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A KNESER THEOREM FOR ORDINARY DIFFERENTIAL
EQUATIONS IN BANACH SPACES

MARC MITSCHELE

Abstract. We show that the set of solutions of the initial-value problem
w(t) =a, u'(t) =gt ul®)+kEul), T<t<T,

in a Banach space is compact and connected, whenever g and k are bounded

and continuous functions such that g is one-sided Lipschitz and k is Lipschitz

with respect to the Kuratowski measure of noncompactness. The existence of
solutions is already known from Sabina Schmidt [10].

1. Introduction

In the following let E' be a Banach space with norm || - ||, and let 7,7 be
real numbers such that 7 < T. We consider the initial-value problem

(1.1) w(t)=a, u'(t)=f(tul), T<t<T,

where a € E, f = g+ k, the functions g,k: [7,T] x E — E being continuous
and bounded, g one-sided Lipschitz and k an a-Lipschitz function. The last
two conditions mean the following:

[$7y7g(t)x)7g(tay)]—SLH‘KI‘Ain’ TStST? LL’7yEE,
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where generally [, y]- = lim (|l + hy|| - l|zll), @,y € E;

a(k([r,T] x B)) < Ka(B), B C E, B bounded,

a denoting the Kuratowski measure of noncompactness.
It is known from Sabina Schmidt (1989, [10]) that, under these hypotheses,
the initial-value problem (1.1) has at least one solution

(1.2) u: [7,T] - E.

The proof of this result can also be found in Peter Volkmann’s survey [11].
The present paper shows that the set of solutions (1.2) of (1.1) is a compact
and connected subset of the Banach space C([r,T], E).

2. Notations and tools

We use S(z,r) to denote the closed ball in E with center z and radius
r, and A to denote the closed hull of a set A C E. As usual, the diameter
diam(A) of a set A C F means the number sup {||z — y|| : z,y € A}, which
for A empty (unbounded) is taken to be zero (resp. infinity). The Kuratowski
measure of noncompactness a(A) of a bounded set A C E is defined as

inf{5>0: A= UA“ diam(A4;) <0, i=1,...,n, nEN}.
i=1

We use the symbol N for the set of natural numbers {1,2,...}. Now we list
some properties of o (cf. [1]): Let A and B be bounded subsets of F and
s € R, then

(2.1) A C B implies a(4) < a(B),

(2.2) o(A) = a(4),

(2.3) a(A+ B) < a(A)+ a(B), a(s-A) = |s] - a(A),
(2.4) a(A) =0 if and only if A is relatively compact,
(2.5) a(S(z,r)) =2r if dimE = occ.

Let (x,) be a sequence in E, x € E and let (¢, ) be a bounded sequence in R
such that ||z, — z|| < ¢, for all n € N, then

(2.6) a({z, :n € N}) < 2limsupc,.

n— o0
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The following lemma has been proved by S. Schmidt [10] for x instead of «,
where x denotes the Hausdorff measure of noncompactness.

LEMMA (Schmidt). Let (z,,) be a bounded sequence in E. Then for any
e > 0 there exists a subsequence (y,) of (zy), such that each infinite subset B
of {yn: n € N} satisfies 2a(B) > o ({x,, : n € N}) — .

PRrOOF. Without loss of generality we assume g := o ({z,, : n € N}) > ¢.
Then we can choose z,, = 1 and Z,,, Tp,, ... With no <ns < ... such that

k
1
Lrggq ¢ U S(xn]‘v 5(050 - 5))
Jj=1

for all £ € N. From this we obtain the sequence (yi) by setting y, = x,,, for
all k € N. O

In the following C([r,T], E) denotes the Banach space of all continuous
functions u: [r,T] — E, where |ju| = Jmax. |lu(t)||. Let F be a family of

functions in C([7,T], E). We set F([7,T]) = {u(t): t € [r,T], u € F} and
F(t) ={u(t): we F}forte [r,T).

A. Ambrosetti’s paper |2]| contains a result on the relationship between the
Kuratowski measures of noncompactness in F and in C([7,T], E).

THEOREM (Ambrosetti). Let F be a bounded and equicontinuous family
of functions in C([r,T], E). Then

a(F) =sup{a(F(@)): te[r,T]} = a(F([r,T])).

