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STRING STABILITY OF SINGULARLY
PERTURBED STOCHASTIC SYSTEMS

LILIANA RYBARSKA-RUSINEK

Abstract. The sufficient conditions of string stability of singularly perturbed, nonli-
near stochastic systems are established. The excitations are assumed to be parametric
white noise. In this case the objective is to analyze composite systems in their lower
order subsystems and in terms of their interconnecting structure and the perturbation
parameter £. An example is given to illustrate the results.

1. Introduction

The problem of string stability of interconnected deterministic-systems
was studied earlier for vehicle-following applications , for instance, in [1], [3]
and recently in [8]. In particular, there have been several unprecise defini-
tions for string stability, for instance, [1]. Recently, the precise definition of
string stability was given by Swaroop and Hedrick [8]. The string stability
analysis of nonlinear composite stochastic systems has not been completed
yet. The sufficient conditions of exponential string stability for a few classes
of nonlinear interconnected stochastic systems was given by Socha [7].

The stability analysis of large-scale stochastic singularly perturbed sys-
tems has been considered in [5] and [6].

The aim of this paper is to solve a problem of exponential string stability
of singularly perturbed, nonlinear stochastic systems. To derive the sufficient
conditions of exponential mean-square string stability of these systems the
idea of the exponential stability of singularly, perturbed stochastic systems
presented in [6] is combined with the concept of string stability of singularly
perturbed interconnected deterministic systems (see [8]). '
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2. Definitions and some auxiliary facts

We consider the nonlinear autonomous interconnected stochastic system
described by Ito equation:

M
(1) dz' = F(af, 22, .. Lt dE 4 Z Gm(z')dw™, z'(0) = 20,

m=1

where ¢ € N, € [0, +00), z! is the state of each subsystems, z* € R* and we
take z*~7 =0 for all ¢ < j.

We assume that F: R* x ... x R* + R*,G,, : R - R* m=1,.... M
e e
. . _r times
are nonlinear deterministic vector functions F = [Fy,..., Fy],Gp = [Gm1, - - -

Gmi) and w™, m =1,..., M, are independent standard Wiener processes.
We denote by L, the operator associated with (1)

k
E(l)() —g—-)-+ZF(z z ,“., t r+1)g§:)
i=1

_ ot

(2) Lk 5 ( )
+ EZZ Z TG (7 1)6:1: L0zt
where og,,;,(z') = Gmj(z*) - Gmu(z?).

We use the following notations:
| - | is Euclidean norm; for all p < 400 ||f(0)||%, denotes sup E[|f(0)|"]
ieN

and [|£12, = I1£()2. denotes sup B[l {(8)P)
To derive stability criteria we recall the following definitions (see [7]).

DEFINITION 1. The equilibrium 2* = 0,i € N of system (1) is p-mean
string stable if given any € > 0, there exists a § > 0 such that:

© ()15 < § = sup [l2() 2 <.

DEFINITION 2. The origin 2' = 0,7 € N of system (1) is exponen-
tially string p-stable if it is p—mean string stable and if there exist positive
constants ¢; and «;, such that

(4) E[lz*(t)I"] < eilzo|Pexp {~a(t — t0)}
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for all + € N. In particular case for p = 1 and p = 2 it is called exponential
mean and mean—square string stability.

In the sequel we will use the following lemmas.

LEMMA 1 [1]. Consider any symmetric matriz S(€) = [si;(€)], 4, j=1, 2,
in which the function s;; : (0,+00) = R satisfy

2
. _ . _ . sta(e) _
lim s11(€) = Ao, lim s22(€) = +oo, lel-r»no s32(€) 0

then li_r&, Amin (S(€)) = Ao, where Apip (S) is the minimal eigenvalue of ma-
triz S.

LEMMA 2 [7]. Let Vi = Vi(zi(t)) 2 0 for alli € N, t > 0, z* € R¥ and

if
LyVi) < —BVi(e) +D_ BV I(),

i=1

w .
where Bo > 0 and B; > 0 for all j =1,2,... and Bo > 3 B, VI(t) =0 for
i=1

all <0.
Then given any € > 0 there exists a 6 > 0 such that

V(O)lloo < 0 = sup IVl < e

3. System description

Let us consider the autonombus, interconnected singularly perturbed
stochastic system described by Ito equations:

(8) dot = f(&', 7, L, ., ) dt 4+ o (2, 2)dw?,  2F(0) =2,

(6) edz’ = g(zi7 zi)dt + ‘/Z‘I?(mi’ zi)dw2, . Zi(o) = zw,

where i € N, ¢ € Rt is the time, z' € R*,z'~9 = 0 for all i € j,2* € R™ and
€ > 0 is the singular perturbation parameter.
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We assume that f : R*"XR™XR" X ...x R* =+ R", q; : R*xR™ — R"
e, vem—

(r—1) times
and g,q; : R* x R™ — R™ are nonlinear continuous functions such that

£(0,.,0) = 1(0,0)=0,  ¢(0,0) = g2(0,0) = 0

and w!,w? are independent standard Wiener processes.

