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ON BLOCH HYPERHARMONIC FUNCTIONS

STEVO STEVIC

Abstract. In this note we give necessary and sufficient conditions for a hyperhar-
monic function to be a Bloch function.

1. Introduction

Throughout this paper n is an integer greater than 1, D is a domain in
the Euclidean space R™ , B(a,r) = {z € R"||z — «| < r} denotes the open
ball centered at @ of radius », where |z| denotes the norm of € R" and B
is the open unit ball in R™ S = dB = {2 € R"||z| = 1} is the boundary of
B.

Let dV denote the Lebesgue measure on R", do the surface measure on
S, o, the surface area of a S.

We say that a real valued locally integrable function f on D possesses
H L—property, with a constant c if

fa) < -1-671- f(a:)dV(:p) whenever B(a,r) C D

(a,r)

for some ¢ > 0 depending only on n.

For example, a subharmonic function possesses H L—property with ¢ =
1. In [8) Hardy and Littlewood essentially proved that |ul?, p > 0, n = 2
also possesses H L—property, whenever u is a harmonic function in D. In
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the case n > 3 a generalization was made by Fefferman and Stein [7,p.172]
and Kuran [9]. An elementary proof of this can be found in [13]. Some other
classes of functions which possess H L—property can be found in [13],[14],[16]
and [17). ‘

A function f € C!(B) is said to be a Bloch function if

Iflls = sup (1 - |2])|V f(z)| < +oo,
€D

3f(z) |2
ox;

1/2
) . The space of Bloch functions is denoted

where |V f(z)| = (2;‘
by B(B).

Bloch functions have been extensively studied, especially equivalent con-
ditions for f being a Bloch function in B. Basic results, of this type, for
functions harmonic in the unit ball, can be found in [4],[10],[15]. In [15] au-
thor considers also a class of C!(D) Bloch functions. Definition of the Bloch
functions and basic results for functions analytic on the unit disc can be
found in [2],[3],[5] and for analytic functions in several complex variables in
(6],[11},[12] and [18].

For general definition of the Laplace~Beltrami operator A; see Ahlfors
[1]. In the case of a conformal metric ds = p|dz|, we have

=0 (3-n0f
Baf=p 0z; (p 3931')'

In the special case p = 1——?[: (the Poincaré metric), we obtain the
Laplace-Beltrami operator, A; = Ay, for the hyperbolic metric, which is
invariant under Mobius transformations, i.e. for f € C?(B) and for every
M € M(B) we have ‘

(1) Ag(fo M) =(A3f) o M,

which are isometries of the space.

We say that a real valued function f € C?(B) is hyperharmonic if it sa-
tisfies the Laplace-Beltrami equation A, f = 0. For more on these functions
see, for example [1].

By V,, we denote the nyperpolic gradient, i.e.

12
vas= 8o,
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For ( € S and § € (0, 7], let
Ds(¢)={ € B | cos 6 < (,0)/lal, 1~ < o] <1},

A positive measure p on B is called a Bergman—Carleson measure if and
only if u(Ds(C)) = O(5™).

In this note we give necessary and sufficient conditions for a hyperhar-
monic function to be a Bloch function. A characterization of Bloch functions
is connected with a Bergman—Carleson measure. We were motivated by The-
orem 3 in [11].

2. Main results

We are now in a position to formulate and prove the main result.

THEOREM 1. Let u be a hyperharmonic function. Then the following
conditions are equivalent:

1 - |a,l2 n
= V p
() M ilé%/al o)l (1 - 2(a,z) + Ial2|z|2) dV (z) < +oo,

for some p > 0;
(b) wue€B(B); .
() |Vau(z)|PdV(z) is a Bergman-Carleson measure.

PROOF. By Theorem 2 in [14] and Theorem 3 in [13], [Vu|?, p > 0
possesses H L—property, i.e. thefe is a C = C(n, p) such that

|Vu(a)|? r%/ |Vu(z)|PdV(z), whenever B(a,r) C B.
B(a,r)

Let T,(z) be M&bius automorphism of the ball B which maps point a in the
origin. It is known ([1]) that

1-|of’)(z~a) - |z —af’a

()= ol ’

where [z,a]? = 1 — 2(z, a) + |z[?|a|?.
Since u is hyperharmonic, by (1) we obtain that uoT, is hyperharmonic.
Thus u o T,, also possesses H L—property. Especially, we have

Ve T )OF < 5 [ Vo T-o)@)Pav(e),
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where r is a fixed number between 0 and 1.
By some simple calculation we obtain

|V (w0 T-a(0))|P = |V(u(T-4(0)) - T_,(0)|” = (|Vu(a)j(1 - |a|?))”.