The following approximation theorem goes back to J.R.L. Webb [13], again
with x instead of «.

THEOREM (Webb). Let k: [1,T] x E — E be a bounded, continuous and
a-Lipschitz function with constant K > 0. Moreover let ¢ > 0 and ACFE
be bounded. Then there exists a finite-dimensional subspace Y of E and
a bounded continuous function s: [1,T] x A —Y such that

Is(t,z) — k(t,z)|| < Ka(A)+e, 7<t<T, xe€A.

In the next section we make use of the symbol [z, y]_, which was defined
in the introduction. It satisfies

(2.7) v,y +z]_ <[z,y]_+ |z, =y z2€E.
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Moreover, if the function u: [7,7] — FE has the left-hand derivative v’ :
(7,T] — E, then the left-hand derivative ||u(-)||" : (7,T] — R exists and

(2.8) lu®l- = [u), @], T<t<T.
For a proof see [9], for example.
R.H. Martin [8] investigated the solvabilty of initial-value problems under

one-sided Lipschitz conditions.

THEOREM (Martin). Let g: [7,T] x E — E be a bounded, continuous and
one-sided Lipschitz function. Then the problem

w(t) =a, u'(t)=g(t,ut), 7<t<T,
has a unique solution.

We finish this section with a result on differential inequalities. A proof
can be found in [12].

LEMMA (On differential inequalities). Let ¢, 9: [7,T] — R be continuous
functions, (1) < (1), and let

oL (8) = p(t,o(t)) <WL(t) = p(t, (1), 7<t<T,

be satisfied with some real-valued function p. Then the inequality (t) < 1(t)
holds for all t € [1,T].

3. The theorem of Sabina Schmidt

In 1989 Sabina Schmidt [10]| proved the following result.

THEOREM (Schmidt). Let a € E, and let g,k : [7,T] x E — E be bounded
and continuous functions, such that g is one-sided Lipschitz with constant L
and k is a-Lipschitz with constant K > 0. Then the initial-value problem
(P) u(r) =a, u'(t)=g(tu(t)) +ktud), 7<t<T,

has at least one solution

(S) u: [1,T) = E.
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The present paper complements this result by showing that the set of
solutions (S) of (P) is a compact and connected subset of the Banach space
C([r,T], E). For the proof we use the following type of approximate solutions.

DEFINITION. Let f: [7,T] x E — E be a continuous function and a € E.
We call a sequence (uy,,) in C'([r,T], E) a sequence of approximate solutions
for the initial-value problem

u(r) =a, ()= fltu®), T<t<T,
if the sequence satisfies the conditions u,(7) — a and
() = fEun(O)]| S en, 7<t<T,

where ¢,, — 0. Here C([r,T], E) denotes the space of all continuously differ-
entiable functions u: [7,7] — E.

Now we prove Schmidt’s theorem by using her procedure with some alter-
ations appropriate for our purpose.

PrOOF OF SCHMIDT’S THEOREM. Without loss of generality let L > 0.
PART 1. First, we prove the solvability of (P) under the additional condi-
tion that
1

L(T—T 1
(3.1) E(e ( >—1)gm.

By means of a theorem of Lasota and Yorke [7] we obtain approximate solu-
tions wu,, for the problem (P) with the following properties:

un(t) =a+a,, a,€E, a,—D0,

(3.2) ul, (t) = g(t,un(t)) + k(t,un(t)) + rn(t), 7<t<T,neN,

n

(3.3) rn € C([r,T),E), |rall <%, mneN,
see Deimling [5], for example.

The family of functions F = {u,, : n € N} is bounded and equicontinuous
in C([r,T], E). We will show that a(F) = 0. Assuming the contrary we can
choose &€ = fa(F) > 0. The set A = F([r,T]) = {u,(t) : t € [1,T], n € N} is
bounded. Hence by Webb’s theorem there exists a finite-dimensional subspace

Y of E and a bounded and continuous function s: [7,7] x A — Y, such that

(3.4) Is(t,z) — k(t,z)|| < Ka(A)+e=Ka(F)+e¢
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for all ¢t € [r,T] and « € A. For the last equality see Ambrosetti’s theorem.
Using Schmidt’s lemma we obtain a subsequence (,,) of (u,) such that

(3.5) 20(B) > a(F) — ¢

for each infinite subset B C {@,, : n € N}.
Now we define functions z,: [7,T] = Y via

t

anlt) = [ s(CT(Q) e, T<E<T.neN.

