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GENERALIZED FRACTIONAL INEQUALITIES
OF THE HERMITE-HADAMARD TYPE
FOR CONVEX STOCHASTIC PROCESSES

MCSYLVESTER EJIGHIKEME OMABA, EZE R. NWAEZE

Abstract. A generalization of the Hermite-Hadamard (HH) inequality for
a positive convex stochastic process, by means of a newly proposed frac-
tional integral operator, is hereby established. Results involving the Riemann—
Liouville, Hadamard, Erdélyi-Kober, Katugampola, Weyl and Liouville frac-
tional integrals are deduced as particular cases of our main result. In addition,
we also apply some known HH results to obtain some estimates for the expecta-
tions of integrals of convex and p-convex stochastic processes. As a side note, we
also pointed out a mistake in the main result of the paper [Hermite—Hadamard
type inequalities, convex stochastic processes and Katugampola fractional in-
tegral, Revista Integracion, temas de matemaéticas 36 (2018), no. 2, 133-149].
We anticipate that the idea employed herein will inspire further research in
this direction.

1. Introduction

Let I C R be an interval. A function f: I — R is said to be convex if for
all x,y € I and X € [0, 1], the following inequality holds:

fAz+ (1 =Ny) <Af(@) + (1 =N f(y)
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For this class of functions, the following theorem is known:

THEOREM 1.1 (Hermite-Hadamard Inequality). Let f: I — R be a convex
function, and a,b € I with a < b, then

(1.1) f<“+b> < ia/:f(t)dt < @+ 50

2 2

Inequalities akin to the above double inequality have been established
for different classes of functions. In this article, we shall discuss (|1.1)) within
the frame work of the convex stochastic processes. Now, let (Q, F, P) be a
probability space. In 1980, Nikodem [5] introduced the notion of convex sto-
chastic processes and proposed the following definition: a stochastic process
X: 1 xQ — Ris said to be convex if

XMa+ (1=X)b,") <AX(a,-)+ (1 —=X)X(b,-)

holds almost everywhere for all a,b € I and A € [0,1]. If we put A = %
in the above inequality, then the process X is Jensen-convex or %—convex.
A stochastic process X is termed concave if —X is convex. For a stochastic

process, we have the following theorem:

THEOREM 1.2 ([3]). Let X: I x Q — R be a convex and mean square
continuous process in the interval I x Q. Then

a b a. - )
- X( +b")§bia/aX(tw)dt§X(’HX(Z”)

2 2

holds almost everywhere.
Recently, this concept was extended in the following definitions:

DEFINITION 1.3 (6]). A stochastic process X: I C (0,00) x & — R is
called p-convez if the inequality

X([Aa? + (1= NP)7,) < AX(a,-) + (1 — \)X(b, ")

holds almost everywhere for all a,b € I C (0,00), p € R and X € [0, 1].
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DEFINITION 1.4 ([7]). A stochastic process X : I C (0,00) x Q — R is said
to be exponentially p-convez if the inequality

eab

X+ (1 - )by <A@ gy

eaa
holds almost everywhere for all a,b € I C (0,00), p € R\ {0} and A € [0, 1].

For these classes of functions, the following theorems have been estab-
lished:

THEOREM 1.5 ([6]). Let X: I C (0,00) x Q — R be a p-convex stochastic
process and mean-square integrable on [a,b] where a,b € I and a < b. Then

(1.3) X([“”bp];,.) <= P [PX(),  X@)+X(b)

2 —ap J, ti7Pp 2

THEOREM 1.6 ([7]). Let X: I C (0,00) x Q — R be an exponentially
p-convex stochastic process. Let a,b € I with a < b. If X is mean-square
integrable on [a,b], then for p € R\ {0} and a € R, we have almost everywhere

(1.4) X({ap;bp];,) v [ X(s) oo

bp —ar J, sl—Pexs

< (@) 8 4 @0,

where

Al(a):/ol ( - 1 A2<a>=/01 (1— )

a(Xap(1—n)bp ea(xap+(1—,\)bp)'
The case of o =0 gives (1.3).

