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ON THE DIRICHLET PROBLEM FOR A CLASS
OF NONLINEAR DEGENERATE ELLIPTIC EQUATIONS
IN WEIGHTED SOBOLEV SPACES

ALBO CARLOS CAVALHEIRO
Abstract. In this paper we are interested in the existence of solutions for the
Dirichlet problem associated with the degenerate nonlinear elliptic equations
— div[A(z, u, Vu) wi + B(z,u, Vu) v1] + H(z,u, Vu) va + |[ulP "% wws
n n
— Y Dj(aij(z)Diu(x)) = fo(z) = Y D;fi(z) inQ,
i,j=1 j=1
u(z) =0 on 99,

in the setting of the weighted Sobolev spaces.

1. Introduction

In this paper we prove the existence of (weak) solutions in the weighted
Sobolev space Wy (Q,w1,ws) (see Definition 2.2) for the Dirichlet problem

P) Lu(z) = fo(x) — Zlefj (x) in €,

]7
u(x) =0 on 09,
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where L is the partial differential operator

(1.1)  Lu(z) = —div[A(z,u, Vu) wy + B(z,u, Vu) 1] + H(z,u, Vu) v

+ |ulf " uws — Z Dj(a;j(z)Diu(w))

i,j=1

where D; = 0/0x;, © is a bounded open set in R", wq, wa, 11 and vy are
four weight functions (which represent the degeneration or singularity in the
equation (1.1)), 1 < ¢,s < p < oo and the functions A;: QxRxR"—R,
Bj: QxRxR"™=R (j = 1,...,n) and H: QxRxR"—=R satisfy the following
conditions:

(H1) z—Aj(x,n,§) is measurable on (2 for all (1, )eRxR", (n,)—A;(x,n,§)

is continuous on RxR"™ for almost all x€€).
(H2) There exists a constant ¢; > 0 such that

<A(.’,U, 7, g) - A(ﬁ, 77/7&./)» (£ - £/>> Z 91 ‘5 - £/|p)

whenever &, '€R™, £££, and A(x,n,&) = (A1(z,n,£),..., An(z,n,8))

(where (-,-) denotes here the Euclidian scalar product in ]R”)
(H3) (A(z,n,€),€) > M1|€|7, where )\ is a positive constant.

(HA) Az, 7, €)] < K1 (2)+h (@) (2P |gP/¥ 4 ho () €[V, where Ky, hy

w1 (x)
and hy are nonnegative functions, with k1, ho€ L>(Q) and K; € LP(Q, wy)
(with 1/p+1/p" =1).
(H5) x—B;(z,n,£) is measurable on € for all (n, {)eRxR™, (1, &)—B;(x,n,§)
is continuous on RxR" for almost all x€2.
(H6) (B(x,n,&) — B(z,n',¢&), (& — f)) > 0, whenever £, £'eR"™, £, where
B(z,n,§) = (Bi(z,n,£), ..., Bulz,n, 5))
(H7) (B(z,7n,£),€) > M€ + A2|n|q where Ay > 0 and A2>0 are constants.
(H8) [B(z,1,)| < Ka(w) + g1(x) 0| + ga(w)|€|”', where Ky, g1 and g5
are nonnegative functions, with g; and g,€L>°(2), and ngqu(Q, V1)
(with 1/q+1/¢' =1).
(H9) z —H(x,n,§) is measurable on Q for all (n, §)eRxR™, (n,&)—H(z,n,§)
is continuous on RxR" for almost all x€2.
(H10) [H(z,n,&) — H(z,n',§)](n —n") > 0, whenever n,n'€R, n#n'.
(H11) H(z,n,&)n > A3l€]° + As|n|®, where A3 and A3 are nonnegative con-
stants. , ,
(H12) [H(z,n,€)| < Ks(z) + hs(@)|n”* + ha(x)|€]**, where K3, hs and hy
are nonnegative functions, with K3€L(,vp) (with 1/s +1/s' = 1),
hs and h4ELOO(Q)
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(H13) a;;: Q=R are measurable functions, the coefficient matrix M(z) =
(ai;j(x)) is symmetric and satisfies the degenerate elliptic condition

n

Avg()[€] <D ()€€, < AJEPvs ()

,j=1

for all £ €R™ and almost every z €, A > 0 and A > 0 are constants,
vs is a weight function.

Let © be a bounded open set in R™. By the symbol W(Q2) we denote the
set of all measurable a.e. in Q positive and finite functions w = w(x), x € Q.
Elements of W(2) will be called weight functions. Every weight w gives rise to
a measure on the measurable subsets of R" through integration. This measure
will be denoted by p. Thus, ju(E) = [, w(x) dz for measurable sets ECR".

In general, the Sobolev spaces W*P(Q) without weights occur as spaces
of solutions for elliptic and parabolic partial differential equations. For de-
generate partial differential equations, i.e., equations with various types of
singularities in the coefficients, it is natural to look for solutions in weighted
Sobolev spaces (see [3], [4], [5] and []]). In various applications, we can meet
boundary value problems for elliptic equations whose ellipticity is disturbed in
the sense that some degeneration or singularity appears. There are several very
concrete problems from practice which lead to such differential equations, e.g.
from glaceology, non-Newtonian fluid mechanics, flows through porous media,
differential geometry, celestial mechanics, climatology, petroleum extraction
and reaction-diffusion problems (see some examples of applications of degen-
erate elliptic equations in [2] and [7]).