T

The family {z, : n € N} is a bounded and equicontinuous family of functions
in C([r,T],Y). Since Y is finite-dimensional, Ambrosetti’s theorem implies

(3.6) al{z, :neN}) =a{z,(t): t € [r,T], n € N}) =0.

Hence a subsequence of (z,,) converges in C([,T],Y) to a continuous function
z: [1,T] — Y. Without loss of generality we assume (z,) to do this.
Now we consider the initial-value problem

v(t)=a, V(t)=g(t,v(t)+2(t), T<t<T.

The right side of this problem is bounded, continuous and one-sided Lipschitz
on [1,T] x E. Hence the solution v: [7,T] — E of this problem exists due to
Martin’s theorem.

For n e Nand 7 <t <T we define

Un(t) = up(t) — 2n(t) — v(t)
and wy,(t) = g(t,v(t) + z,(t)) — g(t,v(t) + 2(t)) + Tn(t), where (7,,) denotes

the subsequence of (r,) corresponding to (uy,). Then (3.2) and (3.3) hold for
Uy, Ty instead of u,,, r,. Therefore we obtain for all 7 <t < T that

v (t) = [g(t, W (t)) — g(t, v(t) + 20 ()] + [k(t, U (8)) — s(t, Un(t))] + wn(t).
Moreover (2.7), (2.8) and (3.4) admit the following estimations:
(3.7) lon (ONI” = [vn(t), v, (8)]_

< [on(t), g(t,un(t)) — gt 0(t) + 2n(1))] -

< L|lop (0[] + [lwa ()| + Ka(F) + ¢
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for all t € (7, T). Setting pu,, = max ||wn(t)|| we can verify p,, — 0, and the

last estimation of (3.7) leads to

(3.8) lon (DI < Lllon (&)l + pn + Ka(F) +&.

Now let 7 > 0 and let (@,,) denote the subsequence of (a,,), which corresponds
to (@, ). The solution of the initial-value problem

Un(7) = l[@nll +n,

3.9
(39 U (t) = Ly (t) + pin + Ka(F) + e+ |[a@nl +n, 7<t<T,

is given by
IR IV _

Un(0) = (1] +m)e" 7+ £ (077 = 1) (un + Ka(F) + & + @] +n).
Since vy, (T) = @y, the inequality ||v,(7)]| < 1, (7) holds. Using (3.8) and (3.9)
we can apply the lemma on differential inequalities to the functions ||v,(-)|]
and 1,. Hence we obtain ||v,(t)|| < ¥, (t) for all t € [r,T]. Since we have

chosen 7 > 0 arbitrarily, the last inequality and n — 0 leads to the following
estimation for all ¢ € [, T :

_ 1 _r _
lon(®)ll < lgalle = + 7 (207 = 1) (o + Ka(F) + =+ [au).

Therefore the further estimations are valid due to (3.1):

1
loall < l@ll =7 4 £ (777 = 1) (o + Ka(F) + &+ [[a])
1 1 1 LT 1
< L = — (T'—71) = .
< S®TD fin + 5 Al F) + 5 2 | (o +78(K+1)) en

Since vy, = (U, — 2) — v and lim ¢, = sa(F) + ge, we obtain from (2.6)

o({Tn — 70 i m € N)) < 1 (a(F) +2).
According to (2.3), (3.5) and (3.6) we can estimate
5 (a(F) —¢) < a({mn i n € NY)
< a({fn — 701 €N)) + a({z0:n € N})< § (0F) +2).

This means a(F) < 3¢, which contradicts e = ta(F), so a(F) = 0.
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Due to (2.4) there exists a subsequence (u,) of (u,), which converges
uniformly to an element u € C([7,T], E). Considering the integral equations,
which correspond to (3.2) with u,, instead of w,, we obtain u as solution of
the initial-value problem (P).