For convenience, we assume that the initial conditions z®® € R",
2% € R™, i € N are deterministic.
We introduce the following assumptions.

_AssUMPTION 1. The equation g(z%,z') = 0 has a unique solution z* =
h(x*), where h is continuously twice differentiable, A(0) = 0 and a positive
constant M exists such that for all 2. € R*and j=1,...,n, k=1,.. .,m,

|32 < M.

_ This assumption defines the complete reduced-order system by setting
2* = h(z*) in (5) as follows
(7 de' = f(z*, h(z%),z*72, ..., """ )dt + ¢, (z*, h(z%))dw!.
We introduce a new variable

(8) y' =2’ — h(z')

called the boundary-layer state.
In the new coordinates the full-order interconnected system is

(9) do’ = F(z*,y', 2", .., 2"t )dt + Qu(z',y')dw?, z'(0) = 2%,

(10) edy’ = G(2*,y', 'L, ..., 2" )dt + Qo (o, y')dw! + Qua (2, yF)dw?,

y*(0) = 2%(2*®) — h(z™®), where j-th and I-th components of F,G,Q11,Q2
and Qg3, for j=1,...,n, I=1,...,m, have the form

Fj(zi, y‘, a:i'l, .. .,:v"_f""l) = fj(zi, yi + h(:c"), zi‘l, ey zi"'+1),
Quule’,v') = qu(=, v + h(z%)),
Gl(“"" yi’ xi_l’ -y mi---’».*-l)

0 ; = Oh i iy im i-r
= gi(z',y' + h(z*)) - ezgjfj(x ¥+ Rh(zY), 2t 2t
i=1 7



String stability of singularly ... 47

1 n n

_.Z-GEZ 6:1: 8 Doz ik (z 'y’ +h(z'))

=1 k=1

Q2ll(z )y = —¢ Z _qlJ(z ’y +h($')),
Qan(z’,y') = Vequ(a', v + h(z?)).

System (9), (10) is treated as an interconnection of isolated subsystems de-
scribed by

(11) dz' = F(z',y',0,...,0)dt + Q1 (2}, y')dw?,

(12) edyi = G(ziv yi, Oa se ey O)dt + Q21 (ziy yi)dwl + sz (zi, yi)dw2,

Intuitively, the origin of the perturbed interconnected stochastic system will
be mean string stable if the origin of every perturbed subsystem (11), (12)
is stable and the origin of the “reduced” interconnected system (7) is mean
string stable.

This observation leads us to the following assumptions.

ASSUMPTION 2. There exists a positive definite function V¥ = V(z'),
i € N continuously twice differentiable with respect to z* and there exist
positive constants 71, 73, o1, o3, a3, 3, 7 = 1,...,r, such that the following
inequalities are satisfied:

nlz'? < V(z') < nal=’f?,

r
LinV(z*) < —o |2 + Za1j|$i_j+l|2, o > — Zam

i=2 3—2
£ | "I azvi i N
-| < on|z|, ——1 £ a3, Hhk=1,...,n, it €N.
83:_',- 6:1:'-3:1:}c

These conditions imply the. mean string stability of reduced-order systems

(see [7]).

AssUMPTION 3. There exist a positive definite function W* = W (2%, y"),
i € N continuously twice differentiable with respect to z, y* and there
exist positive constants 7;, i = 1,...,4, 8;,8; and a continuous function
83 : (0,+00) = R* such that the following inequalities are satisfied:

mly'l* < W(z',y') < mly'l?,
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i

ow*
oyt

gmlyil, J=1...,n,i€eN

i-
i

; oW
< nly'l, law

LuaW (', ¥°) < sile’® + sale’|ly'] - ss(e) |y,

where 161_% s3(€) = +oo.

4. Main result

Now we give the sufficient conditions of string stability of the full-order
system.

THEOREM. Suppose that Assumptions 1-8 hold and additionally the fol-
lowing conditions are satisfied:

ASSUMPTION 4. Functions f, q1 are globally Lipschitz in their argu-
ments, i.e.

