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OPERATOR SUBADDITIVITY OF THE D-LOGARITHMIC
INTEGRAL TRANSFORM FOR POSITIVE OPERATORS
IN HILBERT SPACES

SILVESTRU SEVER DRAGOMIR

Abstract. For a continuous and positive function w (A), A > 0 and p a posi-
tive measure on [0, c0) we consider the following D-logarithmic integral trans-
form

DLog () (1) = [~ wn (25 ),

where the integral is assumed to exist for T' a positive operator on a complex
Hilbert space H.
We show among others that, if A, B > 0 with BA+ AB > 0, then

DLog (w, p) (A) + DLog (w, 1) (B) > DLog (w, 1) (A + B).
In particular we have
1
67r2 + dilog (A + B) > dilog (A) + dilog (B),

where the dilogarithmic function dilog : [0,00) — R is defined by

t
dilog (t) ::/ lns ds, t>0.
1

— S

Some examples for integral transform DLog (-, -) related to the operator mono-
tone functions are also provided.
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1. Introduction

Consider a complex Hilbert space (H, (-,-)). An operator T is said to be
positive (denoted by T' > 0) if (T'z,x) > 0 for all z € H and also an operator T
is said to be strictly positive (denoted by T' > 0) if T' is positive and invertible.
A real valued continuous function f on (0, c0) is said to be operator monotone
if f(A) > f(B) holds for any A > B > 0.

We have the following representation of operator monotone functions (|7],
[6]), see for instance [II, p. 144-145]:

THEOREM 1. A function f: [0,00) — R is operator monotone in [0,00) if
and only if it has the representation

tA

(L1) ft) = f<o>+bt+/0°° ),

where b > 0 and a positive measure p on (0,00) such that

<\
() < oo
/0 Tt <o

For some examples of operator monotone functions see [3]-[5], [8]-[9] and
the references therein.

We have the following integral representation for the power function when
s> 0, r € (0,1], see for instance [I, p. 145]:

: 00 )\r—l
19 ro1 _ Sin (rm) / L
(12) s T 0o A+ sdA

Observe that for s > 0, s # 1, we have

/“ d\ _ Ins n 1 In u-+s
o A+s)(A+1) s—1 1—-s5 \u+l

for all v > 0. By taking the limit over u — oo in this equality, we derive

Ins o d\
1) R e [oxats

which gives the representation for the logarithm

> dA
(1.4) Ins=(s— 1)/0 DFD0Es)
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If we integrate (|1.2]) over s from 0 to ¢ > 0, we get by Fubini’s theorem

t" _ sin(rm) /°° /1t 1 ds) =L
r T 0 0 )\+S
_ sin (rm) /°° = t+ A I\
s 0 A

giving the identity of interest

o sin (rm)

/ A~ 1n <t+/\> d\, t>0andre(0,1].
s 0 A

Recall the dilogarithmic function dilog: [0,00) — R defined by

t
1
dilog (t) :—/ lnisds, t>0.
1

— S

Some particular values of interest are

ds = —m°
1= S ™

0 1
1 1 1
dilog (1) = 0, dilog(O):/ ns ds:/ s ,
0 s—1 6

and

(1Y 1, 1
dilog (2>—127r 2(1n2) .

If we integrate the identity (|1.3) over s from 0 to ¢ > 0, we get by Fubini’s
theorem

t o) t [ee]
/ lnsds—/ </ L ds) L d)\_/ 1 ln<t+)\>d)\
0o s—1 0 0o Ats (A+1) o (A+1) A
and since

/t Ins ds:/l Ins ds—l—/t Ins ds:17r2—/t In s
o s—1 0o s—1 1 1

s—1 6 1—s

ds
1 5 .
=g dilog (t)

then we get the identity of interest

1 5 . < 1 t+ A
—7* —dilog (¢) = 1 d\, t .
7 ilog (t) /0 ()\_'_1)11( 3 ) , t>0
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Motivated by the above representations, we define the D-logarithmic trans-
form for a continuous and positive function w (A), A > 0 by

(15) DLog (w0 6= [ wovmn (25 au v,

where 4 is a positive measure on (0,00) and the integral ([1.5)) exists for all
t > 0. Also, when p is the usual Lebesgue measure, then

DLog (w) (t) := /000 w (A) In (A)\—Ft> dA.