PART 2. To complete the proof we choose § > 0 such that + (e® — 1) <
m, compare (3.1). Moreover let 7 =tg <t; < ... <tp—1 <t, =T bea
subdivision of the interval [r,T], such that ¢; —¢;_1 < d foralli =1,...,m.
In the following we use the approximate solutions (u,) from part 1, which do
not depend on the choice of 9.

We consider the sequence of the restricted approximate solutions (uy,| [to,tl])‘
Due to part 1, a subsequence (uS) (0,21 ©F (unl, 1)) converges uniformly on
[to,t1] to a solution uV): [tg,t;] — E of the initial-value problem

(Pre,t1)) u(to) = ao, u'(t) = g(t,u(t)) + k(t,u(t), to<t<t,

where ap = a. In the next step we restrict the unrestricted subsequence (ug) )
to the interval [t1,2]. Hence we obtain a sequence of approximate solutions

(uﬁ)htm]) for the initial-value problem
(P[t1,t2]) u(tl) = arp, ’U,/(t) = g(t,u(t)) + k(tvu(t»a t1 <t <ty

where a; = u(M)(t;). Note that the sequence (ug) |[¢1,1,]) Satisfies the conditions

(3.2) and (3.3) with ¢; and ¢2 instead of 7 and 7', and some subsequence (r,gl)).
Applying part 1 again leads to a subsequence (uﬁf)htm]) of (un|, 4,) that

converges uniformly on [t1,to] to a solution @) : [t1, ] — E of (Pp, 4,)-
Additionally we conclude that the restrictions ' |(t0,t2] © [0, 2] = E con-

verge uniformly on [to, t2] to a solution u(®: [tg, o] — E of
(Preo.1]) u(to) = ao, u'(t) = g(t,u(t)) + k(t,u(t)), to<t <t
Note that

W), to<t<t
u(2)(t) — lj ( )a 0>t >0,
aA(t), t; <t<to.

By iteration we obtain a subsequence (uf{n)) of (u, ), that converges uniformly
on [tg, t,m] = [, T] to a solution u(™ of

(P) uw(t) =a, u'(t)=g(t,ul®)+k(Etul), 7<t<T. O
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4. Compactness of the set of solutions

In the setting of Schmidt’s theorem we can prove the following theorem.

THEOREM 1. Let a € E, and let g,k: [1,T] x E — E be bounded and
continuous functions such that g is one-sided Lipschitz with constant L and k
is a-Lipschitz with constant K > 0. Moreover let the initial-value problem

(P) w(t) =a, u'(t)=gt,ult))+k(tult), 7<t<T,
be given. Then the set of solutions

S={u|u:[r,T] = E, u is a solution of (P) }
is a compact subset of the Banach space C(|7,T)|, E).

PROOF. Let (u,) be a sequence in S. Since the u,, solve (P), they are
obviously approximate solutions for problem (P) with exact initial value. As
in part 2 of the proof of Schmidt’s theorem we obtain a subsequence of (u,,),
which converges in C([r, T}, E) to a solution u of (P). Hence S is compact. [J

In general the set of solutions of an initial-value problem in a Banach
space is not compact as the following example shows. It was motivated by an
example in a paper of Chaljub-Simon, Lemmert, Schmidt and Volkmann [4].

Let [, denote the Banach space of all bounded and real sequences u =
(un,), where ||ul| = sup |uy,|.

neN

ExXaMPLE. Let the function ¢: R — R be given by

0, ¢£<0,
e€) =< V& 0<E<4,
2, 4<¢&.

We define the bounded and continuous function f: [0, 1] X I — loo by

f(t,U) :(QO<’LL1),QD(’LL2),...)7 Ogté ]-7 U:(Un) EZOO‘
Then it is easy to see that the set of solutions S of the initial-value problem

(P) u(0) = (0,0,...), u'(t) = f(t,u(t), 0<t<I1,
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is the set of all functions u: [0,1] — lo with u(t) = (un(t)), where for each
n € N we have

0, t €0, a,],
Un(t) = 1
( ) 7(t_an)27 te [anyl]a
4
with some (arbitrary) a,, € [0,1]. For 0 < ¢ < 1 we consider the set S(t) =
{u(t) : uw e S}. It is easy to verify that the set S(t) is a ball in [, with radius
%tQ and hence for 0 < ¢ <1 it is not compact. Therefore we conclude that S
is not compact.

