z), y€ES,
(3.3) h(y) = (fo¥)(yz) — (fo)(2) + f(2) — f(yz), yE€ES,

for x,z € S. Replacing y by = and z by y in (3.3) and adding the new identity
with (3.2)), we arrive at

h(@) +h(y) = (feb = fop)(ey) + (fop)(x) = (foy)(y) + fly) — fla),

for all x,y € S.
According to (3.1]), we conclude for all x,y € S

h(x) + h(y) = 2(f o) (y) — 2(f o p)(x) + 2f(z) — 2f(y)
+ (fop)(x) = (fo)(y)+ fly) — f(x)
= (fo)(y) — (fop)(z)+ f(x) — f(y).
So
(3.4) h(z) + (fop)(x) — f(z) = (fov)(y) — fly) — h(y),

for all z,y € S. For y = x in (3.4), we obtain 2h = f o 1) — f o . Multiplying
(3.4) by 2 and replacing 2h by its expression, we get after a reduction

(fop)(@)+ (fo)(x) —2f(x) = (fop)(y) + (fov)(y) —2f(y),

for all z,y € S. That signifies that f o + f o1 — 2f is constant.
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(ii) Let f: S — H be a solution of (2.2), and let z,y € S be arbitrary.
From , fow+ foy —2f is constant. Let ¢ € H be such that 2f =
foe+ fo1 +c Then identity (3.1]) gives

(fop—fou)(ay) =2(fop)(x) —2(fo)(y) + (for)(y)
+(fo)(y) +e—(fop)(a) = (for)(z) —c
=(fop—fou)(x)+ (fop—foi)(y),
which means that f o — f o is additive. O

The following lemma gives some important results about (2.2)).

LEMMA 3.2. If f: S — H is a solution of (2.2)), then

(i) f satisfies Whitehead’s functional equation (1.1)), i.e., C*f =0,

(i) fop+ forp=2f,

(iii) Cf: S x S — H is a bi-additive @-invariant function satisfying
Cr(y),z) = =Cf(x,¢(y)) for all z,y € S, and

(iv) the function j: x —— 2f(x) — C'f(x,x) is a solution of the symmetrized
additive Cauchy equation satisfying Cj(z,y) = Cf(x,y) — Cf(y,x) for
all z,y € S.

PRrOOF. (i) Let f: S — H be a solution of (2.2)) and let x,y, z € S. Making
the substitutions (p(z),yz), (¥(2)p(z),y) and (¢(xy), z) in (2.2)), we get

(foo)(zyz) + f(Y(yz)p(x)) = 2(f o @) (x) + 2/ (y2),
FW@)e(xy)) + f(@(yz)e()) = 2f ((2)e(x)) + 2 (y),

(fo)(zyz) + f((2)p(zy)) = 2(f o @) (zy) + 2f(2).
Subtracting the middle identity from the sum of the other two we get
(3.5) 2(f o p)(wyz) = 2(f o )(wy) + 2(f o @) (x) — 2f (Y (2)p(x))

+2f(yz) +2f(2) — 2f(y).
From , we see that
FW(z)p(x)) =2(f o p)(x) +2f(2) — (f o @) (w2).
Then becomes
(3.6)  2(fop)(zyz) =2(fop)(zy) +2(f o p)(x2) — 2(f o )(x)
+2f(yz) —2f(y) — 2f(2).
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From Lemma we have fop+ foy =2fop—a, wherea := fop— forh
is an additive map, and from Lemma [3.1{(i) there exists a constant ¢ € H such
that 2f = fop+ fo1 4+ c. Hence 2f o p =2f 4+ a — ¢, so (3.6 reads

2f(xyz) + a(zyz) — c = 2f(zy) + alzy) — c+ 2f(x2) + a(zz) — ¢
—2f(x) — a(z) + ¢+ 2f(yz) — 2f(y) — 2f(2).
Then
flayz) = fzy) + f(x2) + f(yz) — f(2) = f(y) — f(2),

for all z,y,z € S, because H is 2-torsion free, which means that C?f = 0.

