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STRONG MAXIMUM PRINCIPLES FOR INFINITE
IMPLICIT PARABOLIC SYSTEMS

Ludwik Byszewski

Abstract. In this paper we prove a theorem on strong maximum principles
for infinite implicit systems of parabolic differential-functional inequalities to-
gether with nonlocal inequalities with functionals in (n + 1)-dimensional sets
more general than the cylindrical domain. Results obtained are generalizations
of those from [1]–[8] and [10].

1. Introduction

In this paper we study the following infinite parabolic systems:

Fi(x, t, u
i(x, t), uit(x, t), u

i
x(x, t), uixx(x, t), u)

≥ Fi(x, t, v
i(x, t), vit(x, t), v

i
x(x, t), vixx(x, t), v) (i = 1, 2, . . .)

together with the following nonlocal inequalities with functionals:

[uj(x, t0)−Kj ] +
∑

i∈I∗
hi(x)[gi(x, u

j |Zi)−Kj ] ≤ 0

in (n+ 1)-dimensional space-time more general than the cylindrical domain.
We prove strong maximum principles for the above problems.
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Results obtained are generalizations of those from [1]–[8] and [10].
Infinite parabolic systems have physical application. For this purpose

please see the publication [9] by Wrzosek.

2. Preliminaries

The notation, definitions and assumptions given in this section are applied
throughout the paper.

We shall use the following notations:

R = (−∞,∞), N = {1, 2, . . .}, x = (x1, . . . , xn) ∈ Rn (n ∈ N).

By `∞ we denote the Banach space of real sequences ξ = (ξ1, ξ2, . . .) such that

sup{| ξj |: j = 1, 2, . . .} <∞

and

‖ξ‖`∞ = sup{| ξj |: j = 1, 2, . . .}.

For ξ = (ξ1, ξ2, . . .), η = (η1, η2, . . .) ∈ `∞ we write ξ ≤ η in the sense ξi ≤ ηi
(i ∈ N).

Let t0 be a real number and let T ∈ (0,∞).
A set D ⊂ {(x, t) : x ∈ Rn, t0 < t ≤ t0 + T} is called a set of type (P ) if

(a) The projection of the interior of set D on the t-axis is the interval (t0, t0 +
T ).

(b) For every (x̃, t̃) ∈ D there exists a positive number r = r(x̃, t̃) such that

{(x, t) :

n∑

i=1

(xi − x̃i)2 + (t− t̃) < r, t < t̃} ⊂ D.

(c) All the boundary points (x̃, t̃) of D for which there is a positive number
r = r(x̃, t̃) such that

{(x, t) :
n∑

i=1

(xi − x̃i)2 + (t− t̃) < r, t ≤ t̃} ⊂ D

belong to D.
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For any t ∈ [t0, t0 + T ] we define the following sets:

St =

{
int{x ∈ Rn : (x, t0) ∈ D̄} for t = t0,

{x ∈ Rn : (x, t) ∈ D} for t 6= t0,

σt =

{
int[D̄ ∩ (Rn × {t0})] for t = t0,

D ∩ (Rn × {t}) for t 6= t0.

Let D̃ be an arbitrary set such that

D̄ ⊂ D̃ ⊂ Rn × (−∞, t0 + T ].

We introduce the following sets:

∂pD := D̃ \D and Γ := ∂pD \ σt0 .

For an arbitrary fixed point (x̃, t̃) ∈ D, we denote by S−(x̃, t̃) the set of
points (x, t) ∈ D, that can be joined to (x̃, t̃) by a polygonal line contained in
D along which the t-coordinate is weakly increasing from (x, t) to (x̃, t̃).

Let Z∞(D̃) denote the space of mappings

w : N× D̃ 3 (i, x, t)→ wi(x, t) ∈ R,

where the functions

wi : D̃ 3 (x, t)→ wi(x, t) ∈ R

are continuous in D̄ and

sup{| wi(x, t) |: (x, t) ∈ D̃, i ∈ N} <∞.

For w, w̃ ∈ Z∞(D̃) we write w ≤ w̃ in the sense wi ≤ w̃i (i ∈ N).

By Z2,1
∞ (D̃) we denote the linear subspace of Z∞(D̃). A mapping w be-

longs to Z2,1
∞ (D̃) if wi

t, w
i
x = (wi

x1
, . . . , wi

xn
), wi

xx = [wi
xjxk

]n×n (i ∈ N) are
continuous in D.