Aside extensions by means of convexity, analogues of inequality (with
the Riemann-Liouville, Hadamard, Erdélyi-Kober, Katugampola, Weyl and
Liouville fractional integrals) are bound in the literature. Recently, Katugam-
pola [2] unified the aformentioned six integral operators as follows:

Suppose X?(a,b), ¢ € R denotes the set of complex valued Lebesgue mea-
surable functions f on [a,b] with the norm

b dt\ 7
= ([erord) <s 1sp<s,
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and

[fllxee = sup ess|t“f(2)].
te(a,b)

Let f € XP(a,b), a > 0 and S, p,n,k € R. Then the left (and respectively
the right) fractional integrals of f are given by

— K t
(plaf} f) (t) = Pt / (tP —sP) o LsPt D=1 f()ds, 0<a<t<b<oo
Fol) Oy, 0% :

and

(1,08) 0= 2 [ 15t s, 0 a<t << oo
b77777"i F(a) t ’ o o .

Forn =0, 8 = a and k = 0, one obtains, from the above defined operators,
the so-called Katugampola integrals. For this, Hernandez and G6émez recently
proved the following theorem:

THEOREM 1.7 ([1]). Let « > 0 and p > 0. Let X: [a”,bP] x Q@ — R be
a positive stochastic process with 0 < a < b and X (t,-) € XP(a”,b?). If X(t,")
is conver, then the following inequality holds almost everywhere

p
(¢ +b”7. < INa+1)
2 = 2p=(bP — aP)

a (pJIg’—X<ap7 ) + th(zlP—l-X(bpa ))

< X(ap’ ) + )((bp7 )

(1.5)

)

2pa
where P JS, X (a”,-) = f’Ibo‘p’f’mOX(ap, ) and P IS, X (b°,-) = plg‘,;i7070X(bp, ).

However, we observed that there is a mistake in the proof of Theorem [I.7]
and hence, inequality (1.5 should read:

Py pe
x( +b ) < F(a+1)
2 — 2p=(bP — ar)e

it 223 50)

< X(a'p7') +X(bp7 )

(1.6) < 5

REMARK 1.8. We were informed that recently, the authors of [1] submitted
a follow-up paper with a corrected version of Theorem [I.7}
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The goal of this article is two-fold. Namely,

1. Give a broader generalization of inequality by means of the gener-
alized fractional integral operators. From this, inequalities involving the
Riemann-Liouville, Hadamard, Erdélyi-Kober, Katugampola, Weyl and
Liouville fractional integrals are deduced as particular cases.

2. As an application, we provide new Hermite-Hadamard type estimates for
expectations of integrals of convex and p-convex stochastic processes.
This article is arranged as follows: Section [2] contains two subsections —

the first subsection houses the generalization of the Hermite-Hadamard in-

equality in the fractional sense. Thereafter, some new estimates involving the
expectation of integrals of positive—convex stochastic processes are given in
the next subsection.

2. Main Results

In this section, we start by presenting a generalization of Theorem [I.7]

2.1. Generalized Fractional HH Inequality

THEOREM 2.1. Let « > 0,p > 0,8 > 0 and n > 0. Suppose that
X : [aPOrt D) ppHD] x QO — R s a positive stochastic process with 0 < a < b
and X (t,-) € XP(aP(r+ V) pp+ D) If X (t,-) is convex, then the following in-
equality holds almost everywhere

¥ aP(+1) 4 pe(n+1) - n+ D' (a+1)
2 7 ) = 2pB (et ) = ge(nt 1))

1 proB X(bp(nJrl)’ >

pePn(n+1) “ar(+DT g op

1
pronB p(n+1) |
X |:ak:p(n+1) Ile(”I"'l)_"r]’/q,X(a ) )+

- X(ap(nJrl)7 > _2|_X(bp(n+1)’ )

PROOF. Let p := p(n+ 1), t € [a,b] and u,v € [a,b]. We now define u”
and v” as follows:

uf =tPaf 4+ (1 —tP)bP, P = (1 —t7)a” + tPbP.
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Then, u” + v? = a” + b°. Since X is a convex stochastic process, we have:

X<up + vp> o X)) ;X(vﬂv

and obtain

a® + b o - e
2X (5 ) £ X(#a7 + (1= )0) + X (1 = t9)a? +1707).