A class of weights, which is particularly well understood, is the class of
Ap-weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt
(see [15]). These classes have found many useful applications in harmonic
analysis (see [I7]). Another reason for studying A,-weights is the fact that
powers of distance to submanifolds of R™ often belong to A, (see [12]). There
are, in fact, many interesting examples of weights (see [I1] for p-admissible
weights).

The following theorem will be proved in Section [3]

THEOREM 1.1. Let 1 < q,s <p, 2 <p < o0, and assume 7. If
(1) wi, we€Ay, v1, v2 and v3eW(Q), S-EL™ (Qwi), L € L™ (Q,wo), 22 €
L2 (Qw1), 22 € L™ (Qws) and 22 € L™(Q,w1), where r1 = p/(p — q),
r2 =p/(p —s) and ry =2/(p - 2);
(i) fo/rieLl? (2,v1) and fj/wi€l? (Quw) (j=1,...,n);



Albo Carlos Cavalheiro

then the problem (]ED has a unique solution u € Wol’p(Q,wl,wz). Moreover,
there is a constant C > 0 such that

n 1/(p—1)
HUHWOLP(Q,UJl,UJQ)SC (Cp,quO/Vlqu/(Q,ul) + Z Hfj/wluLp'(Q7wl)) )
j=1

where Cy,q is the constant defined in Remark [2.5().

The paper is organized as follows. In Section [2| we present the definitions
and basic results. In Section [3] we prove our main result about existence and
uniqueness of solutions for problem .

2. Definitions and basic results

We recall here some standard notations, properties and results which will
be used throughout the paper.

Let w be a locally integrable nonnegative function in R™ and assume that
0 < w < oo almost everywhere. We say that w belongs to the Muckenhoupt
class Ay, 1 < p < 00, or that w is an A,-weight, if there is a constant C' = C,, ,,

such that
1 1 1/(1-p) e
— | w(z)dz /w P :cd:c) <C,
GCIECDICY) )

for all balls B CR"™, where | - | denotes the n-dimensional Lebesgue measure
in R". If 1 < ¢ < p, then A, C A, (see [10], [II] or [I7] for more information
about Ap,-weights). The weight w satisfies the doubling condition if there exists
a positive constant C' such that u(B(x;2r)) < C u(B(x;1)), for every ball B =
B(z;r) CR", where u(B) = [pw(z)dz. If weA,, then p is doubling (see
Corollary 15.7 in [11]).

As an example of a A,-weight, the function w(z) = |z|%, z€R", is in A, if
and only if —n < a <n(p — 1) (see Corollary 4.4, Chapter IX in [I7]). Other
example, we have w(z) = |z|*(max{1, —In(|z|)})? is an A;-weight if and only
if —n < a < 0ora=0<p (see Proposition 7.2 in [IJ).
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If weA,, then

whenever B is a ball in R™ and E is a measurable subset of B (see 15.5 strong
doubling property in [11]). Therefore, if u(E) = 0 then |E| = 0. The measure
w and the Lebesgue measure | - | are mutually absolutely continuous, i.e., they
have the same zero sets (u(FE) = 0 if and only if |E| = 0); so there is no need to
specify the measure when using the ubiquitous expression almost everywhere
and almost every, both abbreviated a.e..

In order to discuss the problem , we need some elementary results for
weighted Lebesgue spaces LP(Q,w) and the weighted Sobolev spaces
WhP(Q, w,ws) and Wy P(Q, w,ws).

DEFINITION 2.1. Let w be a weight, and let {2 C R™ be open. For 1 < p < oo
we define LP (2, w) as the set of measurable functions f on 2 such that

1/p
1l = ( / \f\pwdw) < .

IfweA, 1<p<oo,then w=1/(=1) is locally integrable and LP(Q,w) C
L () for every open set  (see Remark 1.2.4 in [I8]). It thus makes sense
to talk about weak derivatives of functions in LP(,w).

DEFINITION 2.2. Let 2 CR™ be a bounded open set and let w; and ws be
Ap-weights (1 <p < 00). We define the weighted Sobolev space WP (€, w1, ws)
as the set of functions u € LP(§, wy) with weak derivatives Dju € LP(Q,w1).
The norm of u in WHP(Q, wy,ws) is defined by

1/p
(21) HuHWl,p(QMl’W) = (/ |u’pwg dl’+/ ‘V’U,’pwl dl‘) .
Q Q

The space Wol’p(Q,w17UJ2) is the closure of C§°(f2) with respect to the
norm . Equipped with this norm, VVO1 P(Q,wi,ws) is a reflexive Banach
space (see [14] or [16] for more information about the spaces WP (Q, wy,ws)).
The dual of space W, (€2, wy,ws) is the space

Wy P (w1, w2)]* = {T = fo—div(F), F=(f1,..; fn) :

@GLp/(Q,wQ),QELp/(Q,wl),j = 1,...,n}.
w2 w1
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If T [WE (2, wi,ws)]* and @ € Wy P (Q,w,ws), we denote

Tho) = [ fopda+ Y1, Dypde

j=1

1T = N fo/well o @) + D IFi @1l o7 (0
=1

(T < ITMepllvwr (2,0 )

If w = w; = wy, we denote Wy P(Q,w) = Wy P (Q,w,w).
In this paper we use the following results.