Obviously,
DLog w)© = [ wm (14 ) du ()

- /Ooow()\) In (A +1) = In (N)] dp (N)

and one can use either of these representations when is needed.
By utilising the continuous functional calculus for selfadjoint operators,
we can define the operator D-logarithmic transform by

DLog (w, i) (T) = /0 T w0 (W) (1 + iT) dyu (\)

for T > 0.
If we use the D-logarithmic transform for the kernel wjr—1 (\) :=

%(m))\’"*l, r € (0,1] we have
DLog (wer—1) (T)=T", T >0

while for the kernel w,1)-1 (A) := )\%H we have

1
DLog (U}([_’_l)—l) (T) = 67T2 —dilog (T"), T >0.

In the recent paper [2] we introduced the following integral transform

(1.6) D (w, 1) (s) := /oo v,

A 0
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for a continuous and positive function w (A), A > 0,where u is a positive
measure on (0,00) and the integral (1.6) exists for all s > 0.
For i the Lebesgue usual measure, we put

D (w)(s) := /000 1;\)_(:\201)\, s> 0.

Several examples of integral transforms D (w, p) have also been given in [2].
If we integrate the identity (1.3 over s from 0 to ¢ > 0, we get by Fubini’s

theorem
tD(w,u)(s)ds = h . ds | w(N\)du (N)
/ [ ()

. /Ooow(x) In <A;Lt> i (V)

for ¢ > 0, which provides the equality of interest

DLog (w, 1) (1) = / D (w, ) (s)ds, ¢ 0,

provided that the integral on the right side exists for all ¢t > 0.

2. Main results

We have the following identity of interest:

LEMMA 1. For all A, B> 0 and X\ > 0 we have

(2.1) In <A;rA> +1In <B;\FA> —In (W)

=In(A4+AN)+In(B+X)-—In(A+B+X)—InA

< 1 _
:/0 T (ATBEs+N !

X [A(B+s+A)"'BA+B(A+s+)\)'ABJ(A+ B+ s+ \)"tds

© 1
+/ S+)\(A+B+5+A)_1(BA+AB)(A+B—i—s—i-/\)_lds.
0
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PrOOF. We have, by (|1.4)), that

ln(T+)\)_/OOo (Sil) (T+A=1)(s+T+ N\ "ds
1

:/O T (TH+X+s—1—s)(s+T+\) "ds
1

:/00o ESY (1= +s)(s+T+ 1" ds

:/Ooo L}ll—(s—kT—k)\)_l} ds.

For A, B > 0 and u > 0, define
Ky=(A+uw) '"+B+u) "' —(A+B+u)""

and W, :=1 — uk,.
Therefore

(2.2) In(A4+AN)+In(B+A)—In(A+B+X)—InA

—/OOO [@Jlrl)_<S+A+A)_l] ds

+/ = —@+B+Ar1@
0 L

—/ ! —(s—l—A—i—B—F)\)_l}ds
o L

_/000 :(3—1—1) —(s—|—)\)1} ds

:/Ooo [(3+A+B+A)‘1+(3+A)‘1

—(s+A+/\)‘1—(s+B+>\)‘1} ds

—/OOO [(5+)\)_1— S+A}ds—/ooo (Si)\—Kan\)dS

> 1 > 1
:/) U&+MKHQMZ/)I%H%.
0 0

s+ A s+ A
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We have successively
(A+ B+ N Wx(A+B+))
—(A+B+ X\ (1-AKy) (A+B+))
—(A+B+XN’ - ANA+B+NEK\(A+B+ )\
=(A+B+ )N (A+B+))
—A[B(A+/\)_1B+A(B+>\)_1A+2(A+B)+/\]
= A?+ BA+AA+ AB+ B>+ AB + A + AB + \?
—AB(A+XN) 'B=MB+XN)"A-2X(A+B) - )\
— A2+ B>+ BA+AB—-AB(A+ )\ 'B-)A(B+)) A
—AB+N " (B+NA-MB+N'A
+BA+N) " (A+NB—-AB(A+)\) 'B+BA+ AB
—A(B+)\) 'BA+B(A+)\) 'AB+ BA+ AB,
therefore
(2.3) Wy=(A+B+\N "[AB+\"'BA
+B(A+)\) "AB+BA+AB] (A+B+X\) ",
From we obtain
(24)  Wea=A+B+s+A) " [AB+s+)\)"'BA
+B(A+s+AN)'AB+BA+ AB] (A+B+s+ )"
=(A+B+s+XN) " [AB+s+\)"'BA
+B(A+s+N)'AB] (A+B+s+ M)
+(A+B+s+)A) " (BA+AB)(A+B+s+)\)"".