Applying the change T_,(z) = y, i.e. z = T,(y), we obtain
/ V(0 T_o)(2)[PdV (z) = / IVu(T_o()) - TZ,(2)|PdV ()
rB rB
<[ IVUT )T @) PV (o)
: rB

1-— I(l|2 P
= Vu(y)|? (————-—)
fT-..(rB) Vo)l [~a, Tu(y))?
1- Ialz)"
X{——=-] dV(y) = 1.
() o
The next identity is well-known
1= |Ta(y)l = (1= la’)(2 ~ [y1*)/[a, y)*.
Since 1 — |z|? > 1 — r?, we have
(1 — )1 - 2(a,y) + |a|y?) < (2 - lal*)(2 - |y}?).
If we use the following inequality
1-2(a,y) + lal’|y|* > (1 - lallyl)? > (1 - lal)?,
we obtain
(1= lal)(@ - r?) < (1 +al)(1 - |y,
and consequently,
(2) (1 —laf’)(1 = r?) < 4(1 - |yI*).

By (2) we have

0 1< (25) ™0 (o) () 20

Since |T.(y)| < r, we have

[-a, Ta(®))? = 1 4 2(a, Tu(y)) + la|Tu(v)I*

“ 2 (1=l ITa(w))? > (1 - )™
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Applying (4) in (3) we obtain

() e e () o
< apamn J, T () o

From all of the above we obtain

C 2%
rm (1 —r)3P(1+1r)P

[, 190 (o i) ¥

If we take supremum in (5) over a € B, we obtain that (a) implies (b).

[(1 ~ |af)|Vu(a)[]” <

(5)

Let us denote 1~ |a? "
1) = [ Vil (g ) V(@)
Then by definition of Bloch function and using polar coordinates we obtain
(6)

I(p, ) < llullssup /
a€BJB

(- le)"
(1 - 2(a,2) + |af?|z[*)"

dV (z)

- do(c)
g 1_ 2\n n—1 d ,
R e Ao rr oot

where 7 = a/|a|. Let

_ do () _ do(¢)
I® = [ TS T = o G ey T

where v = £(7,() and r = p|a]. By some calculation we can obtain
(7) J(@) <CA-r)™ 1 =C1-plal)™,
for some C > 0 independent of r. From (6) and (7) we obtain

1
15, < Cllullasup (1 - laf')* | (1.~ pla) ™o < C 1l

as desired. Hence (b) implies (a).
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Let (a) holds and Ds(Co) be an arbitrary set defined as in the introduc-
tion. We may assume that § < 1/4. Choose a = (1 — §/2)(o. For = € D;({o)
we have that there is a constant C > 0 such that

1—al? S C
1-2(a,z) +laf?|z]* © 1~ |af?*’

Hence

L IVhue)Pav(e) < (- la)x
Ds(¢o)

1—|a? "
|V yu(z)|P ( ) dVv (z
Joveo ¥ (0 ) &)
< CM(1 - [a)" = 2"CMé™,

from which (a) implies (c).

Let |V,u(z)|PdV (z) be a Bergman—Carleson measure (we denote this
measure by u), and a € B. If |a| < 3/4, then there is a C' > 0 such that

®
P 1-|af? " P
Lol (s ls) e <o [ vaerav)
= Cu(B) < oco.

Let |a| > 3/4 and |
Fr={z€B||lz-afla]l<2*(1-1la)}, keN.

By definition of the Bergman—Carleson measure there is a constant N (1)
such that p(Fy) < N(u)(2*(1 = |a]) )" for all k € N. On the other hand, it
is easy to prove that there is a C' > 0 such that

1 [af? c

< f F
1-2(a,z) +|af?[z]? ~ 1-]q] or z €I,
1-|o® C
< fi Fe\ Feo1,k > 2.
T 2(a,z) +[aPlap S P —fay O TE€F\Fn k22

Thus

© /B IV;;u(:c)|P (1 - 2(:, ;)lilzlalzlxlz)ndv(x) S / * Z/k\Fk .

Cp(Fy)
gz:(2%(1 Ikl))" CN(“EW'

k=1
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From (8) and (9) we obtain that (c) implies (a), finishing the proof.

REMARK 1. Throughout the above proof C' denotes a positive constant
that may change from one step to the next.

From the proof of Theorem 1 we see that the following statement is
true:

THEOREM 2. Let u be a hyperharmonic function such that

1—Jaf? "
P
(10) i‘é%/g'v""“"" (1—2<a,w>+|a|2|z|2) 4V(z) < +oo,

Jor some p > 0, then u € B(B).

n
Namely, we replace (1 —|a|)™ in (3) by (4 ll'_ff ; ) (see inequality (2))
and the rest of the proof is the same.

REMARK 2. It is an open question: is the condition (10) equivalent to
the conditions in Theorem 1?
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