ByMn×n(R) we denote the space of real symmetric matrices r = [rjk]n×n.
Let the mappings

Fi : D × R× R× Rn×Mn×n(R)× Z∞(D̃) 3 (x, t, z, p, q, r, w)

−→ Fi(x, t, z, p, q, r, w) ∈ R (i ∈ N)

be given and let for an arbitrary function w ∈ Z2,1
∞ (D̃)
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Fi[x, t, w] := Fi(x, t, w
i(x, t), wi

t(x, t), w
i
x(x, t), wi

xx(x, t), w),

(x, t) ∈ D (i ∈ N).

For a given subset E ⊂ D and a given mapping w ∈ Z2,1
∞ (D̃), and a fixed

index i ∈ N the function Fi is called uniformly parabolic with respect to w in
E if there is a constant κ > 0 (depending on E) such that for any two matrices
r = [rjk] ∈ Mn×n(R), r̃ = [r̃jk] ∈ Mn×n(R) with r ≤ r̃ and for (x, t) ∈ E, we
have

(2.1) Fi(x, t, w
i(x, t), wi

t(x, t), w
i
x(x, t), r̃, w)

− Fi(x, t, w
i(x, t), wi

t(x, t), w
i
x(x, t), r, w) ≥ κ

n∑

j=1

(r̃jj − rjj).

If (2.1) is satisfied for κ = 0 and r = wi
xx(x, t), where (x, t) ∈ D, and for

r̃ = wi
xx(x, t) + r̂, where (x, t) ∈ E and r̂ ≥ 0, then Fi is called parabolic with

respect to w in E.
Two functions u, v ∈ Z2,1

∞ (D̃) are called solutions of the system

(2.2) Fi[x, t, u] ≥ Fi[x, t, v] (i ∈ N)

in D, if they satisfy (2.2) for (x, t) ∈ D.

Assumption (L). There are constants Li > 0 (i = 1, 2) such that

Fi(x, t, z, p, q, r, w)− Fi(x, t, z, p̃, q, r, w) ≤ L1(p̃− p) (i ∈ N)

for all (x, t) ∈ D, z ∈ R, p > p̃, q ∈ Rn, r ∈Mn×n(R), w ∈ Z∞(D̃) and

Fi(x, t, z, p, q, r, w)− Fi(x, t, z̃, p̃, q̃, r̃, w̃)

≤ L2

(
|z − z̃|+ |p− p̃|+ |x|

n∑

j=1

|qj − q̃j |

+ |x|2
n∑

j,k=1

|rjk − r̃jk|+ [w − w̃]t,∞
)

(i ∈ N)

for all (x, t) ∈ D, z, z̃ ∈ R, p, p̃ ∈ R, q, q̃ ∈ Rn, r, r̃ ∈Mn×n(R), w, w̃ ∈ Z∞(D̃).
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For every set A ⊂ D̃ and for each function w ∈ Z∞(D̃) we apply the
notation:

max
(x,t)∈A

w(x, t) :=
(

max
(x,t)∈A

w1(x, t), max
(x,t)∈A

w2(x, t), . . .
)
.

Let I = N or I is a finite set of natural numbers.
Let us define the set

S =
⋃

i∈I
(σT2i−1

∪ σT2i
),

where, in I = N, the following conditions are satisfied:
(i) t0 < T2i−1 < T2i ≤ t0 + T for i ∈ I and

T2i−1 6= T2j−1, T2i 6= T2j for i, j ∈ I, i 6= j;

(ii) T0 := inf{T2j−1 : i ∈ I0} > t0;

(iii) St ⊃ St0 for every t ∈ ⋃
i∈I

[
T2i−1, T2i

]
;

(iv) St ⊃ St0 for every t ∈
[
T0, t0 + T

]
,

and if I is a finite set of natural numbers, the conditions (i), (iii) are satisfied.
An unbounded set D of type (P ) is called a set of type (PSΓ), if:

(a) S 6= φ,
(b) Γ ∩ σ̄t0 6= φ.

Let S∗ denote a non-empty subset of S. We define the following set:

I∗ = {i ∈ I : (σT2i−1 ∪ σT2i) ⊂ S∗}.

An bounded set D of type (P ) satisfying condition (a) of the definition of
a set of type (PSΓ) is called a set of type (PSB).

Let

Zi := St0 × [T2i−1, T2i] (i ∈ I∗).

Assumption (N). The functions gi : St0 × C(Zi,R) → R (i ∈ I∗) and
hi : St0 → R− (i ∈ I∗) satisfy the following conditions:

(N1) gi(x, ξ |Zi) ≤ max
i∈[T2i−1,T2i]

ξ(x, t) for x ∈ St0 , ξ ∈ C(D̄,R) (i ∈ I∗)
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and

(N2) −1 ≤
∑

i∈I∗
hi(x) ≤ 0 for x ∈ St0 .

3. Strong maximum principles

Theorem 3.1. Assume that:
(1) D is a set of type (PSΓ) or (PSB).
(2) The functions Fi (i ∈ N) satisfy Assumption (L) and the functions gi, hi

(i ∈ I∗) satisfy Assumption (N).