Now, multiplying both sides of the above inequality by t**~! «,p > 0 and
integrating over ¢ in the interval [0, 1] we obtain:

p o
(2.1) 2 X(a +0b

1
< [ tPTIX (tPaP + (1 — tP)bP)dt
ap(n +1) 2 ) /0 )

1
+/ t*PLX((1 = tP)a + t°bP)dt.
0

bP —uP
bP—aP

_ du =

uP
bo—up

and hence

From the definition of u” above, we have t? =
—Lldt
Sdt.
Computing the right hand side of the inequality and using the definition
of the generalized integral, one gets:

1 1
/ taﬁle(tﬁaﬁ + (1 _ tﬁ)bﬁ)dt — / taf’X(tﬁaﬁ + (1 — tﬁ)bﬁ)tfldt
0 0

@ IhP — P\ _oubl
- _ p
= /b <bﬁ—aﬁ> X(u )bﬁ—uﬁdu

Following similar steps, we also obtain:

L S INGY! 1
ap—1 _ 4P\ ,P PHP —
/O t X ((1 = t7)a” + t70")dt pi=P(aP)k (b — ap)™ 07T mn
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Substituting the integrals into (2.1]), we get:

I'(«) 1
<

af + bﬁ>
~ plfs (bﬁ — aﬁ)a

(2.2) j;,X( :

1 ~ 1 ~
proB oo pronB P
% <(bf3)pn Ia5+,n,an(b )+ (aP)k Ibﬁ_mmX(a ’ )>

To obtain the other part of the inequality, we use the convex property of the
process X as follows:

X (tPaP + (1 —tP)bP) < tPX (a) + (1 — tP) X (bP),
X((1—tP)a? +1t°°) < (1 —tP) X (a) + tP X (bP).
Adding the two inequalities, we obtain:
X(tPa? + (1 — tP)bP) 4+ X ((1 — tP)a? + t°VP) < X (a?) + X (bP).

Multiplying through by t**~!, «,p > 0 and integrating the resulting inequal-
ity over ¢, in the interval [0, 1], we obtain

1

F(Oé) 1 1 p a,ﬁ ﬁ p a,ﬁ ]
(2:3) pl—B (bﬁ _ aﬁ)o‘ <(bﬁ)pn Iaf’*,n,an(b ) (aP)F Ibﬁ’,n,nx(a )

Thus, combining (2.2) and (2.3)), we get:

< ') 1
— pip (bﬁ — af’)

(2.4) jﬁX <aﬁ + bﬁ)

2

«

1 ; 1 i
><< el X (V) T X(ap,-))

(bP)Pm ~a?"mpn (aP)k “b7 7k

X(a?) + X (bP)
ap ’

<

It is enough to multiply now all sides of (2.4) by %’5 and the intended result
follows. O
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We deduce the generalized Hermite-Hadamard inequality for the general-
ized Katugampola fractional integrals of any convex function f:

COROLLARY 2.2. Let f € XP(a?1t D) pp+ D)) If £ [aP(HD) pp D] o R
is a convex function with 0 < a <b,a >0, p >0, >0 andn > 0, then

ar(1+1) 4 pe(n+1) _ (n+ )l (a+1)
2 = QP—B(bp(nH) — ap(n+1))a

1 pronB f(ap(”H))

1 a,p +1
% [”I f(bp(” ))+ k1) b= g

pe2n(n+1) “ar(+LT p oy

_ f(ap(n+1)) + f(bﬂ(”“))
< 2 .

REMARK 2.3. In view of Theorem [2.1], we make the following observations:

1. If we set S = o and Kk =7 = 0 in Theorem then we recover Theorem
L7

2. By setting 8 = a, K = n = 0 and taking limit p — 0T in Theorem we
get the Hermite-Hadamard inequality involving the Hadamard fractional
integral operators.

3. Let 8 =0 and kK = —p(a + n) in Theorem we obtain the Hermite—
Hadamard inequality involving the Erdélyi-Kober fractional integral oper-
ators.

4. If we let a = 0, kK = n = 0 and taking limit p — 1 in Theorem then we
have the Hermite-Hadamard inequality involving the Liouville fractional
integral operators.