Another example for a noncompact solution set can be found in Binding’s
paper [3].

5. Connectedness of the set of solutions

We prove a theorem of Hellmuth Kneser (1923, [6]) in the setting of
Schmidt’s theorem.

Let f: [r,T] x E — E be a continuous function. Then f is called lo-
cally Lipschitz, if for each (¢,x) € [1,T] x E there exist L = L(t,z) > 0, a
neighbourhood I; of ¢ and a neighbourhood U, of z, such that

I1f(s,z1) = f(s,xz2)|| < L||lxy — 2|, selnN[r,T], 1,22 € U,.
LEMMA 1. Let the function f: [1,T] x E — E be bounded and locally
Lipschitz, and let the continuous function h: [1,T] x [0,1] — E satisfy
Hh(t’)‘)_h(t’ﬂ)n§C|/\_:u|a TStST? )\,,LLG[O,l],

with some constant C' > 0. Moreover, for each X\ € [0,1] let uy denote the
solution of the initial-value problem

(Px)

w(t)=a, u'(t)=f(tul)+h(tN), 7<t<T.

Then the mapping A: [0,1] — C([7,T], E), X\ — uy, is continuous.

Recall that the well-known theorem of Picard-Lindel6f guarantees the ex-
istence and uniqueness of the solution uy of (Py).
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As usual we denote the graph of a function u: [7,T] — E by
graph(u) = {(t,u(t)) : 7 <t <T} C[r,T| x E.
We consider [r,T] x E as a metric space, where the metric p is given by

p((t1, 1), (t2, w2)) = [ty — ta| + ||o1 — 22|,  (t1,21), (t2,22) € [17,T] X E.

The distance dist(A, B) between two nonempty sets A and B of a metric space
means the number inf {p(a,b) : a € A, b € B}.

PrOOF OF LEMMA 1. We fix A\ € [0, 1] and the solution uy of (Py). The
graph of uy is a compact subset of [7,T] x E and f is locally Lipschitz. Hence,
there exist § > 0, L > 0 and a neighbourhood U in [,T] x E of graph(uy)
such that

U={(t,z) € [r,T) x E: dist({(t,z)},graph(uy)) < 26}
and such that the function f satisfies

(5.1) 1f(t,z) = fEy)ll < Llle—yll, (4 2),(ty) €U

We show that the mapping A is continuous at A. For this let £ > 0 and such
that € < §. Note that A is still fixed.
Let p € [0, 1] be such that |\ — u| <

(1+C) [6L1<T—T)_1] Le and let u, denote

the solution of (P,). Then graph(u,) C U : Assuming the contrary, there
exists

t =min{t € [7,T] : dist({(¢,uu(t))}, graph(uy)) = 26},

and t > 7 due to ux(7) = u,(7) = a and the continuity of both functions.
Hence (t,u,(t)) € U for all t € [1,1).
From (2.7) and (2.8) we obtain for ¢t € (7,t) the following estimations:

lu(®) = u (B < [lui(#) = (0]
= [ (8 ux(®)) + At A) = (£, un(t) — At p
< Llua(®) = wu(®)l + CIA = p.

The last inequality holds due to (5.1) and since (¢,ux(t)) € U and (t,u,(t)) €
U for all t € [1,1).



82 Marc Mitschele

Now let n > 0. Using ||ux(7) — u,(7)|| = 0 and the lemma on differential
inequalities, it is easy to see that

I I
Ju(®) = wu (@) < ne"=7 4 2 (47D — 1) (CIA = pul +m)
for all t € [1,t). Moreover, for n — 0 we obtain the estimation
Cr oo ,
lux(®) = uu ()] < 1A=l 7 ("7 1), r<t<i

Due to our choice of p and since uy and u,, are continuous, the last inequality
leads to the following contradiction:

26 < [[ur (@) — w @)
C L(t—7)
A=l (7 1)

C eL(E*T) -1
<
T 14+Cel(T-7) 1

IN

e<e<é.