(&, 2,257, o) = (2,5 g Y|
r
T AERPTS et
Jj=1
la1(s%, 2°) = a1 (v, 2)| < K1’ — '] + K12 — 2.

Then there exists a positive constant €* such that for each ¢ € (0, ¢€*)
the full-order interconnected system (9), (10) is ezponentially mean—square
string stable.

ProoF. First we remark that from Assumptions 1 and 4 it follows for
Hk=1,...,n, 1€N

oty A Nael v+ b)) - (e, bl Daus(a, A

(13 . A . )
< k3 |y'1(2k1" 7] + 2k3' M=*) + k3 y'))

for all %, y* € R™.
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(10)
ﬁfs,lo)(v(zi))
= Lfs 10)(Vi) = 5{9)(Vi)
- Z ov: f,(x ¥+ h(z), 2,2
=1

n n 62V '
+3 ZZaz "oz zaqw(” ¥+ k(=)

J—l k=
n . v . .
ij(z’, h(z),z'7Y, ..., 2t ")
n

Z az a i G‘h;k(z h(m'))

=1k

Z [f,(z,y + h(z), 2L, 2t

l

f( ( ‘), ,--'-, gt
%EZ :E a i [aqlxk ’y +h(z')) UQI.Jk(m h(:l: ))]’
=1 k=

where 04,,, = q1j - Q1k-
From Assumptions 2, 4 and (13) we find

Ly (V) € ~enla'? + [nazfy + nask ({* + k3 M)]|z" |y’
+ pasnt () 1y + 2; o |z,
Defining ‘;9'12 and sy, by
Syq 1= nagfy + nfask (kI + k' M),
(k)

¢ .
Sq9 =

N =
Q

we obtain

.
(14) L (V) < —aalail® + spala’lly'| + s ly'P + D aula T+

=2

4 - Annales...

We calculate £*(V(z')) for the full-order interconnected system (9),



50 Liliana Rybarska-Rusinek

We calculate L*W (z?, y*) for the full-order system (9), (10)

i
aav‘i Gk(x 1y 3 T la ”’zi—-r+1)

; PW i
262 ZZ ay ayz anl( z,Y ) + 53 2¢2 ZZ aykayg Qzau( )

k=1 =1 =1 (=1

‘C(s 1o)W(x 'Y ) = ['(9 10)(W1) =

(‘?W1 . 1 e e 92w
+ E F(:v ot 1,..,:::“'""1)-{-5
k=

3:1: 3:1:' 0Q (& 13/)
*w: i
+ - Z;; aziayk Qqullk(z ,y)

= E(u 12)(W )
oW . o
+ - Z 3 3 (Gk(z 7y R ..,(D’ r+1) - Gk(x’aytyo’ '-70))
+ Z '5—,— (Fk(ziv yia mi_la X3} zi_r+1) - Fk(mi7 yiv o,.., 0)) .
k=1 %%k
From Assumptions 1, 3 and 4 we find
. . - - - . r I3 -
Lio10)(W?) < 1P + s2]o?||y| — sa(e)ly’[? + nmMms|y'| Y kf[ai=3+1

=1

.
+analy’| D k|3,

=2

2
Using the inequality zy < %yj , the above equation results in

Lo 10) (W) < s1|z*|’ + sal2]ly| - (ss(e) - ﬂzkf)ly &
(15) =
+ﬂEk§ |2 =i+ R,

=2

where § 1= 2Mistnne
Let us cons1der a function described by:

I = L(et, ) = SV 4 ()
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where

a1Y1 — 72 2 a5

(16) k=min { 2 2L =

M 251 551, + 7,8 22 )
J=

From Assumptions 2 and 3 we have

£12 k t)2
(17) 7|z -I; M|yl

We calculate £f9,1o)Li = %[LIZ‘Q’IO)V" + k[,’('gym)W"].
Taking into account (14), (15), we obtain

(18) L{s,10)(L%)

Yalz'® + krpaly’[?

<LK
~ ~ 2

L k(ss(e) = B 5 K]) — sig
i k S‘ +k8 i i =2 J i
|22 (— . —sl) L DT ; yP?

2 2 2 2

"o+ KBk ..