(3) u ∈ Z2,1
∞ (D̃) and the maximum of function u of Γ is attained. Moreover,

K ∈ `∞,K : N× D̃ 3 (i, x, t)→ Ki is given by

(3.1) Ki := max
(x,t)∈Γ

ui(x, t) (i ∈ N).

(4) The following inequalities hold

(3.2) [uj(x, t0)−Kj ] +
∑

i∈I∗
hi(x)[gi(x, u

j |Zi)−Kj ] ≤ 0

for x ∈ St0 (j ∈ N), where the series
∑
i∈I∗

hi(x)gi(x, u
j |Zi) (j ∈ N) are

convergent for x ∈ St0 if cardI∗ = ℵ0.

(5) There exists a point (x∗, t∗) ∈ D̃ such that

u(x∗, t∗) = max
(x,j)∈D̃

u(x, t).

Moreover

(3.3) M i := ui(x∗, t∗) (i ∈ N)

and M ∈ `∞ is defined by

M : N× D̃ 3 (i, x, t)→M i.

(6) u and v = M are solutions of system (2.2) in D.
(7) Fi (i ∈ N) are parabolic with respect to u in D and uniformly parabolic

with respect to M in any compact subset of D.
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Then

(3.4) max
(x,t)∈D̃

u(x, t) = max
(x,t)∈Γ

u(x, t).

Moreover, if there is a point (x̃, t̃) ∈ D such that

u(x̃, t̃) = max
(x,t)∈D̃

u(x, t)

then

u(x, t) = max
(x̂,t̂)∈Γ

u(x̂, t̂) for (x, t) ∈ S−(x̃, t̃).

Proof. We shall prove Theorem 3.1 for a set of type (PSΓ) only, since
the proof of this theorem for a set of type (PSB) is analogous.

We shall argue by contradiction. Suppose that

M 6= K.

Next, (3.1) and (3.3) imply inequalities

Ki ≤M i (i ∈ N).

Consequently,

(3.5) There is ` ∈ N such that Kt < M t.

Observe, from assumption (5), that:

There is a point (x∗, t∗) ∈ D̃ such that
u(x∗, t∗) = M := max

(x,t)∈D̃
u(x, t).(3.6)

By (3.6), assumption (3) and (3.5), we have

(3.7) (x∗, t∗) ∈ D̃ \ Γ = D ∪ σt0 .

An argument analogous to the proof of Theorem 3.1 of [3] yields

(3.8) (x∗, t∗) /∈ D.
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Conditions (3.7) and (3.8) give

(3.9) (x∗, t∗) ∈ σt0 .

Consider now two possible cases:

(I)
∑

i∈I∗
hi(x) = 0, (II) − 1 ≤

∑

i∈I∗
hi(x) < 0.

In case (I) condition (3.9) leads, by (3.5), to a contradiction of (3.2) with
(3.6). From this contradiction the proof of (3.4) is complete in case (I).

In case (II), by the definition of sets I and I∗, we must consider the fol-
lowing cases:
(A) I∗ is a finite set, i.e. (without loss of generality), there is a number P ∈ N

such that I∗ = {1, . . . , P}.
(B) card I∗ = ℵ0.

First we shall consider case (A). And so, since ui ∈ C(D̄,R), it follows
that for every j ∈ I∗ there is T̃ j

i ∈ [T2i−1, T2i] such that

(3.10) uj(x∗, T̃ j
i ) = max

t∈[T2i−1,T2i]
uj(x∗, t).

Consequently, by (3.2), Assumption (N1), (3.10) and the inequality

u(x∗, t) < u(x∗, t0) for t ∈
P⋃

i=1

[
T2i−1, T2i

]

(being a consequence of (3.6), (3.9) and of (a)(i), (a)(iii) in the definition of a
set of type (PSΓ)), there is

0 ≥ [uj(x∗, t0)−Kj ] +
P∑

i=1

hi(x
∗)[gi(x∗, uj |Zi)−Kj ]

≥ [uj(x∗, t0)−Kj ] +

P∑

i=1

hi(x
∗)[uj(x∗, T̃ j

i )−Kj ]

≥ [uj(x∗, t0)−Kj ] +

P∑

i=1

hi(x
∗)[uj(x∗, t0)−Kj ]

= [uj(x∗, t0)−Kj ] · [1 +
P∑

i=1

hi(x
∗)] (j ∈ N).
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Hence

(3.11) u(x∗, t0) ≤ K if 1 +
∑

i∈I∗
hi(x

∗) > 0.