THEOREM 2.1. Let we Ay, 1 < p < oo, and let () be a bounded open
set in R™. If up—u in LP(Q,w) then there exist a subsequence {u,, } and
a function ® € LP(Q,w) such that

(1) wm, ()= u(x), mi — 00 a.e. on ;
(ii) |um, ()| < P(z) a.e. on Q.

PROOF. The proof of this theorem follows the lines of Theorem 2.8.1
in [13]. [l

THEOREM 2.2 (The weighted Sobolev inequality). Let Q be an open
bounded set in R™ andw € A, (1 < p < 00). There exist positive constants Co

and § such that for all u € Wy P (Q,w) and all k satisfying 1 <k <n/(n—1)+9,
(2.2) HuHLkP(Q,w) < Caq [Vul HLP(Q,w)v

where Cq depends only on n,p, the Ay-constant C(p,w) of w and the diameter
of Q).

ProOOF. It suffices to prove the inequality for functions ue C§°(Q2) (see
Theorem 1.3 in [9]). To extend the estimate to arbitrary u e Wy ? (9, w),
we let {um,} be a sequence of C5°() functions tending to u in W, (9, w).
Applying the estimate to differences u,, — Um,, we see that {u,,} will
be a Cauchy sequence in L*?(£2, w). Consequently the limit function v will lie
in the desired spaces and satisfy . (I

REMARK 2.3. If u € Wy?(Q,w;,ws) then by Theorem (with &k =1)
||u||LP(Q,w1) S CQ H |vu| ||LP(Q,UJ1) S CQ||u||W01’p(Q,w1,UJ2)'

Hence, W, P (Q, w1, ws) C Wy P (2, wr).
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PROPOSITION 2.4. Let 1 < p < o0.
(a) There exists a constant C,, such that

117726 — 1" *n| < Cp |€ =l (1€] + Inl)P~2

for all £, neR™.
(b) There exist two positive constants By, v, such that for every x,y € R™

_ 2 -2 —2 - 2
By (|2l+1yNP 2|z — yI” < (2P "2 —[y[""y), (x=y)) <7 (2] +]y))" 2| — yI.
PROOF. See Proposition 17.2 and Proposition 17.3 in [6]. O

DEFINITION 2.3. We say that an element u € WP (Q,wy,w,) is a (weak)
solution of problem if

/ (A(z,u, Vu), Vo) wy dx + / (B(x,u,Vu), V) vy dz
Q Q

+/Q7-l(x,u,Vu)<pV2d;U+ Z /Qaij(:c)Diu(x)chp(w)dx

i,j=1

+/]u\p2u<pw2dx:/fggodm—i—Z/ijjgodx,
Q Q oo

for all ¢ € Wy P (€, w1, ws).
REMARK 2.5.
(i) If Z- € L™ (Q,w1) and 2L € L™ (Q,w2) (where 11 = p/(p—¢), 1 < ¢ <
p < 00) then

HUHLq(Q,ul) <Cpyq HUHLP(Q,wl) and HUHL‘?(Q,Vl) < ép,q HUHLP(Q,wQ)v

1 5 1
where C, , = ||1/1/w1||L/fi(Q7w1) and Cp 4 = ||1/1/w2||L/ff (@) I fact, by
Hélder’s inequality we obtain

q — q _ q V1
HUHLq(QWl)—/Q‘M V1d$—/QIU\ ;lwldx

q/p (o—a) (p—a)/p
<</ |u|qp/qw1 da;) </ (Vl/wl)p = dx)
Q Q

= HUHqu(Q,wl) ||V1/W1HLT1(Q,w1)'
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Hence,

[l Lago,00) < Cralltll o)

(ii) Analogously, if 22 € L"(Q,w1) and 22 € L"(Q,w2) (where ro = p/(p—s),
1 < s<p< o0) then

[lul Ls(Q,v2) <Cp,s ‘UHLP(Q,wl) and  [|ul Lo(Qun) = ép,s HUHLP(Q,wg)7

1/s ~ 1/s
where C) s = ||V2/w1||L/r2 () 20d Cp s = ||1/2/w2||L/,«2(Q’w2).
(iii) If 22 € L™ (2, w1) (where r3 =2/(p —2), 2 < p < 00) then

||u||L2(Q71/3) <Cp2 ||u||LP(Q,w1)7

1/2
where Cp 2 = [[vs/wi |25 .0

3. Proof of Theorem [1.1]

The basic idea is to reduce the problem to an operator equation Au =
T and apply the theorem below.