5. Substituting 8 = «, kK = n = 0 and taking limit p — 1 in Theorem [2.1} we
get the following Hermite-Hadamard inequality involving the Riemann—
Liouville fractional integral operators:

25) X<a+b ) _ T+

(J;_X(a, )+ T X (b, -))

2 7)) 7 2(b—a)
< X(CL,~)—2{—X(b,'),

where X (,-) € XP(a,b), and J;* and J, are the left and right Riemann-
-Liouville fractional integral operators, respectively.
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In 2013, Sarikaya et al. [§] introduced the (k,r)-fractional integral oper-
ators (which are generalizations of the Riemann—Liouville fractional integral
operators) as follows:

(r4+1)1-%

) /(tm s ELS f(s)ds,  t € [a,b]

I f () =
and

1-2 b )
) = U [t e s, e o

with IZ’lo f(t) = I f(t) where I'y is the Euler gamma k-function given by
o0 tk‘
[y (x) :/ t*le=®dt, Re(z)>0,k>0
0

and I'y (z) = I'(z) the usual gamma function, satisfying the following proper-
ties: T'k(x + k) = 2Tk (x) and Ty (k) = 1.

By following a similar approach as outlined in the proof of Theorem we
state (without proof) a generalization of involving the (k,r)-Riemann-
-Liouville fractional integral operators in the following theorem:

THEOREM 2.4. Let a > 0,k >0 andr > 0. Let X: [a" 1,071 x Q - R
be a positive stochastic with 0 < a < b and X (t,.) € XP(a" 1,07 T1). If X(t,.)
is convez, then the following inequality holds almost everywhere

r+1 r+1
x(@ +5b ) < ;i(a—i—k) _
2 T 2(r+1)7w (b —artl) R

<I;::H)— kX(aT+1 ) Ia(:+1)+ kX(bTJrl’ ))

- X(ar+1,‘)—|—X(br+1,~>
[ 2 .

2.2. Moment Estimates

Let X: I x Q — R be a random variable given by X = X(t,w), t € I,
w € Q. For convenience and simplicity, we will denote X = X (t) = X (¢,-)
for a fixed w € Q. Here and throughout this section, we assume X (t) to be
an {F;}-adapted, positive, non-decreasing convex stochastic process, where
Fi=0{X(s),0 <s <t} for each ¢t € [0,T], is the (its natural) filtration.
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REMARK 2.5. If X (t) is a positive convex stochastic process, then X?2(t) is
also convex. Since the composition of non-decreasing convex functions is still
convex and non-decreasing, it follows therefore that for any two convex, non-
decreasing functions ¢(t) and X?(t), their composition p(X?(t)) is a convex
(and non-decreasing) stochastic process.

THEOREM 2.6. Let p: R — R be a convex, non-decreasing function and X

a one dimensional adapted, positive, non-decreasing convex process such that
E[@(XQ(t))] < oo foralla <t <b. Then

so(a+b> < 1E[/bs@(x2(t))dt} < Elp(C@)] + Bl ()]

2 “b—a 2

PRrooF. Following (|1.1)) for any convex function ¢, we have

(520 i s )

Taking expectation of all sides and applying Jensen’s inequality, we obtain

(el (5)]) <l (45))] < som] [ oo

< E[e(X?*(a)] + E[o(X*(0))]
< : :

AN

and the result follows. O

COROLLARY 2.7. If o: R — R is a convez function and p(X?(t)) = X2(t),
a convex process (X — a one dimensional process), then we have

b 1 b b
“to E[/ XQ(t)dt] g“; ,

2 b—a

and it follows that

E[/abXQ(t)dt] _Y 3 «

We now use Theorem to compute the second moment of integral of
a convex, positive and mean square continuous process (in particular one
dimensional process) as follows:
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THEOREM 2.8. If X: I — R is a convez, positive and mean square con-
tinuous process in the interval I, then

([ )] 20

holds almost everywhere.

PROOF. Square all sides of (1.2) and take expectations, to get:

o (5] < ] ( [ o)

_ E[X?(a)] + 2E[X(a)X (b)] + E[X?(b)]
< 1 :

Hence, since X is adapted,

atb_ 1 EK/:X(t)dt>2]<a+2min{a,b}+b

2 T (b—a)? 4
:a+2a+b<b+2a+b:a+b‘ 0
4 - 4 2

Theorem can be applied to estimate the moment of Katugampola frac-
tional integral mean square continuous process:

THEOREM 2.9. If X(t) is a one dimensional adapted, positive, convex sto-
chastic process satisfying statement of Theorem then

(a” + b°)(bP — aP)™
pT(a+1)