Then, from (3.5) and (3.9), we obtain a contradiction of (3.11) with (3.6).
Assume now that

(3.12)
∑

i∈I∗
hi(x

∗) = −1.

Observe that for every j ∈ N there is a number `j ∈ {1, ..., P} such that

(3.13) uj(x∗, T̃ j
lj

) = max
i=1,...,P

uj(x∗, T̃ j
i ).

Consequently, by (3.12), (3.13), (3.10), by Assumption (N1), and by (3.2), we
obtain

ui(x∗, t0)− uj(x∗, T̃ j
lj

) = [uj(x∗, t0)−Kj ]− [uj(x∗, T̃ j
lj

)−Kj ]

= [uj(x∗, t0)−Kj ] +

P∑

i=1

hi(x
∗)[uj(x∗, T̃ j

lj
)−Kj ]

≤ [uj(x∗, t0)−Kj ] +

P∑

i=1

hi(x
∗)[uj(x∗, T̃ j

i )−Kj ]

≤ [uj(x∗, t0)−Kj ] +

P∑

i=1

hi(x
∗)[gi(x

∗, uj |Zi)−Kj ]

≤ 0 (j ∈ N).

Hence

(3.14) ui(x∗, t0) ≤ uj(x∗, T̃ j
lj

) (j ∈ N) if
P∑

i=1

hi(x
∗) = −1.

Since, by (a)(i) of the definition of a set of type (PSΓ), T̃ j
lj
> t0 (j ∈ N), from

(3.9), we get that condition (3.14) contradicts (3.6). This completes the proof
of (3.4) in case (A).

It remains to investigate case (B). Analogously as in the proof of (3.4) in
case (A), by (3.2), Assumption (N1), (3.10) and the inequality

u(x∗, t) < u(x∗, t0) for t ∈
⋃

i∈I∗
[T2i−1, T2i]
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(being a consequence of (3.6), (3.9), and of the (a)(i), (a)(iii) of the definition
of a set of type (PSΓ)), there is

0 ≥ [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[gi(x
∗, uj |Zi)−Kj ]

≥ [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[uj(x∗, T̃ j
i )−Kj ]

≥ [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[uj(x∗, t0)−Kj ]

= [uj(x∗, t0)−Kj ] · [1 +
∑

i∈I∗
hi(x

∗)] (j ∈ N).

Hence

(3.15) u(x∗, t0) ≤ K if 1 +
∑

i∈I∗
hi(x

∗) > 0.

Then, from (3.5) and (3.9), we obtain a contradiction of (3.15) with (3.6).
Assume now that

(3.16)
∑

i∈I∗
hi(x

∗) = −1.

Let

(3.17) T̃ j
∗ = inf

i∈I∗
T̃ j
i (j ∈ N).

Since ui ∈ C(D̄)(i ∈ N) and since (by (3.9) and by (a)(iv), (a)(ii) of the
definition of a set of type (PSΓ)) x∗ ∈ St for every t ∈ [T0, t0 + T ] if I = N,
from (3.17), it follows that for every j ∈ N there is a number t̂j ∈ [T̃ j

∗ , t0 + T ]
such that

(3.18) uj(x∗, t̂j) = max
t∈[T̃ j

∗ ,t0+T ]
uj(x∗, t).
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Consequently, by (3.16), (3.18), (3.10), by Assumption (N1) and Assumption
(4), there follows

uj(x∗, t0)− uj(x∗, t̂j) = [uj(x∗, t0)−Kj ]− [uj(x∗, t̂j)−Kj ]

= [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[uj(x∗, t̂j)−Kj ]

≤ [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[uj(x∗, T̃ j
i )−Kj ]

≤ [uj(x∗, t0)−Kj ] +
∑

i∈I∗
hi(x

∗)[gi(x
∗, uj |Zi

)−Kj ]

≤ 0 (j ∈ N).

Hence

(3.19) uj(x∗, t0) ≤ uj(x∗, t̂j) (j ∈ N) if
∑

i∈I∗
hi(x

∗) = −1.

Since, by (a)(ii) of the definition of a set of type (PSΓ), t̂j > t0 (j ∈ N),
from (3.9), we get that condition (3.19), contradicts condition (3.6). This
completes the proof of equality (3.4).

The second part of Theorem 3.1 is a consequence of (3.4) and of Theorem
4.1 from [2]. Therefore, the proof of Theorem 3.1 is complete. �

Remark 1. It is easy to see that the functionals

gi : St0 × C(Zi,R)→ R (i ∈ I∗)

given by the formulae

gi(x,w
j |Zi) =

1

T2i − T2i−1

∫ T2i

T2i−1

wj(x, τ)dτ, x ∈ St0 ,

wj ∈ C(D̄,R) (i ∈ I∗, j ∈ N)

satisfy Assumption (N1).
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