On making use of (2.2]) and (2.4) we obtain the desired result (2.1). O
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THEOREM 2. For all A, B > 0 we have

(2.5)  DLog (w, p) (A) + DLog (w, ) (B) — DLog (w, n) (A + B)

:/Ooow(x) (/OOOSJIF/\(A+B+5+)\)1

x [A(B+s+A)*1BA+B(A+s+A)*1AB

><(A+B+3+A)*1ds)dﬂ(x)

+/Ooow(k) </OOOS+1/\(A+B+3+A)‘1

x (BA+ AB) (A+B+5+A)*1ds) dy ()

> A ——(A+B A
/0 w ( )(/0 8+/\( +B+s+ )
x (BA+ AB) (A+B+5+A)*1ds) dp (N) .

If BA+ AB >0, then
(2.6) DLog (w, p) (A) + DLog (w, p) (B) = DLog (w, 1) (A+ B).

PROOF. The identity (2.5)) follows by multiplying the equality (2.1) with
w (\) and integrating on [0,00) over the measure dyu (\) .

Let s, A > 0. Since (B+54+X)""'B > 0and (A+s+\)""A > 0 hence
A(B+s+A) '"BA>0and B(A+s+\) ' AB > 0. Therefore

AB+5s+)) "BA+B(A+s+)\) "AB>0

and by multiplying both sides by (A+ B + s + )\)_1 we get

(A+B+s5+\) " |A(B4+s+)A) 'BA+B(A+s+)\) 'AB

X (A+B+s+))"">0.
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By multiplying with 54%)\ and w (\) and integrating twice, we obtain

/Ooow(/\) (/Ooosi)\(A—kBJrer/\)_l

X [A(B+s+A)—1BA+B(A+s+A)—1AB

x (A+B+s+)\)_1ds) dp (\) > 0,
which proves the inequality in (2.5)).
If BA+ AB > 0, then by multiplying both sides by (A + B + s + )\)71 we
get
(A+B+s+)A) " (BA+AB)(A+B+s+))""'>0

for s, A > 0 and by integration twice, we derive

/Ooow()\) </OOOSiA(A+B+s+>\)_1

><(BA+AB)<A+B+3+A)*1ds)du(x)zo

and the subadditivity property (2.6) is proved. O

REMARK 1. If we write the inequality (2.6)) for the transform DLog (wpr-1)
we get

(2.7) A"+ B">(A+B)", re(0,1]

provided A, B > 0 with BA+ AB > 0.
If we write the inequality (2.6) for the transform DLog(ws41)-1) we get

1
67r2 + dilog (A + B) > dilog (A) + dilog (B)

provided A, B > 0 with BA+ AB > 0.
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We define the function

(2.8) Gw#u);:é w“”(%;(s+xms+t+xf)d“Q% £ 0.

Observe that for a, b > 0 we have

/OO ds :lnb—lna_ 1
o (s+a)(s+b)? (b—a)® bb—a)

This gives that

e ds In(t+A) —InA 1
5 = 5 - , t>0.
0 (s+N)(s+t+N) t t(t+A)

Therefore

oo oo 1
29 Guu)= [ w (/0 = A)(8+t+A)2d8>du(A)

:/Ooow()\) (ln(t—ﬁ—j\z)—ln)\_t(t:—/\)>du()\)

& [ wm (”AA) -7 [

t T4 A

1 1
for all t > 0.