(ii) According to (i), we have C2f = 0, then C?(f o ¢) = C?(f o) = 0,
because ¢, are endomorphisms. But 2f = fo @+ f o1y + ¢, then we get
C?(¢) = 0, because the operator C? is linear. So ¢ = 0 and hence 2f =
fow+fot.

(iii) That Cf: S x S — H is a bi-additive map follows immediately
from and |17, Lemma 3|, and by using and , we obtain readily
Cf((y),x) = —Cf(x,p(y)) for all z,y € S. Also we have

Cflp(@),0(y) = =Cf¥(y), () = Cf(Y(z),¥(y)) foralz,yeS,

which implies that C(f o ¢) = C(f o). Since fop+ f o) =2f, we obtain
C(fop)=C(fotp) =Cf. Then Cf is p-invariant (also i-invariant).
The result (iv) follows from () and [17, Lemma 4], and we have

C](x,y) = 20f($,y) - [Cf(l’,y) + Cf(y,%)] = Cf(x’y) - Cf(y,:c),

for all x,y € S, where j: S — H is defined by j: z —— 2f(x) — C f(z,x). This
finishes the proof. O

In the previous results of this section, we considered (H,+) as a 2-torsion
free group. In what follows, we assume that (H, +) is uniquely 2-divisible, and
we begin by presenting our main result, which allows us to solve equation .
Note that any uniquely 2-divisible group is 2-torsion free.

THEOREM 3.3. The solutions f: S — H of the functional equation ([2.2))
are the functions of the form

(3.7) f(z)=J(x) + B(z,z), z€b,
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where J: S — H is a solution of the symmetrized additive Cauchy equation
such that Jop+ J oy =2J, and where B: S x S — H is a bi-additive and
w-tnvariant map such that for all x,y € S we have

(i) B(z,y) — B(y,z) = CJ(x,y), and

(ii) B(¢(y),x) = —=B(z, 0(y)).
Moreover, if S is a topological semigroup, H a topological vector space over R
or C, and f: S — H a continuous solution of , then the components J
and B in decomposition are continuous.

PrOOF. Let f: S — H be a solution of . From Lemma we
see that C2f = 0. Since (H,+) is uniquely 2-divisible we can define the
functions B(z,y) := 1Cf(z,y) and J(z) := f(z) — 1Cf(z,z), where B is bi-
additive and g-invariant satisfying B(¢(y),z) = —B(x, ¢(y)) for all z,y € S
(Lemma), and J is a solution of the symmetrized additive Cauchy equa-
tion satisfying C'J(z,y) = B(z,y) — B(y, z) for all z,y € S (Lemma [3.2(iv)).
So f(z) = J(x) + B(x, z).

Since 2f = f oy + f o1y (Lemma ) and B is (-invariant
(Lemma [3.2ii)), then J o ¢ + J o ¢p = 2J.

Conversely, let f: S — H be a function of the form stated in The-
orem [3.3] i.e., there exist a solution of the symmetrized additive Cauchy
equation J: S — H with Joy + J oy = 2J and a bi-additive and -
invariant map B: S x S — H with B(¢(y),z) = —B(x,¢(y)) and CJ(x,y) =
B(z,y) — B(y,z) for all x,y € S such that f(x) = J(x) + B(x,z). With this
conditions, we have

flxe(y) + f(¥(y)z)
= J(ze(y)) + Bze(y), zo(y)) + J(¥(y)z) + B(Y(y)z, ¥ (y)z)
= [CJ(x,0(y) + J(z) + J(p(¥)] + [B(z, 0(y)) + B(p(y),2)
+ B(z,z) + Ble(y), ()] + [CT (¥ (y),2) + T (¥ (y)) + J(2)]
+ [B(¥(y), x) + B(z, ¢ (y)) + Bz, 2) + B(¥(y),¥(y))]
=2f(x) +2f(y) + CJ(z,0(y)) + CI(¥(y), z)
+ Ble(y), ) + B(z,¥(y))
=2f(z) +2f(y) + [B(z, ¢(y)) — B(e(y), z)]
+ [B(¥(y), ) — Bz, ¥(y))] + B(e(y), z) + Bz, ¥ (y))
=2f(z) +2f(y).