THEOREM 3.1. Let A: X—X™* be a monotone, coercive and hemicontinu-
ous operator on the real, separable, reflexive Banach space X. Then the fol-
lowing assertions hold:

(a) for each T € X* the equation Au =T has a solution ueX;

(b) if the operator A is strictly monotone, then equation Au =T is uniquely
solvable in X.
PROOF. See Theorem 26.A in [20]. O

To prove Theorem [1.1] we define

B’B17B27B37 B4)B5: W&aP(Q7w1’w2) X W()l’p<Quw17w2) —R

B(uv QD) = Bl(u’@) + B2(Ua SD) + B3(u7 90) + B4(u’ 90) + B5(uv Qp)v
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Bl(u,go):/Q(A(a:,u,Vu),Vgp>w1 dx,
Ba(u,) = | (Ba,u, Vu), Vi) da,
Bg(u,cp):/ﬂ’;’-[(x,u,Vu)wugdx,
Ba(u.p) = [ [l upunds

Bs(u.p) = 3. [ ay@Diu@)Dipla)da = | (M()Vu(a), Vi(a) da,

i,7=1

and T: W, P (Q,wy,wy) =R by
n
T(@)Z/fos@derZ/ijj@dx-
Q = /e

Then u € Wy (Q,wr,ws) is a (weak) solution to problem if
B(u, 9) = Ba(u, ) + Ba(u, 9) + Bs(u, ¢) + Ba(u, ) + Bs(u, ) = T(p),

for all ¢ € Wy P (€, w1, ws).
STEP 1. For j = 1,...,n we define the operator Fj: WOLP(Q,wl,wg)) —
LP'(Q,w:) as

(Fju)(z) = Aj(z, u(z), Vu(z)).

We now show that the operator F} is bounded and continuous.

(i) Using (H4)), we obtain
B0 NFul gy = [ 1@ wrde = [ 140090 o do
/ ’ / p/
g/ <K1+h1(w2/w1)1/p |u|p/p —|—h2|Vu|p/p> w1 dx
Q

Scp[/QK{) wy dzr + Hh1HI£oo(Q)/Q|u’pw2 dr + thHim(Q)/Q\Vu’Pwl d;c}

<G, [HKluf;p/(Q,m) T (Il gy + thnimmp|u||§vol,pmw2)},
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where the constant C), depends only on p. Therefore, in (3.1) we obtain

1E5ull o 0,y < " (1B 0 g0
(1l gy + Bzl g ) 00t s )

(ii) Let upm— u in Wy (Q,wi,wy) as m — co. We need to show that
Fiu,,—Fju in Lp,(Q,wl). We will apply the Lebesgue Dominated Conver-
gence Theorem. If u,,— u in Wol’p(Q,wl,wg), then u,,— w in LP(,wy) and
|V, |— |Vu| in LP(Q,w;). Using Theorem there exist a subsequence
{um, } and functions @9 € LP(Q, ws), ®1 € LP(Q, wq) such that

Um, () = u(z) a.e. in Q,
[tm, (z)| < Pa(x) a.e.in Q,
Djupm, (z) = Dju(z) a.e.in Q,
|Vt (2)] < ®1(x) a.e. in Q.
Next, applying we obtain

| Fjtm,, (z) — Fju(zx ]p wi = A (@, Uy, Vi, ) — Aj(z, u, Vu)]p,wl

ch (@ Uy Vit )| /+1Aj<x,u,vu>!p')‘*”
! ! p,
<c, (K1+h1 (s o1V ey [P/ +h2|wmkp/”)

’

P
R e R T
<y | (KY + Wl i 2+ el o [T, )
+ (KP4 [l ey lul” 2+ ol e [Vl |
L>(Q) o1 L>(Q)
2 !’
<Cy| (K + Il ) 22+ [l )
(B2 Il ) 2 + el 27 )

=2C, [Kf wi + [|h[|7 oo oy PHw2 + ||h2||§oo(m<1>€w1} e LY(Q).
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By condition (H1)), we have
Fjum, (2) = Aj(@, um,, (2), Vi, (1)) = A;(z, u(z), Vu(z)) = Fju(z),

as my — +00. Therefore, by the Lebesgue Dominated Convergence Theorem,
we obtain || Fjum, — Fjull 1, (q ) = 0, that is, Fjuy, — Fju in LY (2, wy).
We conclude from the Convergence Principle in Banach spaces (see Proposi-
tion 10.13 in [19]) that

(3.2) Fjuy, — Fju in LP (2, wy).
STEP 2. We define the operator Gj: W, P (€, w1, wz) — L (Q, 1) by

(Gju)(x) = Bj(z, u(z), Vu(z)).

This operator is continuous and bounded. In fact:
(i) Using (HS), Remark [2.5(f) and Theorem (since wy € A,) we obtain

G0l 0y = [ G v1do = [ 1By (o V)l 1n o
< /Q (Kg + gl|u|q/q/ + 92|Vu|q/q/)q,1/1 dx
< Cy [ [0f + 1" + o [Vl ] o
=C, [/ Kg/ vy de + / gf/]u\q vy dz + / gg/\Vu]qz/l dx
Q Q Q
Ca(I1K1 L gy + 19115 2 20+ 1920 e )| 1700 1))
_cq(uKzu‘;,m,yl) 19118 2y C gl 2
C8 ol g2l o119 [0
cq(HKQHqL’q, iy T Ca(C 1911w + gl ) Nl 1 )
where the constant C; depends only on g. Therefore, we obtain
1G9l gy <4 (12l g2