+Z 15 +2 Bk; |zi=i+12,
Jj=1

Finally, we have

* t t ayj +k'3 t—
L{o,10)(L") € = Amin (€)[l= P+ 1y "]+ Z —J'—J"| I,

i=12

where Ay, is the minimal eigenvalue of matrix N = [n;;], 4,5 = 1,2 and

N3y = ’ai - ‘kisla
2 2
Nz = N1 = _fﬂ;’fs_z,
r
k(sa(e) = B L k]) — s
ngy = 12_2

Clearly from Lemma 1 and (16), we have

. (631 k
(19) 161310 /\mm (6) = ? - 531 > 0.

4*
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From (16), (17) we obtain

. o 2 4 1aif2
(20) Laip < L', y) < 2T

Taking into account (20), inequality (18) results in

; 2 = (0 + kBED) .
L9.10)(L*) € -:;;z\mjn (e)L* + Z .(__“_.L)L1—J+1_

j=2 N

We define a continuous function H(e) as follows

r

H(e) = %,\min () - 71—12(%- + kBk]).

j=2
From (16), (19) we obtain

r

] oy — ks; 1 1 4 f
lim H(e)= 25 _ 1 .~ — kS K
lig, H (<) - " 2 ; " K

j=2 i=2

a '1 r r
=8Ik [ 2 B s

2 M5 2 M4

There exists ¢* such that for all € € (0,¢*), H(e) > 0. From Lemma 2 we
obtain that the interconnectjon of singularly perturbed stochastic system is
mean-square string stable. Using similar arguments as in [7] one can show
that E[|L(t)|] = 0 exponentially.

EXAMPLE. We consider the following two-dimensional system:

r-—1

(21) dz' = (—a1z’ + az2* + Z c;z'"9)dt + (asz’ + aqz')dw?,
=1

(22) €dz' = (byz' — by2')dt + /e(bsz + byz')dw?,

where a;, b; (i = 1,2, 3,4) are constant parameters and ¢ is a perturbation
parameter. We assume byby = —byb3. Repeating consideration given in Sec-
tion 3, we obtain:

i_ b

h(m‘):im', Y=z - 5>

i
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and (21), (22) after transformation have the form:

r—1
(23) dzt = (—A12' + agy’ + ECj:c“j)dt + (A3z' + agyt)dw?,
Jj=1
I s - r_l .« . » . . .
(24) edy’ = e(Bl:c’—Bgy'+Z dj:v"’)dt+e(33z'+B4y‘)dw1+\/€b4y‘dw2,
Jj=1
where b b
A1=a1—i;§, A3=a3+£,
_ b1a1 bgaz _ _ b2 biag
Bl—b_z'_ﬁy Bz—Bz(f)—£ by’
b1 b1 b1a4 b1 .
—_— —_— = ——— g = ——C; = .o - 1-
B3 b2 as 4+ b2)1 B4 - bg ) d] b2 Cjiy J 11 T
The complete reduced-order system is:
. : . r_l - . .
dz' = (-A1z* + Z c;zt~7)dt + Aszidw!.
Jj=1

The isolated subsystemé are described by:
dzt = (—Ala:" + azy')dt + (Asz® + a4yi)dw1,
edy’ = ¢(B1z° — Byy')dt + ¢(Bsz' + Byy')dw' + vebgy'dw?.
We propose the Lyapunov functions V(z*), W(z*,y') in the form:

V(xi) = (x_i)zi W(zivyi) = (yi)z'

Then
: . =t : r-1 ..
LhsaeV () < =(241 = A3 =) Jc;)(=) + ) _ej(=7)
i=1 Jj=1
and

. . L b o
Lo anW(a',9) < B (e +2(Br+BaBOIe - (280 - B - 24 ) ()"
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Then, the Assumptions 2 and 3 are satisfied if:

r—1 2
(25) Ay — %Ag > ch and by > 921.
Jj=1

Then from the theorem it follows that the full-order interconnected system
(23), (24) is exponentially mean-square string stable for sufficiently small ¢
if the conditions (25) are satisfied.

5. Conclusion and final remarks

In this paper the problem of string stability of singularly perturbed,
nonlinear stochastic systems has been studied. The sufficient conditions of
exponential string stability for a class of interconnected stochastic systems
and their robustness to small singular perturbation were presented. It is also
possible to derive similarly stability criteria for the following system

dz' = f(af, 2%, 27 L 2T dE 4 gy (2, 26 2L 2 TR dw!

:z:i(O) =z, edz' = g(zt, zi)dt +Veqy (a:i, zi)dcuz, 2(0) = 2°.

The further extensions can  be done for the string systems as well with
Gaussian excitations as with wideband noises (described by Stratonovich
equations).
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