COROLLARY 1. If A, B > 0 with BA+ AB > k, where k is a real number,
then

(2.10) DLog (w, u) (A) + DLog (w, ) (B) — DLog (w, 1) (A + B)
> k (DLog (w, ) (A+ B) — (A+ B) D (w) (1)) (A+ B) "

PROOF. If BA+AB > k, then by multiplying both sides by (A + B + s + )\)_1,
we get

(A+B+s+ X\ " (BA+AB)(A+B+s+)\) "

>E(A+B+s+\)"7,
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for s, A > 0, which by integration gives that

/Ooow()\)</ooosi)\(A+B+s+)\)_l

« (BA+ AB) (A+B+3+A)*1ds) d (M)

zk/ooow(x) (/OwsiA(A+B+s+A)—2>dM(A).

Observe that, by continuous functional calculus and by (2.8]) and (2.9)), we get

/Ooow(x) (/Ooosi)\(A+B+s+/\)_2>du()\)

=Gy, (A+B)
= (DLog (w, 1) (A+ B) — (A+ B)D (w) (t)) (A+ B) >

and the inequality (2.10) is proved. O

REMARK 2. If A, B > 0 with BA+ AB > k > 0, then we have the
following refinement of (2.6))

DLog (w, ) (A) + DLog (w, ) (B) — DLog (w, 1) (A + B)
> k (DLog (w, 1) (A+ B) — (A+ B)D (w) (t)) (A+ B) % > 0.

If we write the inequality (2.10)) for the transform DLog (w;--1) we get for
r € (0,1] that

A"+ B —(A+B) >(1-rk(A+B)?,

provided A, B > 0 with BA+ AB > k. If k > 0, then we obtain the following
refinement of ([2.7)

A"+ B —(A+B) >(1-r)k(A+B)"?>0.
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3. Some examples via operator monotone functions

We have the following class of examples that are of interest:
LEMMA 2. Assume that function f: [0,00) — R is operator monotone

in [0,00) and has the representation (L.1)), where b > 0 and p is a positive
measure on [0,00). Then

DLLog (€.41) (1) = Fy (1) — bt

provided the function
t —f(0
Ff (t): /0 f(s) - ( ) s

is defined for all t € (0, 00).
PROOF. From (|1.1]) we have

where £(A) =\, A > 0.
By taking the integral over s on (0,t), we have

t _ t
Fr = [ Iy~ [ D) (5)ds = DLog () 0
0 0
for ¢t > 0, and the proposition is proved. [l

REMARK 3. If we take f (¢t) = In (¢t + a), for a, t > 0, then we have

"In(s+a)—In(a) b1 s
F = = [ -In(—-+1)ds.
In(t+a) (1) /0 . ds /0 S 1n (a + ) ds

If we change the variable u = 2, then we get

t]. s t/(l 1 t/al
/ 1n(+1)d5:/ 1n(u+1)adu:/ ZIn(u+1)du
o S a 0 ua 0 U

t
= —dilog ( + 1) ,
a
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which gives

¢
Fln(t-&-a) (t) = —dilog (a + 1) , t>0.
If f(t)=t", 7€ (0,1], then Fy (t) := L t > 0.

PROPOSITION 1. Assume that function f: [0,00) — R is operator mono-
tone in [0,00). If A, B > 0 with BA+ AB >0, then

(3.1) Fy (A)+ Ff(B) > Fy (A+ B).
PROOF. By Lemma [2] we have for all A, B > 0 that
DLog (¢, 1) (A) + DLog (¢, 1) (B) — DLog (¢, 1) (A + B)
=Ff(A)—bA+F¢(B)—bB—-Ff(A+B)+b(A+ B)
= Fy (4)+ Fy (B) - Fy (A+ B).
By making use of we derive the desired result . O

ProOPOSITION 2. If A, B > 0 with BA4+AB > k, where k is a real number,
then

Fy(A)+ Fy(B) — Fy (A+ B)
> k[Ff(A+B) = f(A+B)+ f(0)] (A+ B)~".
If k > 0, then we have the refinement of
Fy(A)+ Fy(B) — Fy (A+ B)
> k[Ff(A+B) = f(A+B)+ f(0)] (A+ B)™* > 0.

REMARK 4. If we take f (t) =In (t + a), for a, t > 0, then we have
. 1 . 1 ) 1
dilog ( (A+ B) + 1) — dilog (aA + 1) — dilog (aB + 1)
a
1 _
>k [lna—dilog < (A+B)+1> —ln(A—i—B)] (A+B)?>>0
a

provided A, B > 0 with BA+ AB >k > 0.
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