— 1
+ G (CE M 1l ey + 192 e ) Nl )
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(ii) Let up— u in WyP(Q,wi,wy) as m — co. We need to show that
Gjum— Gju in Lq,(Q, v1). We will apply the Lebesgue Dominated Theorem.
If wp—u in Wy P(Q,wi,ws), then w,—u in LP(Q,wy and |V, |— |Vu| in
LP(Q,w1). Analogously to Step 1(ii), there exist a subsequence {u,,, } and
functions ®o€ LP(, w) and ®;€ LP(Q,wq) such that

U, () = u(z) a.e. in Q,
[tm, ()| < Pa(x) a.e. in Q,
D, () = Dju(xz) a.e. in €,
|Vt (2)] < ®1(x) a.e. in Q.
Next, applying (H8|) and Remark [2.5(fi) we obtain
|G i, () — Gyu(@)|T vy = |B; (2, Uy, Vi, ) — B (z,u, Vu)|? vy

< C 1Bt Tt )|+ 1B (0, T |y
’ ’ q/
C | (K + g1l " + g2l Vet [17)

’ ’ q'
+ <K2+91|u|‘”q +92|Vu|q/q) }1/1

<C,
< Co (K4 + 191118 gy ltm | + 19211 e ) [ Tt | )

+ (KE + g1l [l + 1192118 0y [T ) 11
<20, [KS 11+ g1ll T () P01 + g2ll e ) @01 | € L1 (),

since [, ®{vy dz < C4, [, Phwi dz and [, ®Ivy dz < C, [, Phwo dx. By con-
dition (H5)), we have

Gjumy (2) = Bj(2, umy, (), Vum, (€)= Bj(z, u(x), Vu(z)) = Gju(z),
as my — +00. Therefore, by the Lebesgue Dominated Convergence Theorem,
we obtain
”Gjumk - GjuHLQ’(Q’Vl) — 0,
that is,

Gjum, —Gju in LY (Q, ).
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We conclude from the Convergence Principle in Banach spaces (see Proposi-
tion 10.13 in [19]) that

(3.3) Gjum— Gju in L9 (Q,11).
STEP 3. We define the operator H: Wy (2, wy,ws) = L* (2, 15) b
(Hu)(z) = H(z, u(x), Vu(z)).

We also have that the operator H is continuous and bounded. In fact:

(i) Using (H12), Remark [2.5({ii) and Theorem [2.2| we obtain

[ Hul

Lo (Qun) —/Q|Hu|s yzd:v—/ﬂ|7-[(:£,u,Vu)|s v dx
< / (K3 + h3|u|s/sl + h4|Vu|S/S/)S vo dx
Q
< cs/(Kg’ b Jul® + b |Vl )y da
Q

<Cu[ [ K vada s halime [ ol vade+ hallf e [ [Vul'vade]
Q Q Q

< G (I3

oy 131y O

1Al o ) Coal 190 1))

<y (K15 g2 + 103115 (2 s Call V0 0

o 1all e Gl 190 U0 )

Co (K315 () + C(Catllhs ey + Il ) Nl 20 ) )

where the constant C; depends only on s. Hence, we obtain

[ Hul

L () < Cs ||| K3

LS’ (97’/2)

+C;’ 1 Cs 1Hh3HL°°(Q + Hh4HLoo(Q )”unl P(Quwi,we) "
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(ii) Applying (H12) and Remark [2.5|(ii), by the same argument used in
Step 2(ii), we obtain analogously, if u,, —u in Wol’p(Q,wl,wg) then

(3.4) Hu,,— Hu in L (2, ).
STEP 4. We define the operator .J: Wy (€, wy,wa)— L¥ (2, ws) by
(Ju)(z) = [u(@)["~u(z).

We also have that the operator J is continuous and bounded. In fact:
(i) For all u € Wy P(Q,wy,ws),

/ / _1 /
Ty = [ 1T w2 = [l

:/Q|u|pw2dx§ ol

p—1
Wy P (Quwi,ws)’

(i) Let ty— u in WyP(Q, w1, ws). Then uy,— u in LP(, wy). Using The-
orem there exist a subsequence {u,,, } and a function ®; € LP(2,w3) such
that

Hence, |17ul g0, < 1]

U, ()= u(z) ae. in Q,

[t ()| < P2(x) a.e. in Q.
Next, applying Proposition @, we have
| oty = Tl gy = /Q | T, — Jul? wp da
- / Humk\p*?umk — |u]p72u|p wo dz
Q
p/
< [ [Colum. = ullum] 12 i
Q

= CF [ b = Q] )02
Q

<2027 v /Q [t — ul” DFI wy da
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< 2(p=2) p’gg’(/ [ u|p’(p/p') Wa da:)p /P
Q
/ / (p—p")/
% (/ Qgp—2)p /(0= dx) p=pp
Q

., p'/p (p—p")/p
—9=2)p cy (/ [ d:I;) (/ DL wo d:L‘)
Q Q

= 2PV CF |, — | p(Q wp) |12 2||LP(Q w2)"

Hence || Jum, — Jull (g o, — 0 as mr— 00. We conclude from the Conver-
gence Principle in Banach spaces that

(3.5) Jtm— Ju in LP (Q,ws).

