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Abstract. In this paper we study the finite-dimensionality of the global attrac-
tor of a discrete dynamical system generated by a reaction-diffusion equation with 
non-differentiable nonlinear term and periodic right-hand side. The existence of an 
exponential attractor is also proved. Explicit estimates of the fractal dimension are 
given. 

1. Introduction 

One of the main problems in the theory of global attractors in infinite-di
mensional dynamical systems is the estimation of the fractal dimension of the 
attractor. If such an estimate exists, it implies that the observed permanent 
regime depends only on a finite number of degrees of freedom. In some cases 
the flow on the attractor is equivalent to the flow defined by a system of 
ordinary differential equations in a finite-dimensional manifold. This can 
be obtained using inertial manifolds, that is, smooth finite-dimensional and 
positively invariant manifolds attracting exponentially all orbits. In [13] the 
concept of exponential attractor was introduced. An exponential attractor 

Received: January 5, 1999. 
AMS (1991) subject classification: Primary 58F39, 35B40, 35K55, 35K57. 

This paper has been partially supported by the D.G.I.C.Y.T. grant PB95-1004 and the 
grants COM-20/96 MAT and PB/2/FS/97 (Fundación Seneca, Comimidad Autónoma de Mur-
cia). 



62 Francisco Balibrea and Jose Valero 

is an exponentially attracting compact set containing the global attractor, 
which is positively invariant with respect to the flow and has finite fractal 
dimension. It is an intermediate object between global attractors and inertial 
manifolds. For general results concerning exponential attractors see [1], [12], 
[13]-[15]; 

Estimates of the fractal dimension of the global attractor and existence 
theorems of exponential attractors for autonomous and nonautonomous pa
rabolic equations of reaction-diffusion type have been obtained by several 
authors (see [l], [2], [3], [4], [5]-[7], [11], [13]-[15], [16], [17], [18], [21], [22], 
[24], [25]). 

In this paper we study the finite-dimensionality of the global attractor 
and the existence of an exponential attractor for a discrete infinite-dimensio
nal dynamical system generated by the following nonautonomous reaction-
-diffusion equation 

§f - Au + f(u) = h + urn, in Q, x (0, +co), 
u \an- 0, 
w |t=o= «o, 

where h is periodic with respect to the time-variable t. We note that in the 
same way as in [5]-[7] the function / is not assumed to be differentiable, 
but instead a Lipschitz condition is imposed. For other conditions avoiding 
differentiability see [17]. 

2. Some results on dimension of compact sets 

Let H be a Hilbert space and V : H —t H be a continuous mapping. 
Let A C H be a compact set such that V(A) = A. The fractal dimension 

of A is defined by 

df(A) = inf {d > 0:(if(A,d) = 0}, 

where 
Hf(A, d) = limsup sdn£, 

£->0 

and ns is the minimum number of balls of radius less than or equal to e 
which are necessary to cover A. 

T H E O R E M 1 (see [6], [7]). Let us suppose that there exist I € [1, +oo), 6 6 
^0, such that for any u,v C. A 

(1) \\V(u)-V(v)\\<l\\u-v\\, 
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(2) \\QNV(U)-QNV(V)\\<S\\U-V\\, 

where QN is the projector in H into some subspace Hjy of codimension 
J V e N . Then for any 7] > 0 such that (\/26/) (V2S)V — a < 1 the inequality 

(3) df(A)<N + r] 

holds. 

R E M A R K 1 [24, p.24]. If / < 1 then A consists of one point, so that 
d/ (A) = 0. 

R E M A R K 2. Theorem 1 is a modification of a theorem of O.A.Lady-
zhenskaya [20]. 

The map V generates the discrete semigroup S : N x H —> N = 
NU {0}, defined by 

5 (n, x) = Vn (x), 

where Vn denotes the n-th iterate of V. This dynamical system will be 
denoted by (V, H). 

For any A, B C H, d (A, B) — sup^g^inf X&B \\y - x\\- The compact set 
3ft is said to be a global attractor of S if d (S (n, B), 3?) -> 0, as n —>• oo, for 
any bounded set B C H and S (n, = 3? for each n € N. 

Let X C H be a compact set and V (X) C X. We shall consider the 
semigroup S restricted to X. The general theory of attractors provides in 
this case the existence of the global attractor 3? (see [19], [20]). 

DEFINITION 1. The compact set M is said to be an exponential attractor 
of the dynamical system (V, X) if 3? C M C X and 

1. V(M) C M; 
2. M has finite fractal dimension; 
3. there exist positive constants c$,c\ such that 

d (S (n, X), M) < Co exp (-c\n) for n > 1. 