Therefore we have (¢, u,(t)) € U for all ¢ € [7,T] and we obtain by the same
arguments

C( n—r
lua(®) = w0 < A=l ("7 1), r<t<T.

Moreover, we deduce |uy —u,|| < €, which means that the mapping A is
continuous at A. (]

Finally we prove that in Schmidt’s theorem the solution set S of the initial-
value problem (P) is a connected subset of the Banach space C([r,T], E).

THEOREM 2. Let a € E, and let g,k : [1,T] x E — E be bounded and
continuous functions, such that g is one-sided Lipschitz with constant L and
k is a-Lipschitz with constant K > 0. Moreover let the initial-value problem
(P) w(t) =a, u'(t)=gt,ult))+k(tult), 7<t<T,
be given. Then the set

S={u|u:[r,T] - E, u is a solution of (P) }

is a connected subset of the Banach space C([1,T], E).
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PRrROOF. The set S is nonempty due to the theorem of Schmidt and com-
pact due to Theorem 1. Suppose S is not connected. Then there exist non-
empty, disjoint and compact sets S1,S2 C C([r, T}, E) such that S = S§; USs.
Hence, § = dist(S1,S2) = min{||s; — s2f| : s1 € S1, s2 € Sa} > 0.

The functional ®: C([7,T],E) — R defined by ®(u) = dist(u,S1) —
dist(u, Sz) is continuous. Moreover ®(u) < —f on S and ®(u) > S on Ss.

Now we prove the existence of some u € S such that ®(u) = 0, which leads
to a contradiction. For this we construct a sequence of approximate solutions
(uy,) for the initial-value problem (P) with ®(u,) = 0 for all n € N. Then, as
in part 2 of the proof of Schmidt’s theorem, a subsequence of (u,,) converges
uniformly to a solution u of (P), and hence ®(u) = 0.

Let € > 0. We define the function f: [r,T] x E — E by

flt,x) =g(t,x) + k(t,z), 7<t<T,zekE.

Due to a theorem of Lasota and Yorke [7] there exists a locally Lipschitz
function I.: [1,T] x E — E satisfying ||l.(t,z) — f(t,z)|| < e on [r,T] x E.

Now let s; € S1, s9 € Sy. For i = 1,2 we consider the functions

FOtz) = 1(t,2) + ft,si(t) —l(t,s:(t)), T<t<T,z€E,

and for A € [0,1] the functions

Preltow) = [0t 2) + A [[D () - [N (t2)], 7<t<T, 2€B.
For each A € [0, 1] the function f) . is locally Lipschitz and
(5.2) | fae(t,z) — f(t,x)]| <2, 7<t<T,z€kFE.

Due to the theorem of Picard-Lindeldf there exist unique solutions uy . of the
initial-value problems

(Pxe) w(t)=a, u'(t)=fret,u(t), T<t<T.
Using Lemma 1 we conclude that the mapping

A:[0,1] = C([r,T],E), X~ uxe,
is continuous, and therefore the mapping

U:0,1] = R, Y(\) :=P(ure) = (PoA)(N),
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is continuous as well. Since fo.(t,s1(t)) = él)(t731(t)) = s (t), we obtain
up,e = 51 and in the same way u; . = so. That means ¥(0) < —f and V(1) >
3, and there exists A(e) € (0, 1) such that uy(. . satisfies ®(ux(),) = 0.
Now let (g,) be a sequence of positive numbers, and ¢, — 0. As before,
to each &, we obtain the solution u, = uy(,),, of the initial-value problem

(Paen)en) Weset m(t) = faie,.e, (un(t)) = f(t un(t)) for all ¢ € [7,T].
Then from inequality (5.2) it follows that ||r,| < 2e,. Moreover, u,, is a solu-
tion of the initial-value problem

un (1) =a, ul(t) = f(t,un(t)) +ra(t), 7<t<T,

and satisfies ®(u,,) = 0. Hence the sequence (u,,) is a sequence of approximate
solutions for problem (P) with ®(u,,) = 0 for all n € N. O

Examples for disconnected solution sets in less restrictive situations can
be found in [3].
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