That signifies that f is a solution of (2.2)). The continuity statements follow
from |17, Theorem 7]. 0
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4. Applications

As consequences of our main result we have the following corollaries. The
first gives the central solutions of (2.2) in terms of additive and symmetric,
bi-additive maps.

COROLLARY 4.1. The central solutions f: S — H of (2.2)) are the func-
tions of the form

(4.1) flx)=J(x) + B(z,x), x€S,

where J: S — H is an additive map such that J o o+ J o = 2J and where
B: S xS — H is a symmetric, bi-additive and p-invariant map such that

B(z,¢(y)) = —B(z,¢(y)) forallz,y €S

Moreover, if S is a topological semigroup, H a topological vector space over
R or C, and f: S — H a continuous solution of (2.2)), then the components
J and B in decomposition (4.1) are continuous.

PRrOOF. It suffices to observe that if f is central and has the form (3.7
then J is additive and B is symmetric. ([

With ¢ = id in Theorem [3.3] we obtain the following corollary that gener-
alizes the main result studied in [9].

COROLLARY 4.2. The solutions f: S — H of the functional equation
flxy) + f(P(y)z) = 2f(x) +2f(y), w,y€S,
are the functions of the form
f(z) =J(x)+ B(z,z), z€S,

where J: S — H is a solution of the symmetrized additive Cauchy equation
such that J o = J, and where B: S x S — H is a bi-additive map such that
for all x,y € S we have

(i) B(z,y) — B(y,z) = CJ(x,y), and

(ii) B(¢(y),z) = —B(z,y).

With ¢ = id in Theorem [3.3] we obtain the following corollary.
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COROLLARY 4.3. The solutions f: S — H of the functional equation

(4.2) flzo(y)) + flyz) =2f(x) + 2f(y), =,y€S,

are the functions of the form
f(@) =J(x)+ B(z,z), wze€b,

where J: S — H is a solution of the symmetrized additive Cauchy equation
such that Jop = J, and where B: S x S — H is a bi-additive map such that
for all x,y € S we have

(i) B(z,y) — B(y,z) = CJ(z,y), and

(ii) B(z,¢(y)) = —B(y, ).

The equation (4.2)) is a new generalization of the quadratic functional

equation (2.1)).
With ¢ = ¢ in Theorem we obtain the following corollary.

COROLLARY 4.4. The solutions f: S — H of the functional equation

(4.3) flzo(y)) + fle(y)z) = 2f(x) +2f(y), =ye€S,

are the p-even solutions of the symmetrized additive Cauchy equation.

PrROOF. Let f: S — H be a solution of . Using Theorem there
exist a solution of the symmetrized additive Cauchy equation J: .S — H such
that J o ¢ = J, and a bi-additive, yp-invariant map B: S x S — H such that
f(z) = J(x) + B(x,z) with the conditions

(i) B(z,y) — B(y,z) = CJ(x,y), and

(if) Ble(y),z) = —B(z,¢(y)),
forall z,y € S. The condition (i) implies that B(¢(x), ¢(z)) = —B(¢(x), ¢(z))
for all z € S. So B(p(x),p(x)) = B(z,xz) = 0 for all x € S, because H is
uniquely 2-divisible and B is @-invariant. That gives that f = J. The other
direction is easy to verify. O
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5. Some examples

EXAMPLE 5.1. Let G be the (az + b)-group defined by

G::{<8 l{>|a>0,beR}

and let us consider the following endomorphisms on G:

(5 1)=("% 1) ma w(5 7)=(5 1)

for all @ > 0 and b € R. We determine here the corresponding continuous
central solutions f: G — C of (2.2)), which is

o Y ea( ey = () rr( ),

for all a,c > 0 and b,d € R. Note that ¢ and 1 are not involutive automor-
phisms and not surjective.