STEP 5. By (H13|) and Remark we obtain

Bs(u, )< / |(M(2)Vu(z), Vio(a))| da
< /Q (M(2)Vu(z), Vu(e)) > (M(2)V(z), V() d
1/2

< ([ M@ Vu@), Tu@y o) ([ (M@ Tel0), Tpta) de)

<</QAVu(:c)|21/3 d:c)l/2</QA|Vgo(:c)|2l/3 d:c)l/2

= MIVulll L2 05 V@) 22 (00,

< ACz,z”’VU‘HLP(QM)HW‘P(»T)’HLP(QM)

2
< ACP,QHU‘|W(}7P(Q,w1,w2)”"OHWJ”’(Q’WLW)'

STEP 6. Since ]Jjo e L9 (Q, 1) and fJ eLP (Quw) (j = 1,...,n) then
T € [W, P(Q, w1, ws)]*. Moreover, by Remark .. we have

IT(p)|< /Q folleldz+3 /Q 511Dl da
j=1

:/w|g0\l/1dx+2/w]ng0\w1da:
Q" =/ vl
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n
< 1o/l @ Wlanin + (1550l )V i

j=1

< (Coallfo/vllargany + 30 155/ 5o 0 1w 220

=1
Moreover, we also have

1B(u, 0)| < [Ba(u, p)| + [Ba(u, )| + [Bs(u, 9)| + [Ba(u, 0)| + [Bs(u, ¢)|

(3.6) S/ ]A(x,u,Vu)Hth]wldx+/ |B(z, u, Vu)| V| vy dz
Q Q
+ [ G Vel + [ ol wa ds
Q Q
+/ (M (2)Vu, V)| dz.
Q

In (3.6) we have, by (H4)),

/ |A(x, u, Vu)| | V| w dz
Q

l/p, / /
g/ <K1+h1 (f) |ulP/? +h2|Vu|p/”>|V<p|w1dx
Q 1

w2

1/p' ,
S/Kl\VsﬁlwldmﬂmlHLm(m/ <> |ul”P' |V p|wy da
Q Q \W1
ol e / VU’ Vol wn da
-1
<Kl 1o (0,0 | IV 1o 0,00y + 11l oo @) 1210 (@ om TV | Lo,

-1
+ Hh2||Loo(Q)|| [Vul ||12p(9,w1)|| Vel ||LP(Q,w1)

< (1K1l () + (ol o

—1
1Bzl e ) 85 o 2 (20



On the Dirichlet problem...

and by (H8) and Remark ,
/ |B(z,u, Vu)| Vel de < / <K2 + gl|u|‘1/q’ n 92’Vu|Q/q/> V| de
Q Q

< 1Bl o, 1 VL @y + 1910 e 1l oy 11V a0

+ 1920l oo o | 1Vl 1840y V2 o

< prqHKQHLq'(Q,ul)H |V80| ||LP(Q,W1)
—1
Cg,q1||91||Loo(Q) ||U||%p(9,w1) Cpq Vel ||Lp(Q,w1)

+ 1192l e 0y Ca 1NVl 142y Conall V6 L 1o 0100
< | CrallKall g (@) + (Callgnll e o
+ Gl allgal e on) 1l o] 102 @
According to (H12) and Remark ,

/]H(m,u,Vu)Hgo\ Vo da:g/ (K3+h3|u|s/s/—|—h4]Vu\S/SI>|g0\ vy dx
Q Q
< [ Kalelvado + Il [ ol lolvada

e / IVl || va do

s/s’

< || K] Ls’(Q,V2)||‘P| Lo(Que) T ||h3||L<X>(Q)||u| Ls(g,y2)||<ﬂ| Ls(Q,v2)
+ [|ha
s— 1
< Cp sl K3l o () H‘P”LP(Q w) T Hh3HL°0(Q)O 1H“HLP(Q,M)CP,S”‘PHLP(Q,M)

+ Ihall oo ) o VU 1 o (00) Cons 12 2,00

<|Chp,s [ K]

1 () T Cps(1sll e )

sl o Nl o 1020
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and

1/p’ 1/p
/ ul? ™| wa dar < (/ ul? wo da?) (/ lo|” wo d:c)
Q Q Q

< CQ”UHP lp(Q wr w?)HSOHW (Q,w1,w32)?
and by Step 5,
|B5(u7 30)‘ < AC]%,QHUHW&”’(Q,wl,wﬂ||()0||W01’7’(Q,w1,w2)'

Hence, in (8.6) we obtain, for all u, o € Wy (Q,w;,ws)

Bl < (183l s + (sl gy + Il o) Nl
+ Cp gl Kallpar 0,0 + Chqlllgnll e ay + 1921l Lo o) ||U||q WP (0,01 03)

+ C)p, ]

Lo’ (@) T Cps(lhsll oo ) + [1hall Lo Q))HU”WI P (001 w3)
+ CQHqu 1 WP (Q,w1 ,ws) + ACz,Q||u||W01’p(Q,w1,w2)] ||<p||W01’p(Q,w1,w2)'

Since B(u,.) is linear, for each u € WO1 P(Q, w1, ws), there exists a linear and
continuous functional on Wy (Q,wy,ws) denoted by Au such that (Au|p) =
B(u, ) for all u, o € Wy P(Q,wy,ws) (here (f|z) denotes the value of the linear
functional f at the point x). Moreover

1Aull, < 1K1l o7 ) + (IBall ooy + 12l Lo i)l

1 p(Q wi w2)

+ Cp gl K2l Lot 0,0,) + Cpq(ll91ll o) + H92HL00(Q))”UHQ

Q W1 wg)

+ Cp.s|| K3

Lo @) T Cpos(Ih3ll oy + 1Bl o o)) 1l 0 )

+ CQHUHP +AC;3,2||U”W01”’(Q,M,

lp(Q w2)?

where
1Au]|,, = sup{|(Aulp)| = [B(u,¢)| :¢ € Wy (@ wi,w2), 6]l 00, o) = 1}
is the norm of the operator Au. Hence, we obtain the operator

A: WP (Q,wi,ws) = Wy P(Q,wr,w2)]*,  u— Au.
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Consequently, problem is equivalent to the operator equation
Au =T, uEWol’p(Q,wl,wg).