<E [”I;XQ(ap)] +E [ﬂ[;z +X?(bP)D =

PrOOF. Following Theorem since X? is positive and convex, we have

from (1.6)) that:

af + bP (o +1 . .
X2< 2 ) = 2p—a((bﬂ —c)w)a ("2 - X%(@") + 715 X2(07) )

_ X) —;XQ(bP)'
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Now, take expectation of both sides to obtain

B {X2 (ap ;— bp)] = 2p—1:v((zp+_1;ﬂ)“ (E (P15 X*(a”)] + E [p139+X2(bp)]>

_ E[X?(a?)] + E[X2(b")]
g 2 b)

and thus, by assuming that X is adapted we obtain

af + b° < MNa+1)

2 7 2p7(bP —ar)e (E (715 X*(a")] + E[p13p+X2(bp)]>

< af + bP
- 2

. 0

THEOREM 2.10. Let X: I C (0,00) — R be a p-convez, positive stochastic
process and mean-square integrable on [a,b] where a,b € I and a < b. Then

D EPYE (P — oP)2 b 2 D _ D)2
(aP + bP) (ll) aP) <E X(t)dt < (a+b)(bP — aP) .
p227 o P 2p?

PROOF. Since X is a one dimensional p-convex, positive stochastic process,
we have by taking square of all sides of ([1.3)) that:

([*57)) < ool [ 75)

_ X%(a) + 2X(a) X (b) + X?(b)
< 1 .

By taking expectations of all sides and following the proof of Theorem [2.8]

sfe([*57])] < o Zamel (750 <5

We therefore obtain

a? + 60" p? YX(t) N\ _a+b
< < .
[ 2 ] —<bp—ap>2E[</a )= .
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THEOREM 2.11. Let X: I C (0,00) — R be a p-convez, positive stochastic
process and mean-square integrable on [a,b] where a,b € I and a < b. Then

(ap—i—bp)i(bp—ap) - EUZ’ X?(t)dt] _la+ b —a)

p2 P 2p

PROOF. Since X? is a one dimensional p-convex, positive stochastic pro-
cess, then we have from ((1.3]) that

X2<[ap+bp]i) _ ”)(2(%75S X2(a)42—X2(b)

2 S —ar ), P

Taking expectation of all sides yields:

E[XQ({(LP—Fbp]’l’)} _ E[ bXQ(t)dt} - BlX(a)] + BIX?(0)]

— b —qP tl-p 2
We obtain
P+ bP] " p b X2(t) a+b
< E dt| < . U
2 bp — aP tl-p 2

THEOREM 2.12. Let X: I C (0,00) — R be a one dimensional exponen-

tially p-convez, positive stochastic process and integrable on [a,b] with a,b € I
and a < b. Then for p € R\ {0} and a € R,

(a +b7)7 (07 — a”) SE[ / X?(s) ds} _ (Ai(@) gt + As(0) ) (1P — a”)

1 _
p25 a Sl Pes D

PRrOOF. If o # 0, then

X?([“p”p];) SR T . (O I SINe. i C BRNe. S )

2 b —ar [, siPexs exa exb

Taking expectation of all sides we obtain

2 P —aP . Sl7Peos

Pyl b x2
[a +b] < P E< (s) ds) < A1(0) -2+ As(a) o,

for constant numbers A; (a), As(a). O
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THEOREM 2.13. Let X: I C (0,00) — R be a one dimensional exponen-
tially p-convex, positive stochastic process and a,b € I with a < b. If X is
mean-square integrable on [a,b], then for p € R\ {0} and a € R,

P pP)E (P _ 4P)2 b 2
R (Y
p227% o S Pexs

(6" — a?)? 2 2 b a
< o ((A1(a) + AQ(a))er + 2A1(04)A2(a)eam+l,)>~

PROOF. Square (|1.4) and take expectations of all sides to obtain:

9 a? + b7 p? b X(s) 2
ee([57]) = e s

< E(Al(a));‘j) + As() fﬁ?)Q

and the result follows. O

3. Conclusion

New fractional inequalities of the Hermite-Hadamard type for positive—
convex stochastic processes have been established. The first result generalizes
and unifies some known results in the literature. Loads of estimates can be
deduced as special cases of our main theorems. For related results, we invite
the interested reader to the following papers [4, O, [10, 11 12, 13] and the
references cited therein.
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