The continuous additive maps J: G — C are known in the literature and
have the form (see, e.g., |16, Example 2.10])

55 1) = toat)

for all @ > 0 and b € R, where v € C and log is the natural logarithm. The
function J satisfies the condition J o ¢ + J o9y = 2J if and only if v = 0,
ie., J=0.

Also, the continuous bi-additive maps B: G x G — C are known in the
literature and have the form (see, e.g., |16, Exercise 2.27])

B(( 8 11) ),( (C) Cli )) = alog(a)log(c),

for all a,c > 0 and b,d € R, where o € C. We observe that B is symmetric,

(5 7 )e(6 1)) =-#((5 1)(5 1))
a(e(§ 1 )e(5 9))=2((5 7)-(5 1))

for all a,c > 0 and b,d € R.

and
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According to Corollary [£.1] the continuous central solutions of the above
equation are the functions

(o

= o

) — alog?(a),

where a ranges over C.

EXAMPLE 5.2. Let S := Hjs be the Heisenberg group (under matrix mul-
tiplication) defined by

1
Hs:=( [z,y,2] :== < 0
0

O~ 8

z
y | lz,y,z€eR
1

and let us consider the following endomorphisms on S

¢ ([z,y,2]) :=[22,0,0] and o ([x,y,z]):=][0,2y,0].

Note that ¢ and 1 are not involutive automorphisms and not surjective.
In this example we determine the corresponding central continuous solutions

f:+8 = C of (2.2)), which is
flz1 + 222,91, 21]) + f([21, 91 + 292, 21]) = 2f ([21, 91, 21]) + 2 ([22, Y2, 22]),
for all z1,y1,21,72,y2,22 € R.

According to |16, Example 2.11], the continuous additive functions J: S —
C are:

Jifwy, 2] = Br + vy,
where 3,~v € C. We observe that J satisfies the condition Jo ¢+ Joy = 2J.

According to |16, Exercise 2.28|, the continuous symmetric and bi-additive
functions B: S x § — C are:

B: ([x1,y1, 21]s [72, 42, 22]) = az122 + by1yz + c(v1y2 + 22y1),
where a,b,c € C. The function B satisfies

B(p([z1,y1, 21]), p([2, Y2, 22])) = B([21, Y1, 21]; [72, Y2, 22])

for all z1,y1, z1,22,Y2,22 € Rif and only if a =b=¢=0, i.e., B=0.
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Consequently, from Corollary [4.1] the continuous central solutions f: S —
C of the above equation are the functions

1
f:(O
0

ExXAMPLE 5.3. Let S := (N,+) (where N := {1,2,3,---}), H := (Q,+)
and let us consider the following endomorphisms on S

o R

z
Y > = Bz + vy,
1

where 3,v € C.

p(n) :==pn and Y(n):=gn foralln e S,

where p,q € N\ {1}. Note that S is a semigroup but is not a group, H is
a group uniquely 2-divisible and ¢, 1) are not surjective. In this example we
show that the only corresponding solution f: S — H of (2.2]), which is

fn+pm) + f(n+qm) = 2f(n) +2f(m), n,m €S,

is the null function. By applying Corollary [£.1], there exist an additive map
J: S — H and a symmetric bi-additive map B: S x S — H such that f(n) =
J(n) + B(n,n) with the conditions

(i) (p+q—2)J(n) =0,

(ii) (p*> —1)B(n,m) =0, and
(iii) (p+q)B(n,m) =0,
for all n,m € S. Since p,q > 1, then J =0 and B =0. So f =0.

Acknowledgement. We would like to thank the referee for a number
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paper.
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