STEP 7. Using (H2), (HE), (H10), (H13) and Proposition[2.4|(b]), we obtain,

17
for uy,up € W P(Q,wi,ws), ur # us,

(Au1 — AU2|U1 - Uz) = B(ul,ul — UQ) — B(Ug,ul — UQ)

_/Q<A(J57U1VU1)7V(U1—U2)>w1dl‘+/ﬂ<B($aulavul)7v(ul_U2)>V1dm
+/Q’H(:c,u1,Vu1)(u1 ug)z/gder/Q]ul\pQul (u1 — ug) wadz
+ [ M@V (@), V01— w2))da
- [ (A2, D1a). V1 =) wnda— [ (B Vo, V(s = ) vl
/QH(;U,uQ,VuQ)(uluQ)ngx/Q]uQV’QUQ (u1 — ug) wadx
- [ M@ ua(a), Vs~ w2))da
= /Q (A(x,u1Vuy) — A(z, uz, Vug), V(uy — uz)) wide
+/Q<B(x,u1,Vu1) — B(x,u2, Vug), V(u; — ug)) ridx
v (%(:c,ul,wn —H(m,uz,Vu2>><u1 ~ w2) vada
- /Q(|u1|p_2 ur — Juz|" " up) (w1 — up) wad
+ [ M@V = 0a), Vs~ ) da
291/Q!V(u1 —U2)\pW1dx+ﬁp/Q(\U1!+U2|)p_2’“1_”2’2w2d$
+A/QV(U1 — up)|Pvsda
> 6, /Q |V (u1 — uz2)|” wi dx+ﬁp/Q uy — ualP % |uy — ua|® wada

= 01 /g; ’v(u1 - UQ)‘pw1d$ —|— Bp/g; ”U1 — u2’p(JJ2de2 "}/1 HUl - u2|’;/017p(97w17w2),
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where v; = min{6,, 8,}. Therefore, the operator A is strictly monotone. More-

over, from (H3)), (H7), (H11) and (H13|) we obtain

(Auju) = B(u,u) = By (u,u) + Ba(u,u) + Bs(u, u) + Ba(u, u) + Bs(u, u)
=/ (A(x,u, Vu), Vu) w; da?+/ (B(x,u,Vu), Vu) vy dx
Q Q
+/H(a:,u,Vu)uy2da:+/ |u|pw2dat+/ (M(2)Vu, Vu) dx
Q Q Q
>)\1/ V|’ wy da:—i—)\g/ |Vu|? vy dﬂc—l—Ag/ |u|? vy dw
Q Q Q
+)\3/ |Vul|® vy do + A3/ |u|® vy dx
Q Q

+/ [ul” wo da:+A/ Vu|*vs da
Q Q

>\ /Q |Vu|” wy dac—|—/Q [u|” we dz > 9 HuHiV&,p(Q,wl),wQ,

where 2 = min{\, 1}. Hence, since 1 < ¢, s < p < 00, we have

(Auu)

HUHW&’IJ(Q,wl7w2)

— 400, as ||U||W01’P(Q,w1,w) — + 09,

that is, A is coercive.
STEP 8. We need to show that the operator A is continuous. Let u,,— u
in X as m — oco. We have,

IBi (. ) — Ba(u, )| < Z/ A, (2, Vi) — Ay (2, 1, V) || Dy oy dr
j=17%

= Z/Q |Fjtm — Fjul|Djp|wi dz
j=1

(X150 = Fytl ) )19l i

J

—_

(Z | Eytn — Fjuumf(w) @

Jj=1

<
<
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By Remark , we obtain

Ba(tm, @)~ Ba(u, )| <3 / 1B, (@ s Vi) — B (2w, V)| | Dy 1 d

< (Z 165 = Gl 6 ) 119
1
c, q(z Gy — GjunLq/m,m)) T2
(Z Gy — Gjuumfm,m) 6yt s

and, by Remark ,
Ba(um, )~ Ba(us9)| < [ [l um, Vo) = Hr V)] Il v d
Q

= / |Huy, — Hul |p| ve dx
Q

< ||Hup, — Hul

Ls’

< Cps ||Htp, — Hul

L (Q,v2) HSOHLP(QM)

< Cps ||[Hup — Hul

LS,(Q’VQ) ||90||W01’T’(Q,w1,w2) .