T H E O R E M 2 (see [13], [14], [15]). Let the map V be Lipschitz. Suppose 
that it satisfies the squeezing property, i.e., for some S 6 (0, | ) there exists an 
orthogonal projection QN (S) (PN — I — QN) onto a subspace of codimension 
N such that for any u, v 6 X either 

| | V ( t t ) - V ( t ; ) | | < * | | « - t ; | | , 
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or 

\\QN(V(U)-V(V))\\<\\Pn(U-V)\\. 

Then (S, X) has an exponential attractor M.. 
The set X C H is called an absorbing set for S if V (X) C X and for 

any bounded set B C H there exists ?*o such that S (n, B) C X for n>n0. 
It is clear that if X is a compact absorbing set having an exponential 

attractor M then M attracts exponentially each bounded set B. In that 
case it is called an exponential attractor for (V, H). 

3. Main results 

Let £2 C K" be an open bounded domain with smooth boundary dQ,. 

Let H — L2 (£2) with the norm ||«|| = y J n \u\2 dx. We consider the following 
reaction-diffusion equation 

{ | f - Au + f(u) - h + UJU, in Q x (0, +00), 
u | a n = 0, 
u |t=0= u0, 

where u = u(x,t), 1 G !), ( £ [0,+oo), w > 0, A = J27=i ^1 M-'M) ^ s a 

periodic function in t (with period To) such that h G L2 (O, x [0,T0]) and 
/ : R —> K is a non-decreasing Lipschitz function (with Lipschitz constant 
£). Let us denote 

C= f ° f \h(t,x)\2 dxdt. 
Jo Jil 

It is well known from the theory of maximal monotone operators (see 
[8], [9]) that for each UQ £ L2 (fi) and T > 0 there exists an unique solution 
of (4), u {•) e C ([0,T], L2 (CI)), such that 

u e W1'2 (8, T; L2 (fl)) for any 0 < S < T, 

u is a.e. differentiate on (0, T), 

u {t) e H2 (fi) n Hi (O) a.e. on (0, T), 

Au + /(u) = /i+wu a.e. on (0,T), 
C/t' 

M (0) = M 0 -
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If u0 £ Hi (fi), then u € W1'2 (0,T; L2 (fi)). Moreover, for any u0,v0 £ 
L2 (fl), t> 0, 

||« (t) - v (t)\\ < exp (u>t) | |« 0 - uo|| • 

We construct a discrete semigroup of operators S : N X H -¥ H in the 
following way: 

% 5(n, -uo) = w (TITO) for n £ N and u0 £ H, 

where u (•) is the unique solution of (4) corresponding to uc. We note that 
in this case V = S (1, •). 

T H E O R E M 3. Let there exist s > 0, M > 0 SUC/J i/mi 

(5) / (s )s> ( - A i + o ; - f £ ) S

2 - M , 

where \i is the first eigenvalue of—A in HQ {CI). Then the system (V, H) has 
an exponential attractor M. The following estimate of the fractal dimension 
holds 

d/ (») < K ((w + £ )* exp (2wT0ł») + (T 0 )~ f ) , 

where K depends on n and and is £/ie global attractor of (V, H). 

P R O O F . AS usual, multiplying (4) by u (t) and using condition (5) we 
obtain the inequalities 

^ l l « W I I 2 + e | | i * ( t ) l | 3 

(6) < ~ ||u (Oil2 + (-A, + e) ||U (t)\\2 + \\Vu (i)||2 

<M+^| | fc ( t )H a + |||tt(t)l| 2. 

Hence, multiplying inequalities (6) by exp (et) and integrating on (0, T) we 
have 

•> o 2Af 1 /"r •> 
| |«(T) | | -exp (sT)-||U(0)|| 2 < — (exp (eT) - 1)+- / ||/i(0l|2exp (et)dt. 

£ £ Jo 

Let k > 0, A; € Z , be such that (fc - 1) T 0 < T < kT0. Being /i periodic with 

5 - Annales... 
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period To, we can estimate the last term as follows: 

r -T-To rT-(k-\)Tt 

- / | | / i ( i) | | 2 exp (et)dt < - f / | | / i( i) | | 2 exp (et)dt 
E JO £ \ J T - T 0 

rT-To rT-{k-1)T0 \ 
+ \\h(t)\\2exp(£t)dt + ...+ IIMOII exp (£t)dt) 

JT-2T0 Jo J 

< - (exp (eT) + . . . + exp (e (T - (k - 1) T 0))) F \\h {t)\\2 

£ Jo 

= C e X P

g

( g r ) (1 + exp (-eT 0 ) + . . . + exp (-e (k - 1) T 0)) 

Cexp (eT) T , r i 
< L (1 - exp (sT0)) . 

Therefore, the following inequality holds 

||« (T) | | 2 < | | u (0)||2 exp (-eT) + ™ (1 - exp (-eT))+j (1 - exp ( - £ T 0 ) ) _ 1 . 

Let p2 = f (1 - exp (-eTo))'1 + ^f- + t?, i] > 0. It follows from the 
last inequality that for any R > 0 there exists T (A) such that ||M (t)\\ < p, 
lit > T (R), ||u 0|| < fi. Let 

Xp = {y G H : 3u 0 G ||«O|| < p, i > 0, such that u (t) = y} . 

It is clear that if u0 G Xp, then u (t) G Xp for i > 0. Thus, the set Xp is 
absorbing for V. It is also evident that Xp is a bounded set. Hence, there 
exists p\ > 0 such that ||u|| < p\ for u G Xp. 

Further, we have to obtain an absorbing ball in H0

l (CI). Let R > 0 
and N(R) be such that S(N,u0) G A",, if ||uo|| < Let t > NT0 and 
0 < r < T 0 . Integrating (6) on (t, t + r) and using the fact that u (r) G Jfp 

for r > JVT 0 , we get 

\\Vu (r) | | 2 d r < Q + A i r ) />2 + M r + ^ (r) | | 2 d r 

- ( ^ + A i r ) / , i + M r + ^ -

It is clear from the Lipschitz condition for / that there exist constants 
K\, I<2 such that for any u G L2 (£2) 

\\f(u)\\<K, + K2\\u\\. 
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Hence, multiplying (4) by % we obtain 

du 
dt 

< 
3 du 

dt + \\h\\' + u2 ||u|f + 2K\ + 2/q ||u 

Then the equahty ( - A « , ̂ ) = \ft | | V M | | 2 implies 

du 
dt 

+ Jt l|Vw||2 < 2 | | / i | | 2 + AK2 + (2a;2 + 4A'2

2) ||u|| 

<2\\h(t)\\2 + AK2 + {2u2+AK2)p2, 

if t > NT0. 
Let us recall the uniform Gronwall Lemma (see [24, p. 89]): 

L E M M A 1. Let g,z,y be three positive locally integrable functions on 
(£o,+oo) such that ^ is also locally integrable on (to, +00) and for t > to 

pt+r ni+r ci+r 
I 9{s)As<au I z(s)ds<a2, / y(s)ds<a3, 

Jt Jt Jt 

where r,a\,a2,a$ > 0. Then 

V (t+ r) < + a 2 ) exp (ai) for t>t0. 

Applying Lemma 1 with g (t) = 0, y (t) = \\Vu\\2 and z (t) = 2 \\h (t)\\2 + 
AK2 + (2w2 + 4/ff) p\,tQ = NTo, we have 

dy 
dt 

\Vu{t)\ 

(7) < 
( i + Ajr) p\ + Mr + 

+ 2C + (AK2 + (2OJ2 + AK2) p\) r 

P2 

for t > r + NT0. Let us define the ball Bj2 = | « e #o (fi) : | | « | | H i ( n ) < pĄ, 

P3 = P2 + V, V > 0. We set r = ^f, X = A " p n f l £ . We claim that X is a 
compact absorbing set. Since the injection Hi (Q) C L2 (£2) is compact, X 
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is compact . It is clear from (7) that S (n, BR) C X, if n > N (R) + 1, where 
BR — {u € H : \\u\\ < R}. Finally, we must prove that V (X) c A'. First let 
u0 eXpn Bj2. In this case N (p) = 0, so that 5 (1, u0) = V (u0) 6 BpnBV

P2. 
Being V continuous, V (X) C A'. 

It follows that 5 has the global attractor 3?. 
In order to obtain the estimate of the fractal dimension we have to check 

that (l)-(2) hold for the map V. 
Condition (1) is always satisfied, since 

||5(1, u0) - 5(1, u 0)| | < exp (wT0) \\u0 - v0\\ for u0, v0 £ H. 

Hence / = exp (CJTQ). 

Further, let us prove that (2) is satisfied. For arbitrary solutions u(t), v(t), 
corresponding to UQ, VQ 6 L2 (£2) , respectively, we have 

(8) J T ' - A(« -v) + /(«) - f(v) - « ( « - « ) = 0 a.e., 
v ' \ «(0) - v(0) = UQ- v0. 

Denote m(t) = u(t) - v(t). Multiplying the last equality by QArm(f) and 
integrating over £2, we obtain 

ljt\\QNm(t)\\2 + \\S/QNm(t)\\2 

+ f (/(«(*)) - f(v(t)) - urn (t)) QN m(t)d x = 0. 
Ja 

Now the inequalities ||VQjv"i(0ll > AJV+I | | Q j v m ( £ ) | | 2 , ||ro(£)|| < exp (u>£) 
||77To|| and the Lipschitz condition for / imply 

^ H Q W 0 I I 2 < -2\N+l\\QKm(t)\\2+2(C + u)\\m(t)\\2 

< -2\N+l | |QArm(0|| 2 + 2 (£ + w) exp (2ut) \\m0\\2 , 

where XN+I is the N + 1-th eigenvalue of - A in H0

L (£2). Multiplying both 
sides by exp (2\^+it), we have 

j (\\QNm{t)\\2 exp (2AAf+1t)) < 2 (£ + w) exp (2(w + AAT+I)*) | K | | 2 . 

Integrating on (0, T0) we get 

||QAr?n(T0)i|2 exp ( 2A N + 1 T 0 ) 

< \\QN m 0 | | 2 + | K | | 2 (exp (2(w + A N + 1 ) T 0 ) - 1). 
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Hence, 

\\QNTn{To)\\* < \\m0\\z ( "J^1 s exp (~2\N+lT0) + * '. " exp (2wT0)) 

< | |m 0 | | 2 (exp (-2Ayv+iT0) + * + U exp (2wT0)) 

= <52(AT) | |m 0 | | 2 . 

Choosing an appropriate N we obtain 6(N) < -̂ =. Then (2) is satisfied 
on 3? for the map V. 

Let now u> < Aj. Multiplying (8) by m(£), we get 

2 ^ " m 
(0H2 + | |Vm(0| | 2 + / (f(u(t))-f(v(t))m(t)dx-u\\m(t)\\2 = 0. 

Since ||Vro(£)|| > Ai ||m(£)|| 2 and being / non-decreasing, we obtain 

^\\m(t)\\2<2(u-Xl)\\m{t)\\2. 

Hence, 
||m(T0)||2 < | K | | 2 exp ( 2 ( w - A 1 ) T 0 ) . 

Therefore, it follows from Remark 1 that d/($l) = 0. 
It is well known (see [10, p. 201], [23, p. 136]) that XN = 0(N%), as 

N -> oo. Hence, there exists D > 0 such that > D for N e N. Let 7 = 
N n 

12. We take (76{N)l? = 7

2 (exp ( - 2 A J V + I T 0 + 2wT0) + z ^ ^ e x p (4wT0)) 
and choose A;v+i in such a way that for some 0 < a < 1 

(9) e x p ( - 2 ( A A r + 1 - a ; ) T o ) < ^ , 

(10) J^+iLex P (4u,T0) < - J — . 
u + Ajv+i 272 + of 

Hence, conditions (9), (10) will be satisfied if the next inequalities holds 

AAT+I > u H — , 

Jo 

A ^ + i > (2T

2 + a) (w + 0 exp (4u>r0) - w. 

It is sufficient to find JV such that 

A,v + 1 > (2T

2 + a) (u + £) exp (4wT0) + 
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Using AAT+I > D(N + 1)» we obtain that the last inequality holds as soon 
as 

/ (2j2 + a) (u + 0 log (V2 7 ) \ ł 

A r + 1 > ( L J ^ ^ e x p ( 4 a , T o ) + ^ 1)j = (i. 

We choose N = [/?]. It is clear that there exist constants Di, D2 (depending 
on Q and n) for which N < Dx (u + £ ) ł exp (2u>T0n) + D2 (T 0 )~^ . 

We can assume that N > 1. If N — 0 it is clear that u < \\ and then 
d/(3t) = 0. We have obtained that for such N, (yó(N)l)N < 1 and then all 
conditions of Theorem 1 hold for r/ — N. Hence, 

df{$ł)<2N < K ((w + £ ) f exp (2wr0?i) + ( T 0 ) ~ f ) . 

Finally, it is clear that for iV great enough 6 (N) < . This imphes that 
the squeezing property is satisfied and then from Theorem 2 the existence 
of an exponential attractor follows. 
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