On account of Step 4,

Ba(tm, ) = Ba(u,0)] < [ |[um[" ™ — [u"?u || ¢|ws do
Q

- / [Tt — Ju || wn de
Q

< HJum - JUHLP/(Q,WQ)HSOHWOl’p(Q,u.Jl,wg)7
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and by Step 5,
Ba (i, ) — Bs(u, )] = \ [ M@V = 0,95}

< AC§’2Hum - UHW(}P(QM,W)HSDHW(}’P(Q,M,W)’

for all p € Wol’p(Q,wl,wQ). Hence,

B(tum; @) = B(u, @) < [B1(um, @) = Ba(u, )| + [Bz(um, @) — Bz(u, ¢)|

+|B3(um7 QD) - B3(u) (P)|+|B4(um’ (P) - B4(U, SD)‘+|B5(U’WU 90) - B5(u7 Qp)|
< | X (150 = Bl + Coa 165t = Gl
=1

+ Cp sl Hum — Hul

Ls' (Q,v2) + HJum - JUHLP/(Q,WQ)
+ AC ol = g 6| W 00
Then we obtain
|Awm — Auf, < Z (”Fjum - Fju”Lp/(Qywl)+Cp,q||Gj“m - GjuHLq’(Q,yl))
j=1

+ Cp s||Huy — Hul

Ls' (Que) T | S — JUHLP’(Q,WQ)

+ AC]%,Q”um - U’”Wol’p(ﬂ,wl,wg)'

Hence, using (3.2)), (3.3), (3.4) and (3.5) we have [|Au,, — Au||,—0 as m —

400, that is, A is continuous and this implies that A is hemicontinuous.
Therefore, by Theorem [3.1], the operator equation Au = T has a unique
solution u € T/VO1 P(Q,w1,ws) and it is the unique solution for problem .
STEP 8. Estimates for ||u||W01,p(Qyw1,w2). In particular, by setting ¢ = u in
Definition [2:3] we have

(3.7 B(u,u) = B1(u,u)+Ba(u,u)+Bs(u,u) +Ba(u, u) +Bs(u, u) = T(u).
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Hence, using (H3), (H7), (H11) and (H13|) we obtain

(3.8) Bi(u,u) + Ba(u,u) + Bs(u,u) + Ba(u,u) + Bs(u, u)

=/ (A(z,u, Vu), Vu) w; dx—l—/ (B(x,u, Vu), Vu) vy dz
Q Q

+/H(m,u,Vu)uu2dx+/ |u|p_2u2de:c+/ (M(z)Vu, Vu) dx
Q Q Q
2)\1/ |Vul? wy dac—i—)\g/ |Vul? vy dx+A2/ lu|? vy dx
Q Q Q
+)\3/ ]Vu\sl/gda:+A3/ \u\sl/gdx+/ \u]prdaz+A/ |Vu|*vs da
Q Q Q Q

2)\1/ |Vul” w; dm—|—/ |u]pw2dx2'yg|]uH€V1,p(
Q Q 0

97‘*)1 75“'2)’

where 5 = min{\, 1}, and by Remark
(3.9) T(u) :/foudx—i-Z/ fj Djudx
Q — /0
7j=1

< fo/v1ll gt @ 180 oy + (D2 155791 oy ) 1170 )

Jj=1

ol ey + D0 157911 1o 0 )l 0
j=1

<(Cra

=M HUHWOI"’(

Q,w1,w2)?

n
where M = Cp q [ fo/villpa’ (,,) +Z ”fj/wl”LP’(Q,wl)' Hence in (3.7), using

j=1
(3.8)) and (3.9)), we obtain 7, HuHiV&*’(Qm,m) <M HUHW(}’p(Q,wl,m)' Therefore,

72

n
= C(Cpallfolrllzargun + 3 Ifi/wrll )
j=1

M~ 1/(p-1)
HUHWS”J(Q,UJMWQ) = ( )

Y

)1/(p—1)

where C' = (1/72)1/(;9—1)'
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EXAMPLE. Let Q = {(z,y) €R? : 22 + y? < 1}, the weight functions
wi(z,y) = (@2 +y°) 72 waa,y) = (@ +y°) 72, wi(a,y) = (@ + )75,
va(,y) = (2% +y*) " and ws(x,y) = (2 +y°)"1/? (w1, w2 €Ay, p =14, =3
and s = 2), the function

A QxRxR*S R, A((z,9),n,8) = ha(2,y) €€,
where hy(z,y) = 2e@*+v*) and
B: QxRxR*=R*, B((z,9),n,8) = ga2(w,y) [€]€,
where go(x,y) = 2 4 cos(z? + y?), and
H: AxRxR* =R, H((z,y),n,€) = nha(x,y),
where ha(7,y) = 1+ cos?(xy) and the coefficient matrix

2 2\—1/2
M(z,y) = (ai,j(xvy» = < A +(5y ) A(m2 +Oy2)—1/2 >,

where 0 < A < A.
Let us consider the partial differential operator
LU(IL', y) = —div (A((.’L’, y)v vu) w1 (‘Tv y) + B((Z’, y)? u, VU) n (I‘, y))

—i—?—[((:z;,y),u,Vu) 1/2($,y) + |u|2uw2(:c,y) - Z D](CLZ](.I)DZU(U))

4,5=1

Therefore, by Theorem [I.1] the problem

u(z) =0 on L,

has a unique solution u € W&A(Q,